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ABSTRACT

SERGEI L. MILES. Dynamics of the shift action on linear sequence spaces over
groups beyond Z. (Under the direction of DR. KEVIN MCGOFF & DR. WILLIAM
BRIAN)

In linear dynamics, bounded linear operators over infinite-dimensional Banach
spaces have been shown to be able to exhibit interesting characteristics including
topological transitivity, topological mixing, and even chaos in the sense of Devaney.
This dissertation will examine weighted ¥ sequence spaces together with the shift ac-
tion as the operator. In the case the shift action is over the semi-group N, the above
topological properties have been previously characterized by conditions on the weight
sequence associated with a given weighted ¢P space. This work will present recent
results for new characterizations of these properties when the group action over a
countable group is instead considered. Additionally, an example choice of the weight
sequence in this setting will be presented which yields points which are periodic while
having an infinite orbit.

Lastly, new implications for infinite and 0 topological entropy for the weighted
(P space with the shift action over N will be given. In particular, when the weight
sequence is summable over a subset of N with positive upper density then infinite
entropy may be achieved. Furthermore, when an arbitrary ratio of the weights is

bounded above then 0 entropy is guaranteed.
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CHAPTER 1: INTRODUCTION

1.1  Document Structure

A dynamical system is a pair (X,T) where X is a compact metric space and T'
is a continuous operator on X. Chapter 1 will explain the setting for what class of
dynamical systems will be studied (see section 1.3) and will present the questions
which motivate this work. Furthermore, a brief discussion of other related works at
the end of chapter 1 will be provided which will motivate other open questions.

Chapter 2 will then showcase the new results for shift group actions over an arbi-
trary countable group when paired with the weighted P space. The results will high-
light characterizations for common topological dynamics properties such as topologi-
cal transitivity, weakly mixing, mixing, and chaos in the sense of Devaney. Definitions
of which in this setting are provided in section 1.4.1. Additionally, counterexamples
will be given showing where traditional characterizations in the setting of the shift
action over the semi-group N no longer hold true.

The open question of topological entropy in this setting is given separate special
attention in chapter 3. New implications for infinite and zero topological entropy will
be presented. However, the question is not fully answered and so a discussion of open
questions in this direction is also provided at the end of chapter 3.

Lastly, chapter 4 will briefly summarize the results and showcase other open ques-

tions for additional areas of research.
1.2  Problem Statement

When studying various classes of dynamical systems one of the first goals is to

characterize under what conditions do topological transitivity, weakly mixing, and
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mixing occur. A linear dynamical system is a pair (X,7") where X is a Banach space
and 7' is a linear continuous operator on X. Notably, X is not compact here where
in traditional topological dynamics X is compact. Additionally, when X is a finite
dimensional Banach space then it has been shown to be impossible for the dynamics to
produce transitivity, weakly mixing, or mixing [1|. So it would seem linear dynamics
would not be very interesting; however, when the Banach space is infinite dimensional
then even chaos in the sense of Devaney may occur. In this way, linear dynamics can
be just as chaotic as nonlinear dynamics.

There are many examples of topologically transitive linear dynamics such as the
translation map on holomorphic functions (Birkhoff, 1929), the derivative map on
the set of holomoprhic functions (MacLane, 1952), and the scaled backward shift
on the 7 space (Rolewicz, 1969) just to name a few. In symbolic dynamics there
is an active interest in classifying group actions. The goal of this work is to then
consider group actions in the setting of linear dynamics. In particular, in the context
of the weighted (P space together with the backward shift operator (discussed in
section 1.3). Characterizations for common dynamics properties in the setting of the
backward shift over N have already been found, and so this dissertation will work to
find new characterizations in the setting of a group action over a countable group and
compare these conditions with the traditional characterizations.

Lastly, there is often an interest in comparing chaos with topological entropy. In
some settings there can be chaos while having 0 topological entropy; and conversely,
infinite entropy with the absence of chaos may also occur. However, complete char-
acterizations for infinite, zero, or positive finite entropy in the setting of the weighted
(P space with the backward shift operator have not been found and is an active open
area of research. The last part of this work will aim to give new implications in this

question.



1.3 Class of Model Systems: (P

Traditional /P spaces, with 1 < p < oo, are defined in the following manner

P ={r=(z;)2, e KV: Z |z;|P < oo}

=1

which when taken together with the shift action over the semi-group N, call it o,
becomes a linear dynamical system pair (¢7, ). The shift action o is the backward
shift operator where Vo € (P, all entries are shifted to the left and the first entry is

dropped with no memory retention:
o(x) =o(xy,x9,23,...) = (2,23, ...)
Similarly, Vn € N, the n'* shift of z may be determined as

Un(x) = ($n+1amn+2> )

This space with the p-norm then forms a metric space, and o is both linear and
continuous. Continuity in this setting will be discussed in greater detail in section
1.4.1. But, not even topological transitivity can be achieved and so this is a rather
dull linear dynamical system.

However, let (v;)2; be a sequence such that Vi > 1, v; > 0, and consider instead

the weighted (P space:

) ={z = (x)2, € KV Y |mifPv; < oo}

i=1

Here interesting properties can now occur, even a property as extreme as Chaos in



the sense of Devaney. Note the p-norm will also be suitably modified

oo

]} = (D laifPoi)?

