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ABSTRACT
LI WU. Consistent Nonparametric Test on Nonlinear Regression Models With

Near-Integrated Covariates . (Under the direction of DR. JIANCHENG JIANG)
In this paper, a L? type nonparametric test is developed to test a specific nonlinear
parametric regression model with near-integrated regressors. The asymptotic distri-
butions of the proposed test statistic under both null and alternative hypotheses are
established. The finite sample performance is also examined by conducting Monte

Carlo simulation. The test statistic is applied to testing the linear prediction model

of asset return and the predictability of asset return is shown at last.
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CHAPTER 1: INTRODUCTION

Nonlinear cointegration models are important in a wide range of applications in
economics (e.g. [Granger, 1995]). In this paper, a test statistic is introduced to test
model specification of a nonlinear parametric model with near-integrated regressors.

Nonlinear Least Square method is applied for parameter estimation for the specific
parametric model. The asymptotic theorem of NLS estimates with unit root process
was introduced in [Park and Phillips, 2008] and [Kasparis, 2010]. The extension of the
existing limit theorem to near-integrated process is straightforward. The major works
in [Wang and Phillips, 2009b, Wang and Phillips, 2009a] of limit theorem of sample
covariances of nonstationary time series and integrable functions of such time series
that involve a bandwidth sequence are referred to in deriving asymptotic distributions
of the proposed test statistic.

The construction of our test statistic closely relates to the work in [Sun et al., 2011],
in which a test of time-varying coefficients is proposed with null hypothesis of constant
coefficients. This paper goes further than the above one in two aspects. First, the null
hypothesis is a specific nonlinear parametric model involving a constant as a special
case. Next, the functional parameter is assumed to be a nonlinear transformation
of near-integrated processes instead of stationary processes, deriving of asymptotic

theory of which is much more challenging.



1.1 Nonlinear Cointegration Model

The belief that many economic and financial time series are highly persistent and
nonlinearly related is widely held. Nonlinear dynamic relationships that has been
discussed by economic theorists include, for instance, the correlation between cost
and production functions , hysteresis and boundary effect, exchange rate and funda-
mentals, and inflation and economic growth. Working on modeling the relationships
among highly persistent time series, two major questions are faced by econometricians
and statisticians: how to specify nonlinear models and how to test the goodness of
fit of a specified nonlinear model. This paper will focus on the latter one.

The nonlinear cointegration considered in this paper is modeled as:

= fz) +u (1)
where z; (a scalar) is an integrated series (1) or nearly integrated series N1 (1), u; a
stationary process, and f(-) an unknown functional. The null hypothesis of interest
in this paper is a specified parametric nonlinear functional:
Ho:  Pr(f(z) =g(z,60)) =1 for some § € O, (2)
where O is the parameter set. The contiguous alternatives are written as follows,
Hyn o f(z) = g(2,0)) + 077G (2) (3)

where v < L. That is to test if the function f(-) in (1) is of the parametric form
TS 10

9(2,0).
1.2 Estimation of Nonlinear Cointegration Model

The nonlinear cointegration model is estimated using parametric and non paramet-

rical technique respectively under the null and alternative hypothesis.



1.2.1  Nonlinear Least Square Estimator

The asymptotic theory of linear regression in the context of stationary or weakly
dependent processes has been originally developed by [Hansen, 1992] , in which strong
laws of large number and central limit theory are applied straightly to stationary and
ergodic measurable functions. Then, a mechanism for doing asymptotic analysis for
linear systems of integrated time series was introduced by [Phillips, 1986], [Phillips,
1987], and [Phillips and Durlauf, 1986]. They applied weak convergence in function
spaces, continuous mapping theorem, and weak convergence of martingales in deriving
asymptotic distributions.

The development of limit distribution theory for a nonlinear model with high per-
sistent time series has been hamstrung for a long time until the work of [Park and
Phillips, 2008], where a new machinery was introduced to analyze the asymptotic
behavior of sample moments of nonlinear functions of nonstationary data. The key
notion of the new method is to transport the sample function into a spatial function,
which is also the basis of later works of Phillips regarding nonparametric regression
of nonstationary time series. In particular, they dealt with sample sum by replacing
it with a spatial sum and then treating it as a location problem. Our analysis in this
paper employs this technique, too.

The following nonlinear regression model for y; was considered in [Park and
Phillips, 2008],

ye = [f(z,60) + s

Zr = Zi—1t+
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where f : R x R™ — R is known, regressor z; an integrated process, regression
error u; a martingale difference sequence, and 6, an m-dimensional true parameter
vector.

They estimated 6y by nonlinear least squares (NLS). That is to choose 0, by min-

imizing the function below,

n

Qul6) = > (41 — F(21.6))

t=1
Thus, the NLS estimator 6,, was defined by

0, = in Qn(0).
n = arg min Qy(0)
Under some regularity conditions and assumptions on function f, they showed the

consistency and limit distribution of NLS estimator,

il = o) (£01,0) [ s, 00075, 00) ) )
where L(1,0) is the local time of the limit data generating process v; and W (1) is a
Brownian motion independent of L.

A similar limit theory of NLS estimator with near integrated (NI(1)) regressors is
given in this paper. The only difference of the limit distribution between I(1) and
NI(1) time series lies in the local time function. The local time for integrated regressor
is the local time of a limit Brownian motion. As in near integrated situation, it’s the

local time of an O-U process.



1.2.2  Nonparametric Cointegration Estimator

In nonparametric estimation, joint dependence between the regressor and the de-
pendent variable is the main complication leading to bias in conventional kernel esti-
mates. It is shown in [Wang and Phillips, 2009a, Wang and Phillips, 2009b] that in
functional cointegrating regressions with integrated or near integrated regressors, sim-
ple nonparametric estimation of a structural nonparametric cointegrating regression
is consistent and the limit distribution is mixed normal.

The nonlinear structural model of cointegration is

ye = f(2) + u,
where u; is a zero mean stationary error, z; an integrated or near integrated regres-
sor, and f the unknown function to estimate. Then, the Nadaraya-Watson kernel

estimator of g, is given by

S wEa(a - 2)
flz) =5 :
tzzl Kp(z — 2)

where Kj(s) = (1/h)K(s/h) is a nonnegative kernel function, and h the bandwidth

function, such that h — 0 as n — oc.
Imposing some assumptions, it’s proved in [Wang and Phillips, 2009b] that the
limit behavior of f(z) is
f(2) = £(2)
when nh? — oo and h — 0. In addition, if A satisfies that nh?> — oo and nh?+27) — (

as n — 0o, the limit distribution of the Nadaraya-Watson kernel estimator is shown



as
" 1/2
(hZ Koz~ z)) (f2) = £(2)) =N (0,0%)
where 0 < v < 1, foi:;ufﬁciently small h, |f(hy + 2) — f(2)| < RV fi(y, z) for any
y € Rand [7 K(s)fi(s,z)ds < oo, and 0? = E(u2, ) [~ K*(s)ds [*° K(z)dz.
Notice that they defined u; = 0 for 1 <t < mg — 1.

