1. Suppose that E is a Legesgue measurable subset of R, 1 < p < oo, and ¢ is the
conjugate of p. Further, suppose that

o {fu}n>1 converges weakly to f in LP(E) (i.e. for each bounded linear functional
¢ : LP(E) = R, we have ¢(f,) = ¥(f)), and

o {gn}n21 converges strongly to ¢g in LQ( )
Prove that
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2. Let X be a normed linear space, let Y C X be a closed linear subspace, and let
zo € X \ Y. Prove that there exists a bounded linear functional ¢ : X — R such
that ¥(Y) = 0 and ¢(xy) # 0.



3. Let X be a Banach space, and suppose that {x,},>1 is a sequence in X such that

2 ]| < 0.
(a) Prove that the series ) x, converges in X.

(b) Prove that if T : X — X is a bounded linear operator, then T(Zn mn) =



4. Let H be a Hilbert space, and let K : H — H be a compact linear operator from H
to itself.
(a) Prove that if {h,},>1 is bounded, then {K(h,)},>1 has a convergent subse-
quence.

(b) Prove that if {h,},>1 is weakly convergent, then { K (h,)},>1 is strongly conver-
gent.