=1

and so this metric will then induce the topology on ¢*(v).
Additionally, observe f?(v) has the countable basis B = {e,} where Vn > 1, e, is

the sequence

1, ifi=n

(€;)52, where e; =

0, otherwise
For example, e; = (1,0,0,...). Then by linearity and properties of vector spaces,
Vo € (P(v), x may be written as a linear combination of the basis vectors, z = > x;e;.

=1
Thus, by linearity of the shift action, o(x) may be rewritten

o(x) =x10(e1) + x20(eg) + ... = Z Tie;i_q
i=2

Note: Vn > 2, o(e,) =e,_1 and Vm < n, 0™(e,) = €p_m.
These definitions and properties will be used throughout the document. Lastly, for

sake of ease, hence forward in the introduction let X = (P(v).
1.4  Background

This section has been broken into two subsections since much of the most com-
mon properties analyzed in topological dynamics have already been characterized in
previous works in the case of the space ?(v). Section 1.4.1 will highlight these charac-
terizations. However, special attention should be given to the question of topological
entropy since this is an active open area of research even today. Additionally, the def-
initions provided will be given in the context of (¢?(v), o), and sources to the original

definitions will be cited.



1.4.1  Properties of Topological Dynamics

The first requirement on the operator of a dynamical system pair (X, 7") is 7" must
be continuous. With the topology induced by the metric on X, the typical
g, 0 definition will suffice. However, in the case of an operator on a Banach space,
recall T is continuous if and only if 7" is bounded. When X = ¢?(v), it is often easier

to check for boundedness of ¢ rather than continuity.

Definition 1 (Bounded Operator). Let o be the shift action on X, then Vn € N,
o™ 1s called bounded if AM > 0 such that Vx € X

[l ()] < M|z]]

In Grosse-Erdmann and Manguillot’s textbook [1], they put forward the character-

Un

ization o is bounded if and only if sup -
neN "

In dynamics, the goal is often to determine to what extent can points travel around

< 00.
1

the space via the operator. Can arbitrary open sets land inside and hit each other
after transformation, do the sets stay together, or do they only hit each other for a
brief moment? Varying degrees for a system’s ability to mix are highlighted by the

following definitions, the weakest form of mixing being topological transitivity.

Definition 2 (Topological Transitivity). Let o be a continuous shift action on X,
then o is called topologically transitive if ¥V nonempty open U,V C X, dn >0
such that o™(U) NV # .

For n =0, o™ is the identity map. Notably, the following theorem will be helpful

in this setting:

Theorem (Birkhoff Transitivity Theorem). Let T be a continuous map on a separable
complete metric space X without isolated points. Then the followinging assertions are

equivalent:



(1) T is topologically transitive;
(17) Jx € X such that the orbit of x is dense in X.
If one of these conditions holds, then the set of points in X with dense orbit is a dense

Gs-set.

A proof of which is discussed in [1|. Notably, this gives rise to an equivalent
interpretation for topological transitivity in the setting of linear dynamics with the

following definition.

Definition 3 (Hypercyclicity). Let o be a continuous shift action on X, then o is

called hypercyclic if 3x € X such that the orbit of x is dense in X.

Thus, o is topologically transitive if and only if ¢ is hypercyclic. Hypercyclicity
is a property in linear dynamics which at times is easier to show than topological
transitivity. Furthermore, this will then lead to the characterization o is topologically
transitive if and only if érellfw v, = 0, discussed in [1].

A stronger notion for an operator’s ability to mix the space is the property weakly

mixing.

Definition 4 (Weakly Mixing). Let o be a continuous shift action on X, then o is

called weakly mixing if V nonempty open U,V C X

NU,U)AN(U, V) %0

where N(U,V)={n e N:o"(U)NV # 0}.

In other words, there exists shifts of U which lands in U and V. Weakly mixing
may also be equivalently determined by the next definition. This will be used later

in the paper.

Definition 5 (Weakly Mixing (Alternate)). Let o be a continuous shift action on X,

then o is called weakly mixing if o X o is topologically transitive.
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Where o x ¢ is the product shift action on the product space X x X. Notably,
in general dynamics weakly mixing implies topological transitivity. But the reverse
implication is not true in general. However, a different scenario is presented via the

following theorem given in [1].

Theorem 1. Let X be a Banach space in which {e,}, is a basis, and let o be the
backward shift on X. Then the following are equivalent:

i) o 1is hypercyclic;

1) o is weakly mizing;

i13) 3 an increasing sequence {ny}3>, of positive integers such that e,, — 0 in X as

k — 0.

Therefore, using the previous characterization, o is weakly mixing if and only if
ing v, = 0. The next tier for an operator’s ability to mix the space is the property
ne
mixing.

Definition 6 (Mixing). Let o be a continuous shift action on X, then o is called

maxing if V nonempty open U,V C X, AN € N such that Vn > N
a"(U)Na(V)#0 .

In general, mixing = weakly mixing = topological transitivity. Via a similar notion

as to theorem 1, consider the following theorem.

Theorem 2. Let X be a Banach space in which {e,}, is a basis, and let o be the
backward shift on X. Then the following are equivalent:
i) o is mizring;
i) e, — 0in X asn — oo.