It is also proven in [Wang and Phillips, 2009b] that the localized version of sum
of squared residuals is a consistent estimate of the error variance FuZ, with stricter
assumptions imposed,

Y AT

for any h satisfying nh?> — oo and h — 0 as n — oo, where

n

> [y — F(2)P Kz — 2)

2 t—1
> Kn(z — 2)

t—1

1.3 Cointegration Tests

Tests for a linear cointegrating model has been developed since [Hansen, 1992],
that tested parameter stability. Recently, a modified RESET test was introduced by
[Hong and Phillips, 2010] to test the existence of linear cointegration. In empirical
studies, the RESET test statistic was applied to check the traditional linear coin-
tegration specification in purchasing power parity (PPP) model. A linearity test of
cointegrating smooth transition regressions is proposed in [Gao et al., 2009]. They
tested the null hypothesis of a linear cointegration model: y = Sy+x;5;+u; against the
alternative hypothesis of a nonlinear cointegration regression system: vy, = g(x;) + u,

where regressor x; is a unit root process independent of error u,. Based on the work of
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[Gao et al., 2009], a similar problem was investigated in [Wang and Phillips, 2011].
They allow regressor x; to be more general and not necessarily independent of w;.
The problem of testing a linear cointegration model against a nonlinear cointegration
model was considerred by [Choi and Saikkonen, 2004]. The smooth transition regres-
sion model developed in [Choi and Saikkonen, 2004] is: y; = 2;a + B8 7,9 (74s — ¢) +uy,
where z; is a p dimentional random walk vector, and ;s denotes the s* component
of x;. The model reduces to a linear cointegration model under the null hypothesis
of B =0.

A semiparametric varying coefficient model was studied in [Sun et al., 2011]. That
model was first learned by [Cai et al., 2009] and [Xiao, 2009]:

= X,0(z) + w, (4)

where X, is a d-dimensional non stationary regressor, z; and u; stationary variables,
and 0(-) a d x 1 vector of unknown smooth functions. They tested the parameter
constancy

Hy : Pr(0(z) = 6y) = 1, for some 0y € B,
against
H, : Pr(0(z) #0) >0, for any 0 € B.

The model studied in this paper differs from all the above ones in that we test
a nonlinear cointegraion model instead of a linear one. Compared with the varying
coefficient model investigated by [Sun et al., 2011}, our model could be taken as a
varying coefficient model with one diminutional X; = 1, and nonstationary z;. The
combination of nonlinearity and cointegration makes the analysis of limit theory very

complicated.



1.4  Overview

The rest of the paper is organized as follows. Chapter 2 develops the aymptotic
theory of least square estimate of nonlinear regression with near-integrated process.
Chapter 3 describes our test statistic and shows asymptotic results of the test statis-
tics under null and alternative hypothesis respectively. In Chapter 4, Monte Carlo
simulations are performed to examine the finite sample performance of the proposed
tests. We test the predictability of asset return from a linear model using our test
statistics in Chapter 5. Chapter 6 concludes the paper. All the mathematical proofs
are relegated to Appendices.

The notation is conventional throughout the paper. We offer a summary of nota-
tion here for convenience sake. (i) —%, stands for convergence in distribution, —-
for convergence in probability, and “=" for weak convergence with respect to the
Skorohod metric, as defined in [Billingsley, 2009]. (ii) O,(a,) denotes a probability
order of a,, where a, is a non-stochastic positive sequence; i.e. Oc(a,) = Op(ay).
(iii) We define L"-norm of a matrix X by || X]||, = (Z” E]Xz-j|7")1/r, where X;; is the
(7,7)th element of X. (iv) A /' B is used to define A by a previously defined quantity
B, and A = B is used to assign a new notation B to A. (V) [a] denotes the smallest
integer that is greater than a for a > 0. (vi) we use Fpy = o{z;,u; : 1 < i <t <n}

to denote the smallest o-field containing past history of {z;, u;} for all n.



CHAPTER 2: NONLINEAR LEAST SQUARE ESTIMATION

2.1  The Model and Preliminary Results

We consider the nonlinear regresstion model for y; under H,

Yr = g(21,00) + uy (5)
where g : R x R — R is known and 6 is the true parameter that lies in the parameter

set ©. This section concentrates on nonlinear least square estimation of (5). Let

n

Qn(e) = Z(yt - Q(Zta 9))2, (6)

t=0
then, the NLS estimator 6, is as follows,

~

0, = arg Ieneiél Q.(0). (7)

It is assumed throughout the paper that 0, exists and is unique for all n, and 6,

is an interior point of ©, where © is assumed to be compact and convex. This is

standard for NLS regression. ,, = (1/n) Y, 47 is an error variance estimate, where
Uy = Yr — Q(Znén)-

We start by writing z; as

2 = PZi—1 + My (8)

and initializing it with zg = 0 to avoid unnecessary complication in our development

of limit theory as in [Park and Phillips, 2008]. Then, define the stochastic processes

U, and V,, respectively by
[nr]

Un(r) = %Zu and V,,(r

2%

%\
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where [s] denotes the largest integer less than s.

Assumption 2.1: (a) (U,, Vn)i>(U, V.), where U is a Brownian motion and V,
is an O-U process driven by a standard Brownian Motion over [0,1] with variance
o, = lim, o Var(n=Y23"7"  m,). (b) (u, Fpe) is a martingale difference sequence
with E(u?|F.i-1) = 0% a.s. for all t and

supi<t<n E(|ue|?| Fri—1) < oo a.s. for some g > 2.

Assumption 2.1 is routinely imposed on NLS regression with nonstationary pro-
cesses as in [Park and Phillips, 2008]. Assumption (a) is well known to be satisfied
for a wide variety of data generating processes like mildly heterogeneous time series
and stationary processes. Condition (b) is essential to the limit distribution theory.
But if it’s relaxed to allow serial correlation in errors and cross correlation between
regressors and errors, the consistency of the least squared estimator still holds.

From Skorohod representation theorem, there exists a common probability space
(2, F,P) supporting both (U, V.) and (U2, V) such that

(Un, V,)) =q (Un, Vi) and (UY, V,)) — (U, V.) as. (9)
Then, there’s no loss in generality by assuming (U,,V,,) = (U2, V%) throughout this
paper.

More restrictive conditions on process z; required to develop the asymptotic theory

for nonlinear regression are introduced in the following.

Assumption 2.2 Let 7, = ¢(L)ey = > 0o prci—r with (1) # 0. Assume that
Y reo klok] < 0o, {e;} is 1.i.d with Ele, [P < oo for some p > 4, and the characteristic

function ¢(A) of {g;} satisfying limy_,o, A"¢c(\) = 0 for some r > 0.
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Assumption 2.2 is satisfied by all invertible Gaussian ARMA models and implies
that V-1V,

In the subsequent development of the asymptotic theory for nonlinear regression of
near-integrated time series, the local time of the O-U proses is used repeatedly. So,
let’s recall the definition of local time. The process {Ly(t,s),t > 0,s € R} is called

the local time of a measurable process {M(t),t > 0} if,

/tT[M(s)]ds = /OO T(s)Ly(t,s)ds, allt € R (10)
0 NS
for any locally integrable function 7'(x). Intuitively, Ly (¢, s) is a spatial density
recording the sojourn time of process {Ly(¢,s),t > 0} at the spatial point s over the
time interval [0, 1]. More discussions and applications of local time are provided by

[Geman and Horowitz, 1980], [Revuz and Yor, 2004], [Park and Phillips, 2008] and

[Phillips, 2000].

Next, some regularity conditions for nonlinear transformation are required to de-
velop the asymptotics. Here, our focus is only on I-reqular functions as defined in

[Park and Phillips, 2008].

Definition 2.1 A function F is said to be I-regular on a compact set IT if

(a) for each my € II, there exists a neighborhood Ny of my and a bounded integrable
function 7" : R — R such that for all 7 € Ny, ||F(z,7) — F(z,m)|| < ||7 — mo||T (),
and

(b) for some constant ¢ > 0 and k£ > 6/(p —2) with p > 4 given in Assumption 2.2,

||F(z,7) — F(y,n)|| < c|lz —y|* for all 7 € II, on each S; of their common support
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S=U~, SiCR.

Condition (a) requires F'(z,-) be continuous on II for all x € R as in standard
nonlinear regression theory. Condition (b) requires that all functions in the family

are sufficiently smooth piecewise on their common support independent of 7.

