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ABSTRACT

XING ZHANG. Asymptotic normality of entropy estimators.
(Under the direction of DR. ZHIYI ZHANG)

Shannon’s entropy plays a central role in many fields of mathematics. In the first
chapter, we present a sufficient condition for the asymptotic normality of the plug-
in estimator of Shannon’s entropy defined on a countable alphabet. The sufficient
condition covers a range of cases with countably infinite alphabets, for which no
normality results were previously known.

In the second chapter of this dissertation, we establish the asymptotic normality
of a recently introduced non-parametric entropy estimator under another sufficient
condition. The proposed estimator, developed in Turing’s perspective, is known for

its improved estimation accuracy.
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CHAPTER 1: A NORMAL LAW FOR THE PLUG-IN ESTIMATOR
1.1 Introduction

Let {px} be a probability distribution on an alphabet 2" = {{;;1 < k < K},
where K denotes either a finite integer or co. Let Px be a random variable such that

P(Px = py) = px. Entropy in the form of
H=E(-InPy)=-> pclup
k

was introduced by Shannon (1948) and is often referred to as Shannon’s Entropy.
The estimations of entropy-like quantities have become growingly important for their
wide applications in the fields of neural science and information theory, etc.

Let Xy, -, X, be an 7id sample from 2~ according to {px}, {yxn = Dy 1[X; = 0]}
be the sequence of observed counts of letters, and {pg, = yrn/n}. The plug-in esti-

mator for H, given by

H, == pralnpp, (1.1)
k

plays a central role in the literature. H, is simple and intuitive; and it often serves as
a reference estimator for other estimators, many of which were derived based on H,.

When K is fixed and finite,
Vn(H, — H) 2 N(0,0?)

where 02 = Var(—In Px) > 0 has long been known. See Miller and Madow (1954)



and Basharin (1959). In this case, it is also known that

E(H, — H) = Sl W (1 - Zi> +0(n™?). (1.2)
k

2n 12n2

2 1 2 2 K—1 -3
Var(H,) = — (;pk In’p, — H ) + 5 0™, (1.3)
See Miller (1955), Basharin (1959) and Harris (1975).

When K = K(n) is assumed to dynamically vary as the sample size n increases,
i.e., {prm;k = 1,2,--- ,K(n)}, Paninski (2003) established a normal law for H,,
stated as Lemma 1.1 below.

When K is infinite, Antos and Kontoyiannis (2001) obtained different rates of
convergence for H, under a variety of tail conditions on {p}.However, no results
regarding the asymptotic normality of H,, were known. We seek to lay down a pebble
in that blank space by presenting a sufficient normality condition for H, when the
cardinality of 2 is countably infinite. More specifically, the sufficient condition is

satisfied by distributions with tails decaying at the rate of [kIn(Ink)]%(In k)™, but

not by those with tails decaying at the rate of k=2(In k).

1.2 Main Results

Theorem 1.1. For any non-uniform distribution {py; k > 1} satisfying E(InPx)?* <

oo, if there exists an integer valued function K(n) such that, K(n) — oo, K(n) =

o(v/n) and \/n Y s gy Pelnpr — 0, as n — oo, then

a D

Vn(H, — H)/o 25 N(0,1)

where 0* = Var(—In Pyx).

A proof of Theorem 1.1 requires Lemmas 1.1 and 1.2 below. Lemma 1.1 is due to



Paninski (2003).

Lemma 1.1. Let {pyn;k=1,--- ,K(n)} be a probability distribution, Px be a ran-

dom variable such that P(Px = pgn) = Dk, and

2
Tg = VCLT(— In PX) - Zsz(Tll) Prn 1n2 Pkn — <Z£(:(71L) Prn lnpk,n) .

If K(n) = o(y/n) and liminf,_,.,n'=%72 > 0 for some a > 0, then

Vn(H, — H) /7 -2 N(0,1).

Lemma 1.2. For a probability distribution {pg; k > 1}, if there exists an integer val-
ued function K(n) such that as n — oo, K(n) — oo, and /1 i e PrInpr — 0,

then

Vnlnn Z P — 0

k>K(n)

Proof. Let p; = Zkzk(n) pr. Since 1 < —Inp’ for a sufficiently large n,

0 < Vnp, < —vnp,Inpl, = =/ 3 g Pe D, < =V Y g Pk Inpr — 0.
(1.4)

vnp: — 0 implies p! = a,n /2 where a,, = o(1). On the other hand, since
aplna, — 0, —/np:Inp: = a,(Iny/n — Inay,) — 0 implies o, = 5,/ In/n where
Bn = o(1). Hence

VrInny oy b =26, — 0. O

Proof of Theorem 1.1. Consider a modified probability distribution {py,;k =1,--- , K(n)}



based on {p;} as follows. Let

pr, for1<k<K(n)—1

D k>K(ny Pk =Dy, for k= K(n).