A proof of which may be found in [1]. Thus ¢ is mixing if and only if lirrln v, = 0.
Note, theorems 1 and 2 are explicitly stated here since they will give motivation for

the new theorems presented later in chapter 2.
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Some of the most extreme examples of dynamical systems showcase some of these
properties, and there is active debate and research into what the exact definition
should be for more chaotic systems. Some suggest infinite topological entropy, dis-
cussed in the next section, while others suggest chaos in the sense of Devaney. Other
definitions of chaos are also presented in other works, but this dissertation will utilize

Devaney’s definition. However, another notion is first needed.

Definition 7 (Periodic Point). Let o be a continuous shift action on X, and let

x € X. Then z is called a periodic point of o if In € N such that o"(x) = x.

Notably, even the existence of a nontrivial periodic point implies the weight se-

quence {v, }5°; must be summable [1].

Definition 8 (Chaos in the sense of Devaney). Let o be a continuous shift action on
X, then o is called chaotic in the sense of Devaney if o satisfies the following
conditions:

i) o 1is hypercyclic;

1) 3 a set of periodic points which is dense in X.

In general, the existence of a nontrivial periodic point does not alone imply Devaney
chaos. But in the setting of the backward shift on /?(v) the existence is enough to
get chaos [1]. Thus, o is chaotic in the sense of Devaney if and only if > v, < occ.

n

Now, with all of the properties of interest defined, the following hierarchy in this

setting may be observed.



Table 1.1: Property Characterizations for shift semi-group action over N.

Property Characterization
. . vﬂ,
Continuity & Boundedness sup - <
neNVni1
Topological Transitivity < Hypercyclicity nllélfN v, =0
Weakly Mixing Jnf v, =0
Mixing lim v, =0
n—oo
Devaney Chaos Z Up <
neN

1.4.2  Topological Entropy

In his work [2], Bowen presents the definition for topological entropy which is most
commonly and widely used in the field. Two equivalent definitions are provided in
which one uses the concept of separating sets and the other uses the concept of

spanning sets.

Definition 9 (Separating Set). Let K C X be compact, o be a continuous shift action
on X, ECK, neN, andlet e > 0. Then E is called (n,€)-separated if

V distinct x,y € E, 3j € N with 0 < j < n such that ||o?(z) — o’ (y)|| > «.
Furthermore, let s,(e, K) denote the mazimal cardinality of any (n,e)-separated set

ECK.

Definition 10 (Spanning Set). Let K C X be compact, o be a continuous shift action
on X, FCK, neN, andlete >0. Then F (n,e)-spans the set K if Vz € K,
Jy € F such that ||o7(x) — o (y)|| < e for all0 < j < n.

Furthermore, let r, (e, K) denote the minimal cardinality of any set F' which

(n,e)-spans K.
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So, conceptually, a set is separating if its points can eventually be a fixed distance
apart, and a set spans another set if points of the second set can be closely followed

by points of the first set. Now Bowen’s definition may be considered.

Definition 11 (Topological Entropy). Let o be a continuous shift action on X, and

let K C X be compact. Then

1 1
h(o, K) = lim limsup — log s,,(¢, K) = lim lim sup — log ,, (¢, K)

e=0 500 M e=>0 00 N

and the topological entropy of o is determined by

h(c)= sup h(o, K)

Kcompact

The definitions listed here will be used extensively in chapter 3. Bowen also dis-
cusses in greater detail topological entropy in the setting of noncompact spaces in

other works [3].
1.5 Main Results

This work will first aim to offer a new table and hierarchy of the topological dy-
namics properties, shown in table 1.1, in the case when the shift group action over
an arbitrary countable group is instead considered rather than the semi-group N.
Notably, memory of entries is no longer lost via a single shift as in the case of the
semi-group action. This will be highlighted in greater detail in chapter 2. Also in
the case the group is Z? there is now a notion of direction when scanning through a
given point. Whereas, in the case of N, there is only a single direction to consider.
While ideas like theorem 1 and theorem 2 will be used to construct new characteriza-
tions, special concern will have to be applied to inverse shifts since there is no longer
memory loss.

For this reason, the infimum condition in table 1.1 will not suffice. A counterex-
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ample will be discussed in section 2.3. But new theorems similar to theorems 1 and
2 will be given and proven. So in this way topological transitivity, hypercyclicity,
and weakly mixing will still be equivalent properties when the inverse direction of the
shift is also considered.

In the case of mixing, the same characterization will still hold when a limit of
the weight sequence is taken over an enumeration of the group. However, the original
proof strategy of using the definition of hypercyclicity will not work. And so a different
strategy using topological transitivity will instead be presented.

In the case of the semi-group action, it should be noted that a point z € X being
periodic implies the point also has finite orbit. However, in the case of a group
action, it will become possible to have a periodic point which still has an infinite
orbit. Furthermore, it will be shown in section 2.5 the system could then possess
nontrivial periodic points without the action being mixing. For this reason, density
of periodic points may no longer be an appropriate requirement for Devaney Chaos.
Density of points with finite orbit may be preferred instead. Notably, summability of
the weight sequence over all of the group will not be necessary.