Theorem 2.1.1. Suppose Assumption 2.2 holds. If F' is I-regular on a compact set II,

then

o0

% g Fzm) -2 ( / F(S,W)d5> Lv.(1,0)

—00
uniformly in 7 € II, as n — co. Moreover,

[e.9]

1 n
i/ ZlF(Ztaﬁ)uti> (LVC(LO)/
P _

1/2
F(S,W)F(S,W)ds) W(1)

[e.e]

as n — 0.

The sample mean and sample covariance asymptotics are exactly like those in [Park
and Phillips, 2008]. But L here is the local time of the limit O-U process V. due to

the near-integrated data generating process.
2.2 Consistency

To prove the consistency of the NLS estimator 6, defined in (6), a sufficient con-
sistency condition is given following [Park and Phillips, 2008]. Define D, (0,6,) =

Qn(0) — Q,(0y). Then, the condition is written as follows.

CN1: For some normalizing sequence vy, v 1D, (6,60)—=D(8,6,) uniformly in 6,

where D(-,6p) is continuous and has unique minimum 6, a.s.

The above condition is sufficient to guarantee that éniﬂ%, referring to the work

by [Jennrich, 1969].
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Theorem 2.2.1. Under Assumption 2.2, CN1 holds if for all § # 6y, [ (g(s,0) —

g(s,00))%ds > 0, with 6§ being I-regular on II. Then, we have

D(6.00) = [ (9(6.6) = gls. ) ) Lz (1.0)

—0o0
with v, = /n.
All bounded integrable functions that are piecewise smooth satisfy the conditions

in Theorem 2.1.

Corollary 2.1: Let the assumptions in Theorem 2.1 hold. Then &iimQ, as

n — oQ.

This corollary shows the consistency of the error variance estimator 62, which

follows from Theorem 3.2 in [Park and Phillips, 2008|

2.3 Asymptotics for Nonlinear Regression with Near-Intergrated Processes

In this section, we derive the asymptotic distribution of the NLS estimator 6,, de-
fined in (6) under stronger assumptions on differentiability of the regression function.

Let’s start by the following definitions,
dg . . 829 _ 09
to be the first, second and third derivatives of g with respect to 6, and let @, and Q,,

be the first and second derivatives of (),, with respect to 8. Therefore,

Qn(e - aQTL = Zg xta (xtae))a

.. 2
Qn - aaHQQn Zg mta Zg xtv (xtve))a
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by ignoring a constant. The asymptotic distribution of 6, is naturally established
from the first order Taylor expansion of Qn,

Qn(0n) = Qn(60) + Qn(0.) (0, — 6y), (11)
where 6,, lies in between én and #y. Suppose that én is an interior solution to the
minimization problem (6). Then, it follows that Q,(6,) = 0.

From Theorem 1, normalized by an appropriately chosen sequence vy, v ' Q,(6o) i)Q(@g)

for some random vector Q(6y). Also, let

Qg = Z g(zt) 80)g(zt7 00)
=1
We have v;2Q°(6y)—2+Q(6,) for some random matrix Q(6y) by Theorem 1. Thus,

with suitable assumptions imposed, we may expect that
Vn(én —t0) = _(VQQQn(Qn))_IyngnwO) (12)
= (1. "Qn(00)) v, Qu(bo) + 0y(1)

—Q(0) 7' Q(6o)

I=

as n — oQ.

A set of sufficient conditions leading to (12) are listed below for reference.
AD1: 17100 (00)-5Q(60)) as n — oc.

AD2: Qn(én) = 0 with probability approaching to one as n — oc.

AD3: v2(Q(6,) — Q(hy)) 20 as n — oo.

n

AD4: Q(6y)) > 0 a.s.
AD5: 120, (60)) = v;2Q%(8o)) + 0,(1) for large n.

ADG6: 20, (60))25Q(8y)) as n — co.
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Under standard asymptotic conditions in nonlinear regression AD1-ADG, it’s easy
to see that (12) follows from (11).
Theorem 2.3.1. Let Assumption 2.2 holds. Assume ¢ satisfies conditions in Theorem

2.2, g and ¢ are I-regular on O, and ff"oog(s, 00)d(s,0p)ds > 0. Then we have

Y, — 00)-% (chu, o [

—00

[e.e]

~1/2
Q(S, 00)9(87 QO)dS) W(1>
as n — o0o. Here, V, is defined in (9)W (r) is a Brownian Motion satisfying

r—=0%\/2rloglog %

The NLS estimator converges at the rate of y/n, and has a mixed Gaussian limiting

= 1.

distribution with [-regular regression functions. The technology applied in this section

follows immediately from [Park and Phillips, 2008].



CHAPTER 3: TEST STATISTIC

This Chapter constructs the test statistic and derives its asymptotics based on

theorems given above. The work in this Chapter follows [Sun et al., 2011].
3.1  Construction of Test Statistics

We construct a L? -type test statistic as in [Sun et al., 2011],

A~

/ Fu2) — gz, 6,)]2dz,

where K; (z) = K ((Z; — z) /h).

fo(2) = [ZKt(Z)] > uKi(2)

is the NW kernel estimator of nonlinear functional f(z), and g(z,0,) is the NLS
estimator of g(z,6). We modify the test statistic by multiplying a weighting matrix

D, (z) = Zthl Ky(2) to get rid of the random denominator,

/ (D0 (2)(fal2) = 9(2,00,)Pdz = > Y i / K, (2) K, (2) dz, (13)

t=1 s=1
where 4, = y;,—g(z, én) is the residual from the parametric model. Then, a convolution

kernel is defined,

Kis déf/Kt (2) K, (2) d= = h [ K*(z)dz if t = s;
h[K @)K (Zs—Z)/h+v)dv ift+#s.

When ¢t # s, Kis = [ K;(2) K; (2) dz can be regarded as a local weight function.
Therefore, our final test statistic is obtained by removing the global center with t = s

and replacing K, with K;, = K((Z; — Z,)/h) as in [Sun et al., 2011], where K (-) is



17

a kernel function.

I, = nTlh SN i K. (14)

t=1 s#t
I, is a second-order U-statistic similar to the test statistic proposed in [Li et al., 2002]

and [Sun et al., 2011]. Model (4) was studied by [Li et al., 2002] assuming that both

HM:

- n
x; and z; are stationary variables, and the test statistic I,, = Z XX 0, Ky
1 st
I,

was constructed. With all variables stationary, it is shown that converges to
EA{[E(Xyu|2)?f(2)} > 0 with proper scale of n and h. It’s apparent to see that
I, is a one-sided test statistic. The setting of [Li et al., 2002] was changed in [Sun
et al., 2011] by assuming X; to be an I(1) process. Law of large numbers applied
by [Li et al., 2002] is not applicable when non stationary variables are included.
Therefore, Martingale Central Limit Theory was adopted by [Sun et al., 2011] to
develop the asymptotic theory of I,. It’s proved that I, is also a one-sided test statistic
that approaches a positive random variable under alternatives. In this paper, the
kernel function is based on NI(1) random variables rather than stationary variables.
The fact that the nonstationary variable is set into a function form significantly
complicates the proof of the limit theory. By applying Martingale Central Limit
Theory, continuous mapping theorem and the definition of local time, we derive the

limit distribution of I, under both null and alternative hypothesis. I,, is shown to be

one sided unsurprisingly.



18
3.2 Assumptions and Asymptotic Results

Assumptions are imposed below for developing asymptotic theories. We start by

giving a stronger assumption on {z;}.

Assumption 4.1 : (i) On a suitable probability space, there exists a stochastic
process V() having a continuous local time such that for some 0, = (1/2) —1/(2+9,)
and A\, > 0 (a function of §,) with 0 < 0, < 2

OSSITIIS)lHVn(?") —Ve(r)ll = Ous(n™" log™(n)), (15)

where ||z|| is the Euclidean norm of = and O, ; (+) denotes almost surely convergence.