Pen =

Since E(In Px)? =", prIn®pj, < co implies H = — 3", pr Inpg < 0o, we have

0<pyln’ph= > pln’py < Y peln’pp =0,
)

k>K(n k>K(n)
and
0< —p,Inp, = Z (—prlnpr) < Z (—prInpg) — 0. (1.5)
k> K (n) k> K (n)

Let 72 = Var(—In Px) under the modified distribution {py,}. After a few alge-
braic steps,

0l —1p = (Z@K(n) prIn® pi — py, In” py) — (= ZkZK(n) prInpy + p;, Inpr) (1.6)

E3 sk K n —1
x(— ZkZK(n) prInpg — pr, Inpy — 2 Zkz(l) PprInpy).
It is clear that the first term in (1.6) converges to zero, that the first factor of the
second term converges to zero, and that the second factor of the second term converges
to 2H < oo. Therefore 7,, — 0, and hence by Lemma 1.1,

VY (~Prn P + P I pro) —> N(0,02). (1.7)
k=1

However,

= \/ﬁszK(n)<_ﬁk,n lnﬁk,n) - \/ﬁZsz(n)(_pk 1npk> + \/ﬁﬁz lnﬁ:, - \/ﬁ p:’(L hlp;
(1.8)

where p;, =, K(n) Ykom /n. The proof is complete if it is shown that the right hand



5
side of (1.8) is 0,(1). Toward that end, it is to show that each of the four terms in

the last expression of (1.8) is 0,(1).

The second term converges to zero in probability by the condition of Theorem
1.1. The fact that the fourth term converges to zero is established in the proof of
Lemma 1.2. For the first and third terms, we first observe —py,, Inpr, < prnInn

and —p; Inp; < pr Inn, and then observe the following two inequalities

0<+vn Z (=Pr N Pr ) < V/n(Inn)ps (1.9)

k>K(n)
and
0 <~/ Inp, < v/a(Inn)p;. (1.10)
Since, by Lemma 1.2,
E[vn(lnn)p:] = /n(lnn)p: — 0 (1.11)

and, noting \/n(lnn)p; > 0, v/n(lnn)p: = 0,(1). By (1.9) and (1.10), both the first
and the third terms converge to zero in probability. The theorem follows by Slutsky’s

lemma. |

Let 6-721 - Zk ﬁk,n 1112 ﬁk,n - (Zk _ﬁk,n lnﬁk,n)Q-

Corollary 1.1. Under the condition of Theorem 1.1,

Corollary 1.1 provides a means of large sample inference on H. A proof of Corol-

lary 1.1 requires the following lemma due to Devroye (1991).

Lemma 1.3. Let X, -+, X, be independent random variables on Z , and assume



that F,: ™ — R satisfies, for 1 <i<n,

Supx1,~~-,xn,x;6%’ﬁn(xla e 7$n) - Fn(xla T 7xi717x;'?xi+17 e wrn)‘ S Ci.

Then Var{F,(Xy,--- , X,)} <137 2.
Proof of Corollary 1.1. Let

E, = Fn(Xl, o X)) =30 fPrn) = D0 Prn I P

We first want to show lim,,_,. E(Fn —F)?=0for F=3, px In? pj, < 0.

For all integers 0 < i < n and n > 21 > €3, |HIn?(2) — LIn?(L)| < In’n

- n

Therefore

Inn

n

<2

n n /
SUDgy o wpate2 | Fn(@r, - 00) —Fp(21, -0 @1, @ Tigr, - Tn)

By Lemma 1.3, Var(Fn) < % — 0. For each k, Dy, = e, f(Prn) B fpe),
f(Prn) < e2Iln?e 2 =4e2 so0 Ef(prn) — f(pk)-

Since 0 < f(prn) < 472, by Fatou’s Lemma,

hm SUPy 00 Zk Ef(ﬁk,n) S Zk hIIl Supn—)oo (pk n) Zk ( ) and
liminf, oo Y ) Ef(Prn) > D iminf, oo Ef(Prn) = >, f(pr); and therefore

By Theorem 1.1, H2 % H?2, and therefore 62 5 ¢2. Finally the corollary follows by

n

Theorem 1.1 and Slusky’s lemma. |

Corollary 1.2. If a probability distribution {py} satisfying p, = Cxk™ where X\ > 1,



and \/n(H, — H) N N(0,0%), as n — oo, then we have A\ > 2

Proof. Antos and Kontoyiannis (2001) proved that

E[(H, — H)] ~n *Y* and Var(H,) < O(lnzn)).