Lastly, chapter 3 will showcase new implications and tests for infinite and zero
topological entropy in the case of the semi-group action on X. It will be shown that a
finite bound on an arbitrary ratio of the weight sequence will result in zero topological
entropy in section 3.2. Additionally, summability of the weight sequence over a subset
of N with positive upper density will be shown to imply infinite topological entropy
in section 3.1. However, neither proof will be an equivalence theorem. And so section

3.3 will highlight the open questions in this regard.
1.6 Related Works

For a broader consideration of linear dynamics in general, Menet’s work [4] provides
a hierarchy of properties for arbitrary linear dynamics. Additionally, Menet examines

other properties of linear dynamics such as reiteratively hypercyclic, U-frequently
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hypercyclic, and frequently hypercyclic. Other investigations of hypercyclic operators,
and linear operators in general, may also be found in Bayart and Matheron’s text [5].

Competing definitions for chaos may also be considered via Li-Yorke chaos pre-
sented by Li and Yorke [6]. Also Schweizer and Smital’s definition, distributional
chaos [7], may be examined. Additionally, in Bartoll, Martinez-Giménez, and Peris’
paper [8] they show for the backward shift on the weighted ¢# space Devaney chaos
is equivalent to the strong specification property.

Linear operators and infinite topological entropy are discussed in the setting of
LP by Brian and Kelly in [9]. Also Brian, Kelly, and Tennant give an example of a
shift operator on ¢?(v) which possesses infinite topological entropy while not being
Devaney chaotic in [10]. The theorem for infinite topological entropy in chapter 3 will
similarly follow the argument made in their paper. For an alternate consideration for
the definition of topological entropy see Liu, Wang, and Wei’s work [11| where they

present a definition which is metric-independent while Bowen’s is metric-dependent.



CHAPTER 2: PROPERTIES OF THE SHIFT ACTION OVER A GROUP

2.1  The Setting

Let G be a countable group, let p € N such that 1 < p < oo, and let (vy)4e¢ be a

set such that Vg € G, v, > 0. Then define

e (v) ={z = (zg)gec € K¢ : Z |z4|Pvy < 00}

geG

together with the corresponding p-norm such that Vo € ¢7,(v)

llaf] = (Y lglPvg)"?

geG

which forms a normed linear sequence space. Throughout chapter 2, let X = ¢Z,(v).
Note: G countable implies G may be enumerated, (g;)3°,, and so X has the basis

B = {en}neq where Vh € G, ey, is the sequence

(egi)’?il where egi -
0, otherwise
For example, if G = Z then ¢y = (...,0,0,1,0,0, ...). thus, by definition of a basis,

Ve e X, v =) z4e, Furthermore, Let o be the shift action on X then Vh € G
geG

o"(z) = Z LgCgh—1

geG

But, in order to be a true dynamical system, the first requirement will be continuity

of o.
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2.2 Continuity

Recall for a linear operator on a normed linear space, the operator is continuous if
and only if the operator is bounded. So in order to check for continuity, boundedness

is used in the following theorem.

Theorem 3 (Bounded Shift Group Action). Let o be the shift group action on X,

and let g € G. Then o9 is bounded if and only if

UV
sup — < 00
keG Ukg

Proof. Let g € G and suppose ¢ is bounded. This implies 3M > 0 such that Vx € X

lo?(@)[] < M||||

D lwiglvs < MPY il

i€G i€G

Let k € G and let x = exy. Then
|Zkg|Pvk < MP|zpg[ g
Yk < MP
Vkg
But ¢ and k were arbitrary. Thus, Vg, k € G

v
-~ < Mmp
U]Cg

which implies Vg € G

Vg
sup — < M? < o0
keG Ukg

Now let ¢ € G and suppose the supremum condition holds. Let & € G and by
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assumption dM > 0 such that
Uy,

_SM
ng

Next let z € X and observe

v < Muy,

|2k |Pvk < Makg|Pvrg
But k was arbitrary. Therefore,
lo? ()| < MYP||]|

O

In the case of the semi-group action over N, an arbitrary shift is a multiple of

shifting backwards once. So it sufficed to obtain boundedness via sup v”ﬁ < 0o. But
neN "

in the case of the group action, it must be verified any arbitrary shift will obey the

supremum condition. Otherwise, continuity is determined the same way in either

setting.
2.3  Topological Transitivity and Weakly Mixing

Topological transitivity is the first property where the characterization in the case
of the semi-group action will fail to hold true. Consider this example when G = Z,

and the weight sequence is determined Vi € G by

1 . .
) lf’l>0
V; =

1, otherwise

So (v)2y = (...,1,1,1,1, %, 5,35, ...), o is bounded by theorem 3, and in(‘gvi = 0.
1€

However, with this choice of the weights, o is not topologically transitive. Let
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U={zeX:|lz—(eo+e)|| <3tandlet V={zeX:||lz—(c_3+e)] <3}

Then U and V' are nonempty open sets. Note the following Vo € U

1
ifi=0or1, |xi—1|<§:>0.5<xi<1.5

—_

Vi <0, |z < =

\)

1
Vi>1 il < =
i>1, Jol < &

Similarly, Vo € V
e 1
ifi=-3o0or —1, |x,~—1|<§:>0.5<xi<1.5

1
Vi< —=3,i=-2 ori=0, ]xl\<§

7
Vi >0 i < =
i>0, |ui| <

This may be viewed visually via the figure below.

YxEeU Vxev

Lj T T T +T
:?IIIIII L1 1]

-1

15 ~L -13 =

Figure 2.1: Example open sets which break Transitivity.