(ii) Furthermore,

sup Vo) = Ous. (v Ioglogn). (16)
reo,

Remark 1: Apparently, Assumption 4.1 is stronger than Assumption 2.1, since
strong approximation in (15) usually requires stronger assumptions than weak con-
vergence as in Assumption 2.1. Theorem 4.1 of [Shao and Lu, 1987] establishes
a sufficient condition for Assumption 4.1 to hold. It states that, for a stationary

[-mixing sequence {7;} satisfying, for some 7, > 2 + 4.,

7 < oo, and Zﬁrll/(”‘s*)’l/'y* < 00, (17)

n=1

E|77t

where 3, are the mixing coefficients of {r,}, Assumption 4.1 holds true.
Both the weak convergence in Assumption 2.1 and the strong approximation result
in (15) are commonly made assumptions in econometrics literature, as Assumptions

in [Kasparis, 2008], [Kasparis and Phillips, 2012, and [Wang and Phillips, 2009a].

Remark 2: The almost sure assumptions in (15) and (16) can be replaced by

O,(-). By the Strassen’s functional law of iterative logarithm for a NI(1) process (see
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[Rio, 1995]), (16) can be derived.

Now, we work on the limiting distribution of I, with additional assumptions im-
posed. First of all, a useful notation is defined.
Qu(n) ={(L,k) :qn <k < (1 =n)n,k+nn <1 <n},

where 0 < n < 1, following [Wang and Phillips, 2009a].

(A1) g (z,0) is continuously twice differentiable with respect to 6. ¢ (z,0) and its par-
tial derivative functions with respect to 6 (up to second order) are all uniformly
continuous and bounded. Moreover, [*_¢%(z,0) dz < oo.

(A2) Forall 0 <k <l <n,n > 1, there exist a sequence of constants d; ; , such that

(a) for some my > 0 and C' > 0, inf pyeq, @) dien > 1™ /C as n — oo,

n

o1 1
lim lim — Y (diga) " = 0, (18)
I=(1-n)n
1 k+nn
lim lim = dipn)t = 0 19
n%nillgonogkglgz(n)n Z ( L, ) ’ ( )
I=(k+1)
. 1 - .
lim sup — gglggll%n(dz,k,n) < oo, (20)

(b) 2k are adapted to F, and, conditional on Fj,, (21, — 2kn)/dikn has a
density hy () which is uniformly bounded by a constant K and
lim lim sup sup |y gn(u) — hign(0)| = 0. (21)
6—0n—o0 (l,k)EQn[(sl/(Qmo)] |u|§5
(A3) {w;} is an ii.d. sequence and is independent of {Z;}. Also, F(u;) = 0 ,
E (u?) =02 < oo and E (u}) = py < .

(A4) The kernel function K (u) is a differentiable symmetric (around zero) probability

density function on interval [—1,1] . Also, we denote 1p (K) = [ K? (u)du,
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sup, K (u) < co and sup, K’ (u) < oc.
(A5) {m} is a strictly stationary, absolutely regular (or S-mixing) sequence satisfying
(17).

(A6) h(loglogn)3 — 0, nh? = 0o, and h — 0 as n — oo.

~

In (Zt> —f (Zt>

’ =0, (n‘l/Q).

(A7) SUP1<t<n

Remark 3: (A3) can be relaxed to E (]2, Fns1) = 0, B(u2|z, Fpi1) = 02 and

E (u}|z, Fni—1) < oo for all t, which requires a lengther proof.

Remark 4: The bounded support of the kernel function in (A4) is not necessary.
Kernel functions with unbounded support, such as Gaussian kernel, is allowed at the
cost of a lengthier proof. (A7) is used to simplify the proof of consistency of the

estimated asymptotic variance of the test statistic.

Before presenting the asymptotic results of our test statistic, we define a mearurable

process Ly, (r,7,0) as the local time of measurable process {V..(t) —V.(s),t > 0,s > 0},

/ / Ve(s))]dsdt = / T(x)Ly, (r,r,0)dz, allr € R (22)
where T'(z) denotes a locally integrable function.

Now, the asymptotic properties of our test statistic are stated in the following

theorem with proofs delayed to Appendix B.

Theorem 3.2.1. Under Assumptions A1*-A7, we obtain (i) under Hy,
Jo =nih2l, -4 MN(0,Y), (23)

where MN (0,%) is a mixed normal distribution with zero mean and conditional
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variance as
1
2 = 503#2(K)E[LVC(T7 Ta O)] <24>

In addition, if Assumption A8 also holds, a consistent estimator of ¥ is given by

. 92 n t—1
=) Y WKy 5 % (25)
nzh =35

where u; = Y; — f (=) (Z,) is the nonparametric residual of the leave-one-out estimator
FED(Z,) for all t;

(ii) under Hy, the test statistic J,, diverges to +oo at the rate of h~!. Hence, we have

Pr[J, > B,] — 1 as n — oo,
where B, is a non-stochastic sequence with B,, = o(h™!). Therefore, the statistic J,
is a consistent test.

Theorem 3.2.1 shows that .J, as the leading term of n3/*hY/2],, converges in distri-
bution to a positive random variable under the alternative hypothesis. That indicates
that the test is one-sided. It follows that the nonlinear parametric functional form in
null hypothesis is rejected when J,, is greater than the (1 — «)100%th percentile z,

of a standard normal distribution.



CHAPTER 4: MONTE CARLO SIMULATIONS

Monte Carlo simulations are performed in this chapter to examine the finite sample

performance of the proposed nonparametric test. The test statistic is given by

I (26)

ot
N|=

J,=n1h

where

R 1 n n o
In=— ; Z; Gy Ky (27)
as proposed in Chapter 3.
The data generating process (DGP) under Hj is assumed to be:
v = 027 +uy (28)
c
2y = PRt = <1— E> Zp—1 T+ Mt
where u; is an i.i.d random variable satisfying N(0,02), n; an i.i.d standard normal
random variable, and z; a NI(1) process that’s independent of w,. It’s clear that z
becomes I(1) process if p = 1 or ¢ = 0. Thus, in model (28), we see that y; is a
nonlinear function of nonstationary random variable z;.
For alternative hypothesis, two different settings are investigated. We use DGP,
and DGPj to indicate two data generating processes constructed under H,:

DGPy : y = sz + aln_l/lozt + Uy,

DGPy : y = taz + a2n_1/lozf + uy
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Table 1: Estimated Sizes: Varying Smoothing Parameters

d=8 d=1 d=12

no| 1% | 5% | 10% | 1% | 5% | 10% | 1% | 5% | 10%
100 | .014 | .061 | .113 | .008 | .036 | .100 | .014 | .053 | .101
200 | .016 | .076 | .124 | .013 | .055 | .106 | .010 | .061 | .128
400 | .014 | .057 | .118 | .024 | .061 | .106 | .014 | .047 | .100
600 | .015 | .058 | .101 | .010 | .055 | .101 | .014 | .058 | .105

Table 2: Estimated Powers: Varying Smoothing Parameters

d=.38 d=1 d=12

n | 1% | 5% | 10% | 1% | 5% | 10% | 1% | 5% | 10%
100 | .846 | .914 | 939 | .832 | .900 | .952 | .811 | .900 | .928
200 ] .996 | 998 | 999 | 997 | 1 1 995 1 .997 | 1
400 | 1 1 1 1 1 1 1 1 1
600 | 1 1 1 1 1 1 1 1 1

The replication time of Monte Carlo simulation is m = 1000. Sample sizes are
n = 100, n = 200, n = 400 and n = 600. Gussian kernel function is used with
bandwidth A = dn~ "' . First, we let near-integration parameter ¢ = 2 and choose
different values of d to check the effect of different amount of smoothing. The results
are listed in Table 1 and Table 2. Then, we compare tests under 3 settings of near-
integration parameter ¢ with ¢ =0, ¢ = 2 and ¢ = 20, and d is fixed to be 1. Table
3 and Table 4 give the results of the above comparison. Estimated powers above
are calculated based on DGP; with a; = 0.5. Estimated powers against DGP; are
reported in Table 5, where ¢ and d are both set to be 1, and a; = as = 0.5. We
report estimated powers against DGP; according to different settings of a; in Table
6, where c =d = 1.