Assume to the contrary that A < 2, then there exists a sequence {a,} converging
to zero (for example, a,, = —In~%(n) with a > 1) such that E[a,v/n(H, —H)] = +o0
, Var(an\/ﬁ]f[n) — 0 and hence an\/ﬁ(lf[n = Eﬁn) 20,

It leads to

a”\/ﬁ(ﬁn - H) = an\/ﬁ(f{n - Ef{n) + an\/ﬁ(Eﬁn - H) ﬁ> ‘l‘OOa

which contradicts the assumption that a,/n(H, — H) % 0 implied by /n(H, —
H) N N(0,0?%). Therefore, A must be greater or equal to 2.

|

Example 1.1. If p, = C\k= where X > 1, the sufficient condition of Theorem 1.1

holds for A > 2 but not for 1 < X\ < 2.

Note

VIS sy (—Prmpi) ~ v [, S o (£) do

CAA Valn K (n) +< A C/\lnCA) Vi G\ yninK(n)
A—1 (K(n))A~1 (A-1)2 A-1 (K(n))*1 A=1 (K(n)*—1-

If A > 2, letting K (n) ~ n'/?, Sﬁ% = ﬁnl}gﬁ/x — 0.

If 1 < X <2 for any K(n) satisfying K(n) ~ o(y/n) and a sufficiently large n,

Ci\ vnln K(n) C\\ Vn O\
I RmPT 2 imee 2 g = 200> 0.

Example 1.2. Ifp, = Cxe™ for any X > 0, then the sufficient condition of Theorem
1.1 holds.



Letting K(n) ~ A~'Inn, for a sufficiently large n,

VI s ey (PRI pE) ~ =/ [ Cae ™ In(Cre ) da ~ Q- (Inn)n~2 — 0.

Example 1.3. If p, = C/(k*In*k), then the sufficient condition of Theorem 1.1
holds.

Letting K (n) ~ y/n/Inlnn, for a sufficiently large n,

\/HZkZK(n)(_pk lnpk) ~ \/ﬁC’ f;‘zn) 2lnx+x221;1n12n;c71n0dx
~ 2/nC [ it < g — 0.

Inz n)In K(n)

Example 1.4. If p, = the sufficient condition of Theorem 1.1 holds.

N CUN—
k2InkIn?(Ink)’

First, note that

_ Inz |co o] 1 o] 1 __ InK(n)
= [_T|K(n) + fK(n) de] - fK(n) Fdx — K(n) -



Then, for sufficient large n, we have

n(k?InkIn?(Ink))—In C
%\/EZ,OK(H (—prInpy) = 2\/_Zk>K(n kQInkhS (ln)l)c)
In kd[k In(In k)]—In k In(In k)dk
N\/_Zk>K k21n (Ink) \/_fK k21n2(In k)

o In kd[k In(In k)] lnkln(lnk
_\/ﬁfK(n k2 In? lnk \/_fK(n k21In%(In k) dk

_Ink Ink
_\/_[ kIn(ln k) ’K +fK (n) k21n lnk _\/ﬁfK k2In(ln k) P I~
In K(n n
- \/ﬁ[ K(n )ln(lElK + fK(n k’zln(lnk) ] B \/ﬁfK (n) k211n {an: dk

_ JalK(®) In k—1
" K(n)In(ln K(n)) \/_fK k2In(Ink) Bk

vnln K(n) flnn Inz—1
< K(n)In(ln K(n)) \/_f z21n lnz)dl‘
nln K(n In K(n Vnln
< (7\’5111 an()n)) \/_ln(an(n fK " 1 d
_ v/nln K(n) In K(n)
— Kmn)In(nK(n)) \/_ln(an(n) ( K(n) \/ﬁlnn)

VAlK() _ anK(m=1) | _yilnK(m)-1
K(n)In(ln K(n)) K(n)In(ln K(n)) vnlnnln(ln K(n))

o Vn + In K(n)—1
K(n)In(ln K(n)) Innln(ln K(n))

If we choose K (n) = m, the above expression approaches 0.

Example 1.5. If p, = C/(k*Ink), the sufficient condition of Theorem 1.1 does not

hold.