So no shift of U can land inside of V; therefore, ¢ is not topologically transitive.
In the case of the semi-group action over N, having a single direction in which a
subsequence of the weights approaches 0 is sufficient since each shift to the left drops

an entry of x with no memory retention. But in the case of the group action, entries
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are not lost after shifting. For this reason, it will become necessary for the inverse
direction of a subsequence of the weights to also approach 0.

Recall, by the Birkhoff transitivity theorem, o is topologically transitive if and only
if o is hypercyclic. In order to prove theorem 1, Grosse-Erdmann and Manguillot used

the hypercyclicity criterion [1].

Theorem (Hypercyclicity Criterion). Let X = (P(v). Let o be the backward shift.
Now if 3 dense Xy, Yo C X, 3 a sequence (n;)2, of positive integers, and 3 maps
Sp Yo —= X Vn > 1 such that Vx € Xy Yy € Y]y the following holds:

i) o"i(z) =0

1) Sp(y) — 0

iii) 0" (Sn(y)) =y

Then o is weakly mixing; moreover, o is also hypercyclic.

For a proof see [1]. In order to construct the new theorem similar to theorem 1,
a new criterion in the setting of the group action will be needed first. The following

definition will also be used.

Definition 12. A sequence of group elements (g,)°2; tends to infinity if
Y finite K C G, 3N large enough such that ¥Yn > N, g, ¢ K.

Theorem 4 (Group Action Hypercyclicity Criterion). Let X = ¢,(v) with G a count-
able group, and let o be a bounded shift action. Now if 3 dense Xy, Yy C X,

3 a sequence (g,)22, of elements of G which tends to infinity, and 3 maps S, : Yo — X
Vn > 1 such that Vo € Xy Yy € Yy the following holds:

i) o9 (x) = 0

it) Sp(y) =0

i) 7 (Suly)) = y

Then o is weakly mizing; moreover, o is also hypercyclic.
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Proof. (This argument also follows closely the argument made in [1] for the hyper-
cyclicity criterion.) Note by X separable 3 a sequence (y;)2; of elements of Yj such
that the sequence is dense in X, and by assumption Yj is dense in X.

Claim: 3 z; € X and 3 n; € N with j > 1 such that

r = + Snl(yl) + T + Sm(yg) —+ xT3 + ...

is well-defined and hypercyclic in X.

Proof: Vj > 1 recursively construct z; and n; such that VI < j —1
1) |lzsll < 55 and |lo% ()] < 5,

2) 18w, (i)l < 35 and [[o9 (S, (y))| < 5,

j—1
3) (|07 (Sn; (y5)) = yill < 55 and [|o (30 (21 + Sy, (1) + 25)[| < 55

=1
For j =1, x; = 0 satisfies 1) by continuity of . By assumption, i) and 4i7) implies
dn; € N large enough such that 2) and 3) are satisfied.
Let j > 2, and suppose zi,...,x;-1 and nq,...,n;_1 have been chosen to satisfy

1),2), and 3). Now by the density of X, 3Jz; € X such that 1) holds and

-1

<.

(21 + Sn(y1)) + 25 € Xo

=1

Again, by i) and iii) pick n; large enough such that 2) and 3) are satisfied. Also

note, by 1) and 2)

o0

xr = Z(xj + Sn, (y;)) converges in X

j=1
Finally, V7 > 1 observe:

|l (2) = ysl| =

[e.o]

7—1
||Og"1 Z ilfl—i-Snl yl —|-.’Bj)+0gnj (Sn] y] —Y;+ Z a? J $l Z a¥"i (Snl(yl))H
=1

I=j+1 I=j+1
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LIS R
I=j+1 I=j+1
Therefore, o is hypercyclic. Lastly, with this same construction it may be shown
o x o can satisfy 1),2), and 3) with X x X, and Yy x Yj as dense subsets of X x X
and using the maps S,, x .S,,. In so doing, o x ¢ is shown to be hypercyclic and thus

o is weakly mixing by definition 5. [
Now with theorem 4, the following theorem may be proven.

Theorem 5. Let X = ({,(v) with G a countable group. Suppose o is a bounded shift
action on X. Then the following are equivalent:

i) o is hypercyclic

it) o is weakly mizing

ii1) 3 a sequence (g,)32, of elements of G which tends to infinity such that ¥V finite

FCG, VfeF, ey, = 0ande; -1+ —0in X asn — oo.

Proof. (i — iii) Suppose o is hypercyclic. Note: G is countable and so may be
enumerated (g,)22 ;. Next without loss of generality let p = 1, let 1 denote the

identity element of GG, let m > 2, and consider the open sets:

B,
Un = {2 [[o = (meg, +meg, + ..+ me,, )| < 2}

Vi =A{x ||z — ((m+ 1)ey, + (m~+ L)eg, + ... + (m+ 1eg, || < m+ 1)

where B,,, = min{vg,,vg,, ..., Vg, }. For some m > 2, let U = U,,, V = V,,, and recall
o hypercyclic implies the action is topologically transitive. Thus by assumption,
Jr € X and dg € G such that

relUnad(V)

So z € U gives Vi < m, |z, —m|v, < 22 and V¢ > m if h = g, then |z;|v, < B=



20

which further implies
B,

mvgi

Ty, > M — (2.1)