From Table 1 and 2, we don’t see significant effect on test sizes and powers from
the smoothing parameter. Table 2 shows that even the sample sizes are small, the

proposed test statistic reject the null hypothesis effectively under H,.



Table 3: Estimated Sizes : Varying Integration Parameters

c=0 c=2 c=20
n | 1% | 5% | 10% | 1% | 5% | 10% | 1% | 5% | 10%
100 | .018 | .050 | .109 | .008 | .036 | .100 | .013 | .054 | .107
200 | .015 | .060 | .107 | .013 | .055 | .106 | .010 | .043 | .087
400 | .015 | .050 | .102 | .024 | .061 | .106 | .013 | .056 | .100
600 | .012 | .057 | .097 | .010 | .055 | .101 | .021 | .070 | .114
Table 4: Estimated Powers: Varying Integration Parameters
c=0 c=2 c=20
n | 1% | 5% | 10% | 1% | 5% | 10% | 1% | 5% | 10%
100 | .902 | .953 | 973 | .832 | .900 | .952 | .579 | .774 | .849
200 | 997 | 1 1 ].997| 1 1 |.975|.994 | .996
400 | 1 1 1 1 1 1 1 1 1
600 | 1 1 1 1 1 1 1 1 1
Table 5: Estimated Powers: Varying models
DGP, DGP,
n | 1% | 5% | 10% | 1% | 5% | 10%
100 | .856 | .919 | .952 | .829 | .907 | .944
200 | 998 | 1 1 1997 | 1 1
400 | 1 1 1 1 1 1
600 | 1 1 1 1 1 1
Table 6: Estimated Powers: Varying a;
a; = 0.25 a; = 0.5 a; =1
n | 1% | 5% | 10% | 1% | 5% | 10% | 1% | 5% | 10%
100 | .328 | .478 | .561 | .856 | .919 | .952 | .999 | 1 1
200 | .754 | .860 | .904 | 998 | 1 1 1 1 1
400 | 995 | 998 | 999 | 1 1 1 1 1 1
600 | 1 1 1 1 1 1 1 1 1

24
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Table 3 and 4 offer the estimated test sizes and powers when the integration pa-
rameter varies. It’s obvious that for ¢ = 20, our test has less power against the
alternative than the other cases with ¢ = 0 and ¢ = 2, when sample size is pretty
small. As sample size increases, the test has power for all 3 settings of ¢. This indi-
cates that the test is more powerful if regressors are closer to an I(1) process rather
than the stationary process, especially when sample size is limited.

The test has power against both generating processes DGP; and DGP, as presented
in Table 5.

We see from table 6 that the proposed test statistic is sensitive to parameter a; in
alternative hypothesis. The greater the value of a; is, the better we can detect the
alternative hypothesis. We also see that for sample sizes large enough, our test is
equivalently powerful to all values of a;.

The finite sample performance of the proposed test statistic was demonstrated
by Monte Carlo simulations implemented above. Then, we’ll apply it to testing

predictability of asset return in the following chapter.



CHAPTER 5: EMPIRICAL STUDY

5.1  Review of Tests of Predictability of Asset return

Monte Carlo simulations conducted in the previous chapter illustrate finite sample
performance of our test. In this chapter, we apply the proposed test statistic to
testing the predictability of asset return.

Whether asset returns can be predicted by financial variables like dividend-to-
price ratio and earning-to-price ratios has been a hot topic for last two decades.
Conventional tests of predictability of asset return could lead to invalid inference due
to the high persistency of financial variables. The large sample theory of traditional
t-statistic is shown to be a poor approximation to the finite sample distribution of
test statistic based on a persistent predictor variable (see [Elliott and Stock, 1994];
[Gregory Mankiw and Shapiro, 1986]; and [Stambaugh, 1999]), since the asymptotic
theory for t-statistic is established on the assumption that the predictor is a process
with autoregressive root less than 1. Hence, the strong evidence for the predictability
of asset returns provided by traditional t-test is not reliable.

Later on, new methods are developed to address the problem caused by high persis-
tence of financial variable. Extending work of [Richardson and Stock, 1989] and [Ca-
vanagh et al., |, [Torous et al., 2004] shows that returns are predictable at short

horizons but not at long horizons. No evidence for predictability of stock return
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was found in [Lanne, 2002] by testing the stationarity of long-horizon returns, while
predictability with some ratios was verified in [Lewellen, 2004].

An unifying understanding of various test procedures mentioned above refers to [Camp-
bell and Yogo, 2006]. They used theory of uniformly most powerful (UMP) test as
a benchmark to compare different methods. In addition, a new Bonferroni test was
proposed by [Campbell and Yogo, 2006] based on the theory of UMP test.

The test procedure proposed by this paper differs from that in [Campbell and Yogo,
2006] in that we test a specific parametric model against a nonparametric model. In
the context of testing predictability of asset returns, we check the linear regression
model with high persistent financial predictor. Then, the null hypothesis is

Hy : Pr(ry =0y + 0121 + w;) = 1 for any 0y € Oy and 6, € O,
where r; denotes asset return, and z; financial variable. The alternative hypothesis is
H, : Pr(r; = 0y + 0121 + u;) = 0 for any 6, € Oy and 6; € Oy,

The work of [Campbell and Yogo, 2006] focused on testing whether the value of

parameter in linear prediction model r, = 0y + 012;,_1 + u; equals zero or not. The

hypotheses are stated as

and
H,: 01 # 0,
It’s clear to see that the rejection of null hypothesis indicates no linear predictability
of asset return in our test procedure, while in [Campbell and Yogo, 2006], the rejection

of null hypothesis provides evidence for predictability of asset return.
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5.2 Description of Data and Model

In this section, the nonparametric test of the linear prediction model of asset return
is implemented on monthly NYSE/AMEX value-weighted index data (1926-2002)
from the Center for Research in Security Prices (CRSP), referring to the data used
by [Campbell and Yogo, 2006]. Dividend-price ratio and earnings-price ratio are
used to predict excess stock returns separately, where dividend-price ratio is defined
by the ratio of past year dividends over current price, and earnings-price ratio by
dividing moving average of earnings over previous ten years by current stock price.
Monthly earnings are constructed by linear extrapolation using data from S&P 500
as in [Schiller, 2000] , since no earnings available from CRSP. Excess returns are
computed as stock returns subtracting risk-free returns. The one-month T-bill rate
from CRSP Indices database is used as monthly risk-free return.

The regression model we consider is

e = o+ frig + oy, (29)
Ty = Y+ pTi1 ey, (30)

where r; denotes the excess stock return at time ¢, and x;_; the financial predictor at
time ¢ — 1. The financial variables used to predict excess return are log dividend-price
ratio and log earning-price ratio.

Fig.1 and Fig.2 provide time series plots of monthly log dividend-price ratio and
monthly log earnings-to price ratio from 1926 to 2002. Both ratios appear persistent,
especially at the end of the sample period. We estimate p by least square method

and construct the confidence intervals toward log dividend-price ratio and log earning-
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Table 7: Estimated Autoregression Parameter

p 95% CI for p
Idp | .9895 | (.9796, .9994)
lep | .9885 | (.9786, .9985)

price ratio in Table 7. It’s apparent that log dividend-price ratio and log earning-price

ratio are both near integrated time series with autoregression coefficient close to 1.

Fig.1: Time Series Plot for Log Dividend-Price Ratio
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Figure 1: Time Series Plot for Log Dividend-Price Ratio.