For any K (n) satisfying with K(n) ~ o(y/n), for a sufficiently large n,

ﬁzp n (—pr Inpg) ~ /nC fK —21”4;1;‘11:;6 nC q1x
>K(n) (n)
00 2 2C\/n
~ y/nC fK(n) Sdr = RO

1.3 Remarks

Under distributions p, = C/k*, a necessary condition for \/n(H, — H) to hold
asymptotic normality is A > 2, because bias terms E[(H, — H)] has a rate of n= =1/,
no faster than n='/2 if A € (1,2], e.g., see Theorem 7, Antos and Kontoyiannis (2001)

. On the other hand, as shown in Example 4, \/ﬁ(ﬁn — H) does have asymptotic
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normality when p, = C/(k*InkIn*(Ink)). Even though Theorem 1.1 gives only a

sufficient condition, the band of distributions which are not covered by the sufficient
condition but may still support asymptotic normality of H, must be, if existed, very

narrow.



CHAPTER 2: ASYMPTOTIC NORMALITY OF A NEW ENTROPY
ESTIMATOR

2.1 Introduction

The plug-in estimator H, is known for its large bias in an undersampled regime.
We can see from (1.2) that when K is finite, the first bias term is hardly negligible for
an often unknown large K and a small sample size n. Many have provided various
ways to adjust bias terms based on (1.2), for examples, see Treves and Panzeri (1995,
1996), Paninski (2003) and Schiirmann (2004); some of these procedures were able to
greatly reduce the bias at a moderate expense of an increase in variance.

When K is infinite, Antos and Kontoyiannis (2001) showed that no universal rate
of convergence exists for any sequence of estimators, and specifically, H, can approach
H at an arbitrarily slow rate. They also obtained different rates of convergence for
H,, under a variety of tail conditions on {p}.

Other popular estimators include the jackknifed version of the plug-in estimator
proposed by Strong et al. (1998) , the NSB estimator proposed by Nemenman, et al.
(2002), and the coverage-adjusted entropy estimator (CAE) proposed by Chao and
Chen (2003). The jackknife estimator evaluates entropy through an extrapolation
procedure which utilizes the dependence of H, on the sample size. The NSB method
counts coincidences in letters and introduces a Bayeisan prior to correct the bias.
The CAE estimator recognized the loss of information on the uncovered letters of
alphabet, and hence incorporated Turing’s formula (proposed by Good (1953) but
largely credited to Alan Turing) to adjust the bias. Vu, Yu & Kass (2007) later

proved several convergence properties of CAE, but the revealing convergence rate
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were quite discouraging. All these estimators are all claimed to remove bias effectively
in simulation study, but there seems to be lack of rigorous analysis of their rates
of convergence. Also, see Paninski (2003) and Panzeri, Senatore, Montemurro &
Petersen (2007) for a comprehensive review and comparison of various estimators.
Zhang (2012) proposed a non-parametric estimator of Shannon’s entropy on a

countable alphabet Z .

H, = ”Zi% {nv+1[n —n‘(v + 1)]! Z [ﬁknﬁ (1 — P — %)] } (2.1)

v=1 k 7=0

This new estimator, constructed in Turing’s perspective, is fundamentally different
than previous ones. Through Turing’s formula, it recovers some distributional charac-
teristics on the uncovered subset of 2", and thus significantly improves the estimation
accuracy; it is worth mentioning that it has a bias decaying at a rate of O[(1—pg)™/n|
where py = min{p; > 0;1 < k < K} on a finite alphabet where K is the cardinality.
Also, because H, isa weighted sum of U-statistic, H, are more analytically tractable
and its rates of convergence can be obtained under a wide range of distribution sub-
classes, see Zhang (2012). Simulation results also show that H. and its bias-adjusted
versions, are quite competitive among existing estimators.

Zhang (2013) established the asymptotic normality of \/ﬁ(]:]z — H) on any finite
alphabet. This paper extends the normality results of Zhang (2013) to include cer-
tain cases of alphabets with countably infinite cardinality, as stated in the following

theorem and corollary.
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2.2  Main Results

Let F = E[—In(px)]> = 32, pi In?(py) and

G e | n*Hn — (v +1)]! . . '
EE{ (St T e o)

(2.2)

Theorem 2.1. For a non-uniform distribution {py;k > 1} satisfying E(InPx)? <
0o, if there exists an integer valued function K(n) such that, K(n) — oo, K(n) =

o(vn/Inn) and \/n} - gy Pelnpr — 0, as n — oo. Then for H. asin (2.1), it has
NG (H _ H) Dy N(0,0?)

where 0® = Var [—In(px)] = F — H%.
Corollary 2.1. Let {pg; k > 1} be a probability distribution on an alphabet satisfying
the condition of Theorem 2.1, H. be as in (2.1), and F, be as in (2.2). Then

H,— H
N

Remark 2.1. The condition of Theorem 2.1 is slightly stronger than that of Theorem
1.1 therefore, there will be less probability distributions satisfying the condition of
Theorem 2.1 than that of Theorem 1.1. We can show that, the sufficient condition of

Theorem, 2.1 still holds for p, = Cxk™ where X\ > 2, but not for p;, = C/(k*In* k).