K3

And z € 09(V) gives 09 (z) € V. So Vi < m, |rg,1 — (m+ 1)y, < Lo and

Vt > m if h = g;, then |xp,-1|vp < Gupyy which further implies

B,

Tggt > (m+1) —

Now let © < m, pick h = g;g. Note, Vj < m, h # g; by the choice of U and V' and

the fact m+ L <m+1— . Then |z, vy, < (m+1 and by (equation 2.1):
( B, ) B
m — Uy,
mug,” 77 T m+1
_ B IR B,,
9ig m+1 m— n]j”;n - (m+ 1>m _ (m+1)Bn,
94 Mmug,
mvg, B, mug, By,
|egigl| = vg,g < — — 3 2, _ _
mug,(m+1)m — (m+1)B,,  mbv,, + m?v,, —mB,, — B,

Note: ¢ was arbitrary, and so as m increases construct a sequence of elements of G,

(9x)52,, where g, = g given by the topological transitivity for U,, and V;,,. This gives

mug, By,

lim ||eg,q. || < lim
9iGk
k—oo 7 2<m—o0 m3v,, + m?v,, — mB,, — B,

Then as m — oo and since B,, is a non-increasing sequence the right hand limit goes

to 0. This gives ||eg,q, || = 0 as k — oo.

Similarly, let ¢ < m, h = g;g ' gives |zg,4-1]vy,1 < %. Now apply (equation
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2.2) to get:
By, By,
1) — eI
((m+ ) (m+ 1)’091.)1)919 1 -
Ugig_l - Bm g mBm
m (m + 1) N CESO m(m + 1) T (mt D),
legig—1]] = vg,g—1 < (m + 1)y, — Mg, + vy,

(m + Dvg,m(m +1) —mB,,  mbuv, + 2m2v,, + mv,, — mBy,

Again ¢ was arbitrary, and by using the same sequence of elements of G constructed
above, as k — oo, ||egig;1|| — 0. Now let F' C G with F finite and let f € F'. Then
Jm > 2 such that g, is listed in the enumeration after f with a corresponding g

from the constructed sequence. So f = g; for some ¢ < m which gives
||€fgk|| — 0 and ||€fgk*1|| —0ask —

But f was arbitrary, so Vf € F' these norms converge to 0. For p > 1 pick suitably

large enough m to achieve the same result.

(iii — ii) Aiming to use theorem 4, let
Xo =Yy = {x € X : x has nonzero entries for only finitely many g € G}. Note, Xj
and Yy are dense in X. Next take the sequence given by assumption (gx)32; and
define Sy, : Yy — X where S(y) = 0% ' (y), Yy € Yy k> 1. Also by assumption, o
is a bounded shift action and so S} is continuous Vk > 1.

Now let x € X then x is a finite linear combination of the basis vectors. So = has
non-zero entries at finitely many group element locations, call them f, fo, ..., f, for

some o < 0o. Next observe by linearity:

o (x) = o (zpep +xpep + ..+ xp0E8,) = Tpepgt T Tpep -t 4o+ Ty ep o
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So 0% (x) — 0 as k — oo by iii).

Similarly, Yy € Yj

Sk(y) — 0 as k — oo.

Also, by definition of Sg, 0% (Sk(y)) =y, Yy € Yy. Thus:
0% (Sk(y)) =y, Vy € Yy as k — oc.

Therefore, by theorem 4, o is weakly mixing.

(ii — 1) Lastly, weakly mixing implies hypercyclicity in general. O

Now by theorem 5, o is topologically transitive <= hypercyclic <= weakly
mixing <= 3 a sequence (g,)>>, of elements of G which tends to infinity such that

V finite F C G, VfeF
limvgg, =0 and limov, -1 =0.

However, if G is abelian, then this characterization may be simplified some.
Lemma 1. Let X = (%,(v) with G a countable abelian group. Suppose o is a bounded
shift action on X. Then the following are equivalent:

i) 3 a sequence (g,)>2, of elements of G which tends to infinity such that
V finite F C G, Vf€F, ep, = 0andes 1 —0in X asn— oo,

i1) 3 a sequence (g,)5>, of elements of G which tends to infinity such that e,, — 0

andeg;1—>0mX as n — 0o.

Proof. (i — ii) This direction follows automatically when F' = {1} where 1 is the
identity element of G.
(ii — i) Aiming to use theorem 4, let

Xo =Yy = {z € X : z has nonzero entries for only finitely many g € G}. Note, Xj
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and Yj are dense in X. Let (g,)°; be an enumeration of G. Next define S, : Yo — X

where S, (y) = 09771(y), Yy € Yo n > 1. By assumption, o is a bounded shift action
and so S, is continuous Vn > 1.

By (ii), 3 a sequence of positive integers (ny)32, such that e,, — 0 and eyt = 0

in X as £k — oo. Now let y € Y, then y is a finite linear combination of the basis

vectors. Without loss of generality consider y = e, where ¢ > 1. Observe by G

abelian:

1
S (y) = a9 (eg,) = €gign, = Cgnpgi — o (egnk)

And so by assumption and continuity,
—1
Sn(y) = 0% (eg,, ) = 0ask — oo.

Similarly, let z € X, and without loss of generality x = ¢, for some j > 1 and

observe:

o9 (x) = o9 (ey,) = €gjgn, 1 = Cgn, ~lg; = ggjfl(egnkfl) — 0 as k — oo.

Lastly, note:
07 (S (y)) = 07 (0% (y) =y, Yk > 1.