5.3  Nonparametric Test of Predictability

We show in previous section that the predictors are near integrated processes. So
the proposed nonparametric test statistic can be applied to testing the predictability
of stock return. The test statistic is defined as (26) in Chapter 4.

To get the estimated critical values, we perform nonparametric wild bootstrap to



30

Fig.2: Time Series Plot for Log Earning-Price Ratio
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Figure 2: Time Series Plot for Log Earning-Price Ratio.

do residual resampling. The procedure is described as below,
1. Generate bootstrap residuals u* from multiplying nonparametric residuals « by
standard normal random variable e.
2. The resampled response variable r} is calculated as
ri = &+ By + uj,
where & and B are linear least square estimates from the original data.
3. Compute test statistic J,, by using bootstrap response observations r; and ;.
We repeat the above procedure for 400 times to construct the confidence interval
for J,. The result of our empirical study is provided in Table 8

The values of test statistic J,, based on log dividend-price ratio and log earning-price
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Table 8: Test Statistics and Confidence Intervals

T 90% CI 95% CI 99% CI
Idp | -.0259 | (-.0374, -.0229) | (-.0390, -.0206) | (-.0415, -.0142)
lep | -.0277 | (-.0360, -.0207) | (-.0375, -.0186) | (-.0394, -.0155)

ratio are both inside all of the confidence intervals reported in Table 8. Therefore, our
nonparametric test fail to reject the linear prediction model for stock return. This
could be viewed as evidence for predictability of asset return from a linear model of

financial variables also.



CHAPTER 6: CONCLUSION

We propose a L? type nonparametric test statistic to test the nonlinear parametric
model with near integrated regressors in this dissertation. The construction of test
statistic is based on [Sun et al., 2011], where the limit distribution of the test statistic
is derived under the null hypothesis of a linear function of nonstationary time series.
We extend the method to testing a model of nonlinear function of a near-integrated
process. The contribution of this dissertation is to provide the asymptotics of a L?
type test statistic with a nonlinear function of near-integrated process included. The
asymptotic distribution under the null hypothesis of a nonlinear function is mixed
normal, similar to testing a linear model as in [Sun et al., 2011]. Since We test the
null against contiguous alternatives, the convergence rate for alternative models is
derived to be less than or equal to n=1 to make it detectable, when the rate for
bandwidth is set to be optimal h = n-1o.

Monte Carlo simulation demonstrates the finite sample performance of the test
statistic. It shows that even the sample sizes are quite small, like 100 and 200, the
proposed test has power against the alternative, and the power increases rapidly as
the sample size increses. Table 2 shows that the test isn’t sensitive to the selection
of smoothing parameter. But it is noticably more powerful if the regressor is closer

to a unit root process than to a stationary process seen from Table 4. We also see
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that the power of the test is significantly sensitive to parameter a; in the alternative
model. The power is positively related with a;.

In empirical studies, the test is applied to testing the lieanr prediction model of
asset return. The high persistence of financial variables used to predict asset return is
shown. Since traditional test procedures are not appropriate in case of high persistent
predictors, the strong evidence for predictability from traditional tests are not reliable
due to over-rejection (see [Campbell and Yogo, 2006]). Thus, the nonparametric test
proposed here is performed and evidence for linear predictability is shown. The linear
prediction model of stock return with log dividend price ratio and earning price ratio
as predictors respectively is verified.

In short, a nonparametric test procedure, that can be used for detecting nonsta-
tionary nonlinear parametric model, is developed in this dissertation. The linear

prediction model of asset return is evidently supported by this method.



Appendixis A: TECHNICAL RESULTS FOR CHAPTER 2

The proof of limit theory of NLS estimator follows the procedure applied by [Park
and Phillips, 2008]. We start by defining regular functions as follows (see [Park and
Phillips, 2008] ):

Definition 1.0.1. A transformation 7" on R is said to be regular if and only if

(a)it is continuous in a neighborhood of infinity, and
(b)given any compact set K C R, for each ¢ > 0 there exists continuous functions
T, T., and §, > 0 such that T () < T(y) < T.(z) for all |z —y| < 6. > 0 on K, and
such that [, (T, — T.)(z)dz — 0 as € — 0.

The so called regularity conditions are defined also.

Definition 1.0.2. F'is regular on II if
(a) F(-,m) is regular for all 7 € II, and

(b) for all z € R, F(x,-) is discontinuous in a neighborhood of x.

The regularity conditions (a) is a sufficient condition that ensures the existence
of both sample mean and sample covariance asymptotics for F(-, ) for each © €
IT1. Condition (b) guarantees that there’s a neighborhood Ny of any 7y € II such
that sup,cy, F'(-,7) and infren, F'(-,7) are regular. These results are shown in the
following lemmas.

Next, we provide some useful lemmas:
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Lemma 1.0.3. If 77 and T5 are regular transformations, then so are T} £ 75 and T 75.

Lemma 1.0.4. Suppose that Assumption 2.1 holds. If T is regular, then

as n — 0o

Lemma 1.0.5. (a) If F(-,7) is a regular family on II, then for each my € II, there exits
a neighborhood Ny of 7y such that sup, . F'(-, 7) and inf e F(-, 7) are relular for all
N C N,.

(b) If F' is regular on a compact set II, then sup, . |F(-, 7)] is locally bounded.
Lemma 1.0.6. (a) Let Assumption 2.1 hold. If F'is regular on a compact set II, then
for large n, n=' 37" | F(2/v/n, m)uy = 0,(1) uniformly in 7 € II.

(b) Let Assumption 2.2 hold. If F' is [-regular on a compact set II, then for large n,
n VY

F(z,m)u; = 0,(1) uniformly in 7 € II.

Lemma 1.0.7. (a) If F' is regular on a compact set II, then fol F(V.(r),+)dr is contin-
uous a.s. on II.

(b) If F is I-regular on a compact set IT, [*° F(s,-)ds is continuous on II.

Lemma 1.0.8. Let Assumptions 2.1 hold. Then U? introduced in (8) can be repre-

sented by
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as n — oo for any 6 > max(1/2,2/q) where ¢ is the moment exponent given in
Assumption 2.1.

Lemma 1.0.9. (See Theorem 3.1 in [Park and Phillips, 2008])Let Assumptions 2.1
hold. If F' is regular on a compact set II, then

%ZF (%w) o /01 F(V(r), m)dr

uniformly in 7 € II, asn — oo. Moreover, if F(-,7) is regular, we have
ESF () [ FO MO
— —=, T | U —as, w(r),m™ r
=NV 0
as n — oo.
See Appendix A of [Park and Phillips, 2008] for proofs of lemmas. Now, we use

lemmas given above to prove Theorem 2.1.1.

Proof of Theorem 2.1.1: See proof of Theorem 3.2 of [Park and Phillips, 2008|.
Proof of Theorem 2.2.1: See proof of Theorem 4.1 of [Park and Phillips, 2008].

Proof of Theorem 2.3.1: See proof of Theorem 5.1 of [Park and Phillips, 2008].



Appendixis B: TECHNICAL RESULTS FOR CHAPTER 3

Throughout this section we will use the notation that A, ~ B, to denote that B,
is the leading term of A,, i.e., A, = B, + (s.0.), where (s.0.) denotes terms having
probability order smaller than that of B,. In addition, we use A, ~ B,, to denote A,
and B, having the same stochastic order. Also, we let M denote a generic constant,
which may take different values at different places.