Example 2.1. If p, = C/(k*In®k), then the sufficient condition of Theorem 2.1

doesn’t hold.
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For any K(n) = o(y/n/Inn), and a sufficiently large n,

\/ﬁZkZK(n)(_pk lnpk) ~ \/ﬁc f[?é 2lng+2Inlnz—InC g,

221n’z

QICf;)x—IQd—zﬁC(l 1)22\/501

= Inn ~ "Inn \K(n) n Inn K(n)

— OQ.

To prove Theorem 2.1 and its Corollary, we define

Gow = Sl —pp)¥, Cy=30) ﬁ,
n!t?[n—(14v ~ j
Zl,v = wz |: an] 0( pk,n_%)] )

and we have,
n—1
H= Z “Cio, H Z “ . F = ZCQMandF > CuZ,.
v=1

Note that

n'tln—(v ! ~ v— A ]
2y, = "y LTI (1 e 2)]

o nV 1 n—(v41)] v—1 Nn—Yk,n—J v—1 n—Yg n—J
- Zk n! nH n kaknnj 0 n—j—1

A v n—1
= 2 Pen o (1 - %) )
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and therefore,
2 n— n— A v n—1
H, = szll %Zl,v - Zv:ll % kak,n Hj:l(l - y]:{_j )
w1
= 2 Phn gy + [ (1 — =)

- - -1
= e Sl T, (1 %

and
n— yk n

n—1
~ Yk — 1
P.=3 CuZiy= Zpkn Z Co H i
v=1
Let pin, Din, Py, -y and p;; be defined the same way as in the proof of Theorem 1.1,

and accordingly, we have

Gk,v = Zk 1 pkn(l—pkn)“,
Zf,v = WZﬂ |:an] 0( ﬁkm_%)]’
He = S (=prnmprn) = Yooy 3¢,
St 25 = S e st LT, (1 — e,
H, = Zk:? (—Dkyn I Pre.n),
Fﬁk = Zifilchim
Fro= s CuZty = S0 pon st Co Tl (1 — e,
Fro= S0 (hren In® ).

(2.3)

Also, we will need the following facts in our proofs: Zhang and Zhou (2010) established

E(ZLU) = Cl,v and E(Ziv) Cl v7 also C Zz 1 z(v i) =3 Z ( ) < M
Lemma 2.1. Under the condition of Theorem 2.1, we have /n(H, — H) = 0,(1).

Proof.
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Noting that for any k£ > K(n), we have vy, <y’ and

n ,nfl — :L :_1
0< Zn s j= 1(1 o yliz—j ) - ZZ:? %H;:1(1 - yn_j )
- n n—l n
< In (=) < 350y S+
therefore,

= VY iy Pron oot 3 Ty (1= 2ty — Vs, S0 L T, (1 - %7

~ n—Yk,n v n—1 n—yp 1
= V0 s P | vt STy (1 = 22250 = SO0 LT, (1 — )

<Vn(lnn+1) 370 e Pr

By lemma 1.2, /n(lnn + 1)E >0 e Prn = V(lnn +1) 370 e Prn — 0, hence
Vn(H, — H?) = 0p(1) follows by Markov’s Inequality. a

Lemma 2.2. As n — oo, under the condition of Theorem 2.1, we have :

V(EH: — H) =0
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Proof.

0<Vn(H;—FEH:) =nY o0 2, — VXt 2, = vn X, 1,
= A A (L= )’ = Ve P S0 L (1 — pr)®

K(n v Kin Pl
%Z ()panv 21— prp)” < \/%Zk:(l)pk,n%

= \/Lﬁ kK:(?)(l — Prn)" < K\/(g) — 0
Therefore, the lemma follows. O

Lemma 2.3. As n — oo, under the condition of Theorem 2.1, we have

Vn(EH: — H*) = 0

Proof. Because f(z) = —xIn(z) is a concave function, by Jensen’s inequality, we have

\/ﬁ ZkK:(’rll) E(_ﬁk,n In ﬁk,n + Pen In pk,n) S 0.

Also, according to (1.2),

Vi (B~ )

= \/ﬁZkK:(T) E(=prpnInprpn + D 1Hpk,n)1[pkyn2%]
+\/52sz(?) E(—=Dryn In P +pknlnpk,n>1[pk <d]

= \/ﬁ[_% 12n2 ( Zk 1 prm ]‘[pkn >+O( )}

K(n
+\/ﬁ2k:(1)(pk,n lnpk,n)l[pk7n<%}
> _V/nK(n)  /nKm)n  y/nK(@n)lnn 0.