Therefore, by theorem 4, o is weakly mixing. And by theorem 5, this implies 1).
O

With lemma 1 in hand, the following corollary is achieved together with theorem
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Corollary 1. Let X = ({,(v) with G a countable abelian group. Suppose o is a
bounded shift action on X. Then the following are equivalent:
i) o is hypercyclic
i) o is weakly mizing
iii) 3 a sequence (g,)r2, of elements of G which tends to infinity such that e, — 0

andeg;1—>0mX as mn — oo

And so by corollary 1, if GG is abelian, o is topologically transitive <= hypercyclic
<= weakly mixing <= 3 a sequence (g,), of elements of G which tends to
infinity such that

limv, =0 and limv -1 = 0.
n gn oy an

2.4 Mixing

First, for clarity in the setting of the shift group action, mixing may be defined in

the following manner.

Definition 13 (Mixing Group Action). Let X = (7,(v) with G a countable group, let
(gn)22, be an enumeration of G, and let o be a bounded shift action on X. o is called
mixing if YV nonempty open U,V C X N € N large enough such that ¥n > N,
o (U)NV # 0.

In order to prove theorem 2, Grosse-Erdmann and Manguillot used the Kitai cri-

terion [1].
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Theorem (Kitai’s Criterion). Let X = (P(v). Let o be the backward shift. Now if
V sequence (n;)2, of positive integers, 3 dense Xo, Yo C X, and 3 maps S,, : Yo = X
Vn > 1 such that Vo € Xy Yy € Yy the following holds:
i) o"i(x) =0
i1) Sp(y) — 0
i) o™ (Sn(y)) =y

Then o is mizing.

For a proof see [1]. In order to construct the new theorem similar to theorem 2, a

new criterion in the setting of the group action will be needed first.

Theorem 6 (Group Action Kitai Criterion). Let X = (,(v) with G a countable
group. Suppose o is a bounded shift action on X. If for any sequence (g,)5, of
elements of G which tends to infinity, 3 dense Xo, Yo C X, maps S, : Yo — Yy such
that Vo € Xy and Yy € Yy the following holds:

i) o9 (x) = 0

i) Sp(y) =0

iii) o9 (Sp(y)) =y, Vn>1

Then o is mizing.

Proof. Let (g,)5%, be a sequence of elements of G which tends to infinity. Suppose
3 dense Xy, Yoy € X and maps S, : Yy — Y such that Vo € Xy and Vy € Y
i),11), and #i7) hold true. Let U, V C X be nonempty open sets. By the density
assumption:

dre XoNU and dy e YoNV

This further gives by 7),4i), and ii7)

o9 (x) = 0, S,(y) — 0, and 09 (S, (y)) =y, Yn > 1.
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Now let z, = S,(y). As n — oo, IN € N large enough such that Vn > N
r+ 2z, €U and 09" (z + 2,) = 07" (x) + 09" (2,) = 0" () +y € V

SoVn >N
a9 (U)NV £

But (g,)52,, U, and V were arbitrary. Therefore, o is mixing. O

Notably this criterion highlights for a mixing group action, travelling in any one
direction (any sequence of G tending to infinity) results in a point approaching 0 in

the norm. A similar notion is arrived at via the definition for homoclinic points.

Definition 14 (Homoclinic to 0). Let x € ¢%,(v), x is called homoclinic to 0 if

V sequence (gx)72, of elements of G which tends to infinity
g% (x) — 0 in (%(v)

So a natural equivalency between mixing and the existence of points homoclinic to
0 will be shown in the next theorem. Then with theorem 6, the following theorem

may be proven.

Theorem 7. Let X = (7,(v) with G a countable group. Suppose o is a bounded shift
action on X. Then the following are equivalent:

i) 0 is mixing

i) V sequence (gi)5>, of elements of G which tends to infinity, e, — 0 and €yt = 0
m X as k — oo

ii1) 3 a set of points homoclinic to 0 dense in X

i) 3 a nontrivial point homoclinic to 0.

Proof. (i — ii) Note G countable implies G may be enumerated (g,)32 ;. Let 1 denote
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the identity element of G, let m > 2, and consider the open sets:

By,
Un = {z: ||z — (meg, +meg, + ... + mey,,)|| < W}

B
Vi ={z: ||z — ey, 1 1 < —
(ol = (m+ e+ (m+ D+ o+ (m + e )| < 225}
where B, = min{v,,,vg,,...,v,, }. Suppose ¢ is mixing and let (gx)3>, be an

arbitrary sequence of elements of G which tends to infinity. Next pick m large enough
such that g,, is listed in the enumeration after 1 € G. Let U = U,, and V =V,,. By

assumption 3K € N large enough such that Vk > K

Jr e Unao%(V)

So x € U gives Vi <m, |z, —m|vy, < 22 and Vt > m if h = g, then |z |v, < Bz

which further implies

(2.3)

And z € 0%(V) gives 0% (z) € V. So Vi < m, |xgig;1 — (m+ 1)|v, < nf;rl and

vVt > m if h = ¢, then |xhg;1|vh < (fﬁ) which further implies
B
-1 > 1) — ——2— 24
Igigk 1 (m + ) (m + ]-)'Ugi ( )

Next let h = 1gk_1. Note Vj < m, 1g,;1 # g; by the choice of U and V' and the fact

—+m<(m+1)— 5, ¥Ym>2. Then ]xlg;1|vlgk_1 < 8= and by (equation 2.4):

Bn B
((m —+ 1) — m)’l}lgk—l < F
B, 1 B B,
Vgt < m (m+1) — (miﬁ B m(m+1) — (n’;f.&l
(m + 1)v1 By, mu; B,, + v1 By,
Helgk_lH = Yigt S (m+ )vym(m + 1) — mB,, - m3vy + 2m?vy + muy — mB,,
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But as m increases, a large enough k£ may always be found such that the above

inequality holds. This gives:

. . mlem + Ule
lim [le) 1] < lim — 5
k—00 k 2<m—o0 m3v1 + 2m?v; + muvy — mB,,

So as m — o0, and since B,, is a non-increasing sequence, the right hand limit

goes to 0. This gives H@lgk—lH = Hegk—lH —0as k — oo.