Proof of Theorem 3.2.1 (i): Under Hy, iy = y; — g(2,00) = u — (g(z,0,) —

g(z,00)), where 6y is the true parameter to be estimated. We decompose I,, in (14)

as
b= D e ot 0a) — g0z ) oz ) — = 00)
t=1 st
=2y (925, 0n) — (25, 60))] Kis

= Iin+ Gan — 2G3n, (28)

where
L, = n% zn: > wu K, (28)
t=1 st

Gon = Z 9(z,00) = 9(2,60)) D (9(25: 0n) = 9(2s, 60)) Koo, (28)

and 7

an = mz ur > (92, 00) = 9(24,60)) Kis. (28)

Lemma 2.0.11 below shows that, under Hy, n¥4h'/21,, % MN(0,%). Also, Lem-
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mas 2.0.14 and 2.0.15 show that Gy, = O, (n’%h) and Gs, = O, (n’%) under H, .
These results lead to n®*h'/2[, = n®4h\/21,, + 0,(1) <% MN(0,%) relying on As-
sumption A7. Finally, Lemma 2.0.15 gives that PPN Y, which completes the proof

of Theorem 3.2.1 (i) (under Hy).

Now, we give a lemma to show the asymptotic distribution of a sample moment
useful in subsequent proofs.
Lemma 2.0.10. Under Assumption 2.1 and Assumptions A1-A7, for d, = Y and

€ (0,1}, we have

[nr] ¢
d, 1
n2 E E Kts = §L‘/;, <T7 r, 0) (28)

t=1 s=1
as n — oo. where Ly, (r,7,0) is defined by (22).

Proof of Lemma 2.0.10: Let
d [nr] ¢
L) = n’; / K[dw (2t — 2sm + we)|d(z)d,
t=1 s=1
where z;,, = Z&

n’

and

Then, for each € > 0, we have

[nr]
L) — ( / Ku ) ™ 60t — 22) = op(1) (28)

t=1 s=1
uniformly in 7 € [0, 1], 2, and z,, as n — oo and d, — oco. Since f_ll K(u)du =1,

it becomes
[nr] ¢
Lnr n2 Z Z Ge(ztn — Zsn) = 0p(1) (28)
t=1 s=1
The proof of B refers to the proof of Lemma B in [Phillips, 2009].

&
S
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Next, it follows from the continuous mapping theorem that, for Ve > 0 and any

€ [0,1],

[nr] ¢

2 ZZ@ (Ztn — Zsm —>/ / Ge(Ve(t) — Ve(s))dsdt (28)

t=1 s=1
By recalling the definition of local time of a measurable process, as n — 0, we get

/ / (V. ))dsdt = / &(x) Ly, (r,r, ex)dx = %LVC(T’, 7,0) + 04..(1)

(28)
where { Ly, (r,r,ex),0 <r < 1,s € R} satisfies the following equation,

/ / o (Vi) = Vi(s)dsdt = [ () Lv. (.1 ex)da (28)

—0o0

Then, write

[nr] t—1
dn
=3 Kis (28)
t=2 s=1
Lemma 2.0.10 follows if we prove that
lim lim sup F|L") — Lnfll =0 (28)

e—0n—oo 0<r<1

The proof of (B) is similar to proof of Theorem 2.1 in [Wang and Phillips, 2009a].

Lemma 2.0.11. Under Assumptions A1-A7, we obtain n®*h'/?1, 4 MN (0,%),
where M N (0,Y) is a mixed normal with mean zero and conditional variance 3 given
n (24).

Proof of Lemma 2.0.11: Denote Z,; = n=3/*h=1/24, Zijl us K. It follows that
nAR21, = 230 Zo Let Fue = o {niyui i1 <i<t<n} be the smallest o-
field containing the past history of {n;, u;} for all n and E;(Z) denote E (Z|F,;) for
short. It is easy to see that {Z,;; F,:} is a martingale difference process by showing
Ei 1(Zy) = 0 given E (u¢|Zy, Fni—1) = 0 for all t. Therefore, central limit theorem

for a martingale difference (Theorem 3.2 of [Hall and Heyde, 1980] is applied to
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establish our results. We verify that the two conditions of the central limit theorem
for martingale difference are satisfied.
ZEt V220 (| 2] > &) 20 forall & >0 (28)
and
Z B (Z2%) 552, (28)
where ¥ is given in (24) and [ (A) is the indicator function of event A. We start by
checking (B). Define a; 1 = By 1 (u?K2) — E(u?K?). Then, V2 is decomposed as
n n _ 2
V2 = > B (22)=nPh Y B <ut ti usKtS)
=2 =2 s=1

n t—1 t—1

= 03n73/2h*1 Z Z Z Usy Usy Bt 1 (Kysy Kisy )

t=2 s1=1s9=1

n t—1 n t—1

_ 2 -3/27-1 272 2. -3/2; -1

= o.n "'*h E E Ew.K;,)+on"""h E E At—1.s
t=2 s=1 t=2 s=1

n t—1 s1—1

—|—205n_3/2h_1 Z Z Z Usy Usy By 1 (Kpsy Kis,)

t=3 s51=2s2=1
= Bln + B2n + 2B3n-

The probability limits of Bi,, Bs, and Bz, are derived respectively with By, =

oin=2 370 S B(K2), By, 25 0(1), and Bs, 2 o(1).

by lemma 2.0.10, we have

n t—1
Bin = o Py N B(uKY)

t=2 s=1

n t—1
wawf1§:§:Kg]

t=2 s=1

— o4ua(K)E[Ly, (1,7, 0)
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as n — oo. Notice that 15(K) = [ K*(u)du

Next, we consider By,. To show that By, = 0,(1), we specify some useful notations.
For any small § € (0,1), set N = [1/4], sx = [kn/N]+ 1, s = spp1 — 1, N} =

(N —1)(t —1)/n] and s3* = min{s;,t — 1}. Then ,

n t—1
_ 2, -3/21—1
BZn = o,n /h § E At—1,s
t=2 s=1
n t—1
< o PR Y Cap
t=2 s=1
n * SZ*
S _3/2h E E E Ag—1,s

t=2 k=0 |[s=sp

Also, it’s easy to see that d,,E|a;—1 s| = O,(1) where d,, = \/TE Then,

*

n spx s+on
E |n=32p1 ZZ Zat—Ls < p32pt ZN* sup F Zat—ln‘
t=2 k=0 |s=sk t—p  STmO<t Ty
n s+dn
< n_lz sup E|— Zat 1,
s+n5<t (Sn

- <6n>—1/2 = 0,(1)

as n — 00. This implies that By, = o(1). Apply the same method to Bs,. It follows

that B3n = 0(1)

Finally, we prove that (B) holds. For all & > 0,
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e3> 0] > 6 - {3 [z (1) e
t=2
< Pr{wZEH (Zit)>£2}s£12521ZE(Z:it), (11)
t=2 t=2

where the last inequality follows from Markov inequality. Condition (B ) holds if

S, E(Z3,) — 0 asn — oco. Simple calculations give

n n t—1
Y E(ZY) = nD Blu Y uKy)
t=2 t=2 s=1

n t—1 n t—1 s1—1
= pin D Y B(KL) + 2uaoyn™> > B(K; K7
t=2 s=1 t=3 s1=2s2=1
= o(1), (10)

where in the above we have used (A3) and (A5). This completes the proof of the

Lemma 2.0.11.

To prove the convergence of GGy, and G3z,, lemma 2.0.12 and lemma 2.0.13 are
provided.