- 2n 12n2 n

Therefore, \/n(EH: — H¥) — 0. O
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Lemma 2.4. If a and b are such that 0 < a < b < 1, then for any integer m > 0,

b —a™ < mb™ (b — a).

Proof. Noting that f(x) = 2™ is convex on interval (0,1) and f/(b) = mb™ !, the

results follows immediately. |

Lemma 2.5. Under the condition of Theorem 2.1, we have /n(H? — H*) = 0,(1).

Proof.
VAH: = B7) = Vi (B2 4+ 23 pentn e
= v (A2 = S S Sha(l — pea))
VS S it Bl = Brn)”
=A — As.
Since

0< Ay = Vi S0, i e (1= Brn)
< Zk:? n_y\ﬁﬂpk,n Zv:n—yk (1= Prp)”
S 1 et € TR b e
== Zf—(?) m(l = Do)V P < 1]
= \ka 1 1= pk (1= Pregn)" " Ven T 1 [P < 1]

n— ~ K(n
= S (= i) 1 < 1] < \/(ﬁ)7

Ay “3 0 and therefore Ay 2 0.
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Before considering A;, we first note the facts that

n 1

y,nfl Yen\ __ A . . .

(2.4)

and that, after a few algebraic steps, Z7, may be expressed as

K ~ nfl
= S pea Ty (1 - %5t
T/ n—1 1
=y P [[5° ( — ) || Ep—. (1 - 55 )

where J, = [1/p},,,| and ., () =1ifa>0b.

A= i (B = S SO (1))
= VS e St 3 T (1= 25 ) T (1= 225) = (1= )]
= VISR e ot LTI (1 ) T e (1 2250)
B HJW) ( B yk%;l) (1 _mm)ov(v—Jk)}
AV B ST 3 [T (1= 5250 ) (1= i) O = (1= )]
=A 1 + Ao

(2.5)
By (2.4), we have A;; < 0 and A; 5 > 0. We want to show that E(A; ;) — 0 and

E(A;2) — 0 respectively.
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_\/ﬁ _Zk:gb kn ZZ i/kn 1 HJk/\v ( %) (1 _ ﬁk,n)O\/(’U—Jk) _ H;:
=/n [ﬁ;‘ — H;;]
N—=Yk,n v n—1 “ v
_\/ﬁ Zk 1 pkn Zv i/k 1 HJk/\ ( — %) (1 _ pkm)()\/( Jk)
— S pr St L (1 pk,n)}
[\~K () & n—Yrn 1 AN .
_\/ﬁ k=1 Pkn 2 _v=1 (1 - pkm) — Hn]

= A — A — Ais.

E(A;11) — 0 follows by Lemma 2.2. Then,

Az =+/n [ZkK:(? Prn Dopet "L (1= prn)’ — H;]
= Vi [ pen S0 3 (1= Ben)” — H
VY P Yooyt 3 (1= D)’
=Vn [Hn - H:i] — VY P >yt s (L= Prn)"
= «41,1,3,1 — As.

E(A1131) — 0 by Lemma 2.3, E(Ay) — 0 is established above, and therefore
E(.Al,lg,) — 0.
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A2 =1+/n Zi{:( P Do i/knln‘]’“/\” (1— y’;"J )(1—pk YOV (o=Ji)
= T B U (1 )|

Zk 1 pknEZ fkn L

Zk 1 pann e ql,

= i P S (1= Bea) ™ (1

_\/_Zk pknzn yknll)
<\/_Zk 1 pknzn Jon 1
S\/_Zk 1 pk‘nzn yknl

IN

S B (= P |

yk,n_l
n—1

HJk/\'u ( _

= S b U L (L= )|

- JpA\v .
< %) (1 — Pkn
% _ ﬁkm)o\/(v—Jk)

JiA\v
(1= 22" - =)™

1— —y’“v"*)JW —(1-p

- pk,n)Jk/\v

JpAv—1
(Ji N w) (1 — —y’c’"ﬂ) ‘ n—Yk,n
n n(n—1)

ot I(Jk/\v)}

)OV(U—Jk)

) (1 _ ﬁk n)Ov(v—Jk)

(by Lemma 2.4)

= S Pl = Ben) [0 S0k A )+ U L A )

n K(n) ~ A~ nN—Yk,n
n_\g Zkz(l)pk n(1 = Prn) [Jk + Ji Zv:g:,-l-l %]

(Inn+2) < fK(n)(llnnJr?)

< n— 1Zk 1 pkn(Jk+Jka 111;)
\/E (n) ykn
ST 2ak=1 - il
Therefore,

Finally E(A;5) =
Proof of Theorem 2.1.

B(Ay12) = O (V) o

E(A; 1) — 0. It follows that v/n(H* —

;) = 0,(1).
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Note that

Vil = H) = v/n(H; — H}) = /(. — 1) = /n(H - H)
= Vi(H, — H?) + v/n(H; - H;) = /n(H - H}) (2.6)

= Vn(H. = H?) + a(H; = H) 4 /s o (pe 0 pr) — /0 ply Inp

We proved /n(H* — H*) N N(0,0%) in (1.7). The proof is complete if we can
show each of the four terms in the right hand side of (2.6) is 0,(1).

The first two terms are o,(1) by Lemma 2.1 and Lemma 2.5 respectively, and the
third term goes to 0 by the condition of Theorem 2.1, and the fourth term goes to 0

by (1.4). Therefore, by Slutsky’s lemma, we conclude the theorem. O

To prove the Corollary 2.1, we need a few lemmas as follows:
Lemma 2.6. Under the condition of Theorem 2.1, we have F, — F* = o,(1).

Proof.

>

~

0 S n ; = Zsz(n) ﬁk,n 1112 ﬁk,n - ﬁ:; ln2 131*1
~ 2 A A 2 A~
= Zsz(n) Pren 10" Pren — ZkZK(n) Prn In” P,
= ZkZK(n) ﬁk,n(1n2 Phn — In® 252) < Zk‘ZK(n) Pk In® Pk

~

<In’n Zsz(n) Pkn

By lemma 1.2, In? NE Y s kn) Pon = IHQnZkEK(n)pk,n — 0, F, — F* = 0,(1)

follows by Markov’s Inequality. |

Lemma 2.7. Under the condition of Theorem 2.1, we have F, — F¥ = 0,(1).
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Proof. Noting that for any k > K(n), we have vy, <y’ and

n— n v n—1 n— ;; v ;‘;—1
0< 30" Cy [- (- y];?) —2i" G [ (1 - y’nTj)

< S Gl (1= ) < STV Gy < 300 P < 2(lnn + 1),

n—j

therefore,

~ N ~ N—Yi,n n—1 N —Yn v =1
0<F,— Fz = ZkZK(n) Dk.n Ev:gl/k Cy H;):l(l - %) — Py ZZ:?lJ Cy Hj:l(l B ynT])

~ N—Yk,n v n—1 n—yn v b —1
= ZkZK(n) Pkn [Zv:lyk’ Cy Hj:l(]' - yl;?) - szlll Cy Hj:l(]' - ynfj )]

By lemma 1.2, (Inn + 1)*E 37 gy Prn = (Inn + 1)2 37,0 ) P — 0, therefore,

E, —Fr= 0p(1) follows by Markov’s Inequality. a

Lemma 2.8. As n — oo, under the condition of Theorem 2.1, we have :

E(FY)— FF =0
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0<Fr—BE(F) =32 Colty — 0 Clty = 3000, CuCt
= Z;.in Ov Zf:(?) pk‘,n(l - pk,n)v = 252(711) Pin Zzin Cv(l - pk,n)v

< M) S T (1 = i) S AR ) o)t

n

_ 2(1n2+1) Z?':(le)(l _pk,n>n < 2(Inn+1)K(n) .

Lemma 2.9. Under the condition of Theorem 2.1, we have F* — F* = 0,(1).

Proof.
Fr = By = F2 = 33 rn 0%
= Y U Cobrn(L = Prn)”
- Zk 1 Zu n—Yk,n+1 Cvﬁk,n(l - ﬁk,n)v
=B — B,.
Since

0 < 62 Zk 1 Zv n—Yk,n+1 Cvﬁk,n<1 - ﬁk,n)y
n) 2(Inn+1) A ~ v
S Zk=1 n( Yk,n +)1 nZv n—yg, n-‘rl(l _pk,n)
K(n) 2(Inn+1 ~ n—
= Zkf(l) n( m ++)1(1 - pk,n) Yt

lnn+1) K(n ~ n—yp n+1

2(Inn+1) ~ n— A
= 2anth oG m&—pk,n) Yen T P < 1]

nn K(n) ~ n— A~
1“5;&1;<umm>%ﬁumm<u

| /\

— 2(1nn+1) Z n)(l . )niyk’nl[ﬁk%n < 1] S 2(1nn-l;Ll)K(TL)

Y
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By 3 0 and therefore B 20. Next,