Lemma 2.0.12. Let

5 [nr] t—1
n

Ln" = % ;/ / / glen(zem + x16)]g[Cn (250 + x2€)]

K[cn Zim — Zsn + T1€ — To€)|P(x1)P(x2)dx1dTy

[nr] t—1

Mnre) = %Znge Ztn gbe an)

t=2 s=1

where ¢, = /n, 7 = [7_ [7_g(a)g(b)K(a — b)dadb, ¢.(z) = EGXP{_§}> and

o(x) = ¢1(z). Suppose Assumptions 4.1, (A1)-(A6) hold. Then, for any r € [0, 1]

and € > 0,
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Proof: The proof refers to Lemma B of [Phillips, 2009] Write

2 [nr] t—1

Lnrz _ n_n Z/ / / glen(zen + x16)]g[cn(2s.m + T2€)]

K[ﬁn Ztm — Rsn + T1€ — $2€)]¢<£L‘1)¢($2)d1‘1d$2

- 27 Z Z/ / C” Cn K[dn(a - b)]¢e(a - Zt,n)¢e(b - Zs,n)dadb
r] |

= / / 9(cna)g(cyb) K|dy(a — b)|pe(a — 2.0)pe(b — 25,n)dadb + s.0.

n2h

Then, similar to the proof of Lemma B in [Phillips, 2009], it is readily seen that
as n — 00,
sup LXZ - M,(fe) — 0.
Lemma 2.0.12 follows.
Lemma 2.0.13. Let Ly, (7, s) be a continuous local time process for measurable process

Ve(t) satisfying the following equation,

/cbe (Ve (#))dt = / 00(5) L. (1, 5)ds 3)

Suppose Assumptlons 4.1, (A1)-(A6) hold. Then, for ¢, = \/n and r € [0, 1],

[nr] ¢t—1

1
n2h Z Z g CnZt, ” C”ZS n)K(Cn(Zt,n - Zs,n))ﬁﬁTL%/c (T; 0)

t=2 s=1

Proof: The proof refers to Theorem 2.1 of [Wang and Phillips, 2009a]. Write

2 [nr] t—1
(r Cn
LD = i L Lt K (G G = 220)
2 [nr] t—1
1) = S [ st n)eeon + ) Kl —
t=2 s=1

+x1€ — 296)| (1) P(12)dx1dTo
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where ¢(z) = ¢y () with ¢.(z) = (1/ev/2m exp {—22/2¢%}).

Then, by lemma 2.0.12, We have

[nr] t—1

LnT — %ZZ¢E Ztn ¢e an) :0;0(1)

t=2 s=1
uniformly in r € [0, 1]. Next, we just need to show

lim lim sup E|L{) — L) =0 (-1)

e—0 n—o0 0<r<1 i

It follows from the continuous mapping theorem that, for Ve > 0 and Vr € [0, 1],

[nr] t—1
2 ZZ¢€ Ztn ¢e an)
n t=2 s=1
= / / Ge(2itn)n) P (Zsn)n ) dsdt + s.0.
d 2

2
Then, we prove (B). Write Y; s, = glcazinlglcnzsnl K cn(ztn — 2sn)] — glen(zen +

21€)]g[cn(2sn + 2€) | Kcn (210 — 250 + T1€ — .1726)] Next, it’s easy to see that

[nr] [nr]

sup E|L, — L, / / —n sup F ZZY“" x1, x2)| O(x1)d(22)dr dy

0<r<1 h0<r<1 =1 s—1
(-4)

Because z,,/do, has a density hig,(z) that is bounded by a constant and the

kernel function K (-) is also bounded, we have

2
Ac;,

cn
%E‘th,s,n’ S

ht,o,n(zl)hs,o,n(22)d21d2’2

A e . < .
< —/ |g(zl+cn9:16)—g(zl)\d21/ 9(22 + cpae) — G(22)|d2e
2dt,0,nds,0,n —00 —00
[e%) 2
< 4 { / |g<z>|dz/dt,o,n]

|g[cn<dt,0,n + Ile)]g[cn(ds,(),n + x2€>] - g[Cndt,O,nZI]g[Cnds,[),nzﬂ|

(-6)



45

Then, it follows that

9 [nr] [nr]

Tclghosup E’ZZYM” x1,To)| <A1—szt0n oo (-6)

<r<1 =1 s—1

This, together with (B) and the dominated convergence theorem, implies that , to

prove (B), it suffices to show that, for fixed z; and z,

2 [nr] [nr]
c
A, (e :—”su E E E Yisn(z1,22)| —0 -6
() h0<'rI<)l —1 s—1 ! b ( )

Refer to Proof of Theoren 2.1 in [Wang and Phillips, 2009a], we can see that (B)
is true. Now, the result is stated.
Lemma 2.0.14. Under Assumptions given in Theorem 3.2.1, under Hy, we obtain
Gan = 0, (n"2) and G, = O,(n~2), where Gy, and Gy, are defined in (B) and (B),

respectively.

Proof: By Taylor expansion, ¢(z,0) is written as
9(2,0) = g(z,0) + g1, 0) (0, — 0) + 5.0.
Also, note that the convergence rate of 6, is n'/4 according to Theorem 2.3.1. Then,

lemma 2.0.12 and lemma 2.0.13 are applied to get the following result

n t—1
2t — Zs d 1
thz Zt7 ZS7 )K( ! h ) 2 L2 (170)

t=2 s=1

Hence, we have

Gon ~ — (9021, 60) — 9(20,0)) (920, 6) — 9(22.0)) Koo

O — 0) §(24,0) (6, — 0) Ky + 5.0.

Il
S
]
S.
N
&
s
SN~—
—
>
S

1 . . .
= (=0 %ZZ 9(zt,0) g(zs, 0) Kis + s.0.
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Next, let

1 « 5
Gan~ = 37 37 g0 ) = 9(20,0)) Koy = A,

t=1 s#t
In a similar way to dealing with G,
n t—1 s1—1

A2 = szz( 2 0n) = 9(201,0)) (90202, 00) = 9(202,0) ) Ko, Ko

t=3 s1=2s2=1

2 n t—1 t—1
oL 4
= 0, — n3h2 Z Z 9(2s,,0)9(2s,,0) Kis, Kis, + s.0.
t=3 s1=2 s1=2
= 0O (n_g)

So, G, = O,(n~%?). This completes the proof of Lemma 2.0.14.

Lemma 2.0.15. Under Assumptions given in Theorem 3.2.1, we obtain

LSS i 2
nzh t=1 st
where @, = Y; — f(79 (Z,) is the nonparametric residual and ¥ is defined in (24).

S =

Proof: Note that @, = Y; — 9 (Z,) = u, — [fCD(Z,) — f(Z;)]. By Assumption A8
we know that we can replace u; by u; to obtain the leading term of 5. Following the

proof in Lemma 2.0.11, we obtain

n

~ 1 — 1
Y= — Zzﬂiﬂ?Kfs +op(1) = néhai ZZE<K1525) + Op(l)i> 2.

nzh = st 2 t=1 st

Remark: Here we emphasize that it is important to use the nonparametric residual in
computing 5. If the nonparametric residual u, is replaced by the parametric residual
U = Y, — g(Z,0) = uy — [9(Z,,0) — f(Z)], then under Hy, @ = uy + O,(1), and

Lemma 2.0.15 does not hold and the resulting test may have only trivial power even
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as n — oo.

Proof of Theorem 3.2.1 (ii): Under Hy, f.(2) = g(2¢,600) + n "G(2) + u and Iy,

is the same as that defined under H,. Hence, [, = Op(n_%h_%).

Now, we consider Go,.

Gon ~ =03 [otedn) = ] [0t — ()] K

tls;ét

= G(z),G(z) K s.0.
n1+27 n2 Z Z ) s)fes +

t=1 s#t
— Op<n7(1+27)>

Finally, we deal with G3, in a similar way as G,

nthZut 20 n) = ful2)) Kis = B

B = 2SS S (gl = 1) (90 ) — F2)) K

0_2 d2 n t—1
- L 1 Z Z Z G 251 G(ZSQ) Ktletsz + s.o.

(19)
Therefore, Ga, = O,(n~1*2)) and G3, = O,(n~*) under H,. Since v > 0, Gy,
is the leading term. Then, the test has power if
nih Oy(n~ 1) > 0,(1) (-19)
is satisfied.
1

Suppose bandwidth h = an™®, where a and § are constant, we get v < 3~

SIS

by solving inequality B. If the rate for h is set to be n’ﬁ, the optimal rate for
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bandwidth in nonparametric nonstationary regression, v < % is required for the test
to have power.

This concludes the proof of Theorem 3.2.1 (ii).
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