D K(n N—Yk,n A~ A v
Bl = Fz - Zkz(l) Zv:fk Cvpk n(l - pk,n)
_ ZK( S HJMU 1 — Yen—! I ] — Ykl _ (1 = Pron)’
- k=1 kn v=1 v n—j j=JpAv+1 n—j pk,n
nN—Yk,n JpA\v n—1 v n—1
= Zk 1 panv i/k Cy [H e (1 - yij) Hj:Jk/\v—i-l (1 B %)
. HJkl\v < . yii;igl) (1 _ﬁkm)o\/(v—Jk)}
T b T O [T (1= 2557) (1= 1) 0™ = (1= )’

= Bi1 + Bio.
(2.7)

By (2.4), we have B;; < 0 and By, > 0. We want to show that E(53;;) — 0 and

E(B12) — 0 respectively.

By, = <F . F)
[ e ST CLTLEY (1 25) (1= )0 — B
(&)
- [ o P St HJW} ( y%;l) (1 = Prn)OV7w)
= B S0 Co (1= )|
[ B T € (1= )’ - F]

= 51,1,1 - 81,1,2 - 31,1,3-

E(Bi1,1) — 0 follows by Lemma 2.8. Next,

Biis= f? AanZ 1ykn0 (1 —Pkn) - F;
= [ S8 B 00 Co (1= i) = B = S0 im0 2 Co (1= )"
= (B = F2) = Sy Brn Yot ye g1 Co (1= Prn)”
= 51,1,3,1 — B.

As we showed lim,, oo FF}, = F in Corollary 1.1, E(Bi131) — 0 can be proved in the



same way. Also, E(By) — 0 is established above, therefore, E(B;3) — 0.

Biiz = ZK ™) Dk.n S e J’“M (1 Yen— > 1— pkn)ov(vfjk)
_Zk ﬁknzn Oy (1 pkn)
< S P St C H‘]’“A” ( %) (1 — prn)OV =)
S e STV Oy (1= Prn)”

n) ~ n—Yi.n e Ji \v . o
ZK( )pknzv 1yk C, < %) (1 _pkm)O\/( Jk)

- ZkK:( Dkon Zn . Cy (1 — ﬁk,n)JkM (1-— ﬁkm)ov(vfjk)]

n— _ Jp A\v R . -
Zk 1 pkn Z ykn <1 — yk%_f) — (1 _ pk,n)Jk/\U (1 . pk,n)OV(U Jk)

n— " 7 Jk/\v . v
< S b S O | (1= 227) T = (1= )™

n—1

>[ nykn (Jk/\U)}
)szn ykn
)7,

n— ykn Yr,n—1 Jihv=l n—Yk,n
< Zk L D D e v [ (Jk Av) <1 - —) : (by Lemma 2.4)

IA

K(n) ~
ﬁZkz:(l)pkn(l -

1 K(n) A (1 o

pk
1 2-k=1 Pkn Pk

I/\

2(Inn
Sn 1Zk 1pkn(1_pkn Z T+1)
< 2t S P i(Inn + 1)
2(Inn+1)2 K(n) yr,n n 2(lnn+1)2K(n)
S n—1 k=1 Tyk,n‘i’l[yk,nzo} S n—1
Therefore,

n

B(By13) = O (K022 0,

Finally E(By5) = E(By12) — 0. It follows that F* — F* = 0,(1).
Proof of Corollary 2.1.

A A ~ A A A A A

Fo= F=(F - F)+ (F, = F)) + (F = F) + (B, - F)

26

Each of the first three terms in above equation is 0,(1) by Lemma 2.7, Lemma

2.9, and Lemma 2.6 respectively. Also, we showed in the proof of Corollary 1.1 that
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E, — F = 0,(1). Therefore, F, — F = 0,(1).
By Theorem 2.1, [:[22 2 H? and hence, F, — [:[3 5 F— H? = o2 Finally,we

conclude the corollary by Theorem 2.1 and Slusky’s Theorem. O

2.3 Remarks

In conclusion, the sufficient condition of the new estimator supports less distri-
bution class than that of the plug-in estimator.However, simulations showed that H,
always outperforms Hn under various distributions; also, Zhang (2012) showed that
the upper bound of the variance of H, decays faster than that of H, by a factor of
In(n) at a rate O(In(n)/n) for all distributions with finite entropy, they lead to my
conjecture that the sufficient condition of Theorem 2.1 can be further relaxed. Next
question that one would naturally ask is whether there exists a probability distribu-
tion under which the normality of one estimator holds but does not for the other.To
answer this question completely, the directions of the future research should aim to

establish the necessary and sufficient conditions of both estimators.
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