Similarly, let i < m, h = lg; gives |z1|vy, < 2=, Now apply (equation 2.3) to

m+1"°
get:
(m = 2™y, < —2m
m — v
1 Lok m + 1
- B,, 1 B
v . =
T m L m = B (g 1y 0B
muv1 B, muv, B,
llerg, || = vig, <

mui(m+1)m — (m+ 1)B,, - m3v, + m2v;, — mB,, — B,

But as m increases, a large enough k£ may always be found such that the above

inequality holds. This gives:

mu, By,

li li
e llerg,[] < 2<mosoc m3vy + m?v; — mB,, — B,

So as m — o0, and since B,, is a non-increasing sequence, the right hand limit
goes to 0. This gives ||e1g, || = ||eg. || = 0 as k — oo.
But (gx)s2, was arbitrary. Therefore, i7) holds.

(72 — i) Aiming to use theorem 6, let (g,)5°; be an arbitrary sequence of elements
of G which tends to infinity and let
Xo = Yy = {x € X : x has nonzero entries for only finitely many g € G}. Note, X,

and Y{ are dense in X. Next define S,, : Yo — Y{ such that Vy € Yy, S,.(y) = aggl(y)
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Vn > 1. Let x € X and y € Yy, then by this definition:
0% (Su(y)) = 0% (o (y)) =y, Vn > 1.

Lastly, note x is a finite linear combination of the basis vectors. So z has non-
zero entries at finitely many group element locations, call them fi, fs, ..., f, for some

a < oo. Then by linearity observe
o (z) = o (xpep +apep + . Fxpep) =Tpep 1 H Ty 1+ T e

Note: Vj < a with the sequence (h,, = f;jg9,1)22,, en, — 0 by ii). So by assuming
i1), this gives o9 (x) — 0. Similarly, S, (y) — 0. Therefore, by theorem 6, ¢ is mixing.
(12 — 4i) Assume property i) holds true. Let
Xo = {x € X : x has nonzero entries for only finitely many g € G} which is dense in
X.
Claim: Xj is a set of points homoclinic to 0.
Proof: Let z € Xy, then 3 F = {fi,..., f;} C G such that x5, # 0 Vi < j and
Vg € G\F z,=0. Let (gx)72, be an arbitrary sequence of elements of G which tends

to infinity. Then observe
o (x) = Tpepgt + o Fxpep

But Vi < j, (hy = fig; '), is also a sequence of elements of G which tends to
infinity. And so ) implies Vi < j, rfepqat — 0 as b — oo. Therefore, % (z) — 0
in X. But (gx)52, was arbitrary, thus z is homoclinic to 0. Also x was arbitrary, so
Xy is a set of points homoclinic to 0.

(170 — iv) Trivially true.

(tv — 1) Suppose 3 a nontrivial point homoclinic to 0, call it . Then 3f € G
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such that xy # 0. Next let (gx)32, be an arbitrary sequence of elements of G which
tends to infinity. Since 0% (x) — 0 this implies zyepg—1 — 0 and so ey -1 — 0.

Now consider the sequence (hy = gk_1 )32, of elements of G which tends to infinity.

By definition of homoclinic to 0 this gives
o™ (x) — 0

which implies

Crpt = Cgp 0
Similarly, when (hx = g )52, this shows eg-1 — 0. O
And so by theorem 7, ¢ is mixing <= 3 a nontrivial point homoclinic to 0 <=
3 a set of points homoclinic to 0 dense in X <= for an enumeration (g,)5>, of G

lim v,, =0
n—oo

2.5  Ambiguity for Chaos

Definition 7 and definition 8 provide the notion of periodic points and its relation-
ship to Devaney chaos. In the setting of the semi-group action over N, a point being
periodic implies the same point has a finite orbit. This is because o™(z) = x for
some n € N implies there are only finitely many distinct shifts of x up to the n'”
shift. However, in the setting of the group action, it is possible to be periodic in a
particular direction of the group while still having an infinite orbit.

Consider this example when G = Z? with the weight sequence (v )i jec where

V(i,j) € G define

Vi) = (1/2)

i.e. the lattice of G with these associated weights looks like
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1

4

1 1

2 2
1 1 1

1 1

2 2

1

4

Figure 2.2: Example weight sequence which yields periodic points with infinite orbit.

The box in the figure indicates the identity location (0,0) in the lattice. Notably,
T =) €0y € (%.(v) since ||z|] < oco. And yet x has an infinite orbit as each shift
to thj(ee?eft is a new unique point. The supremum condition for boundedness is also
satisfied, and so this is an example of a linear continuous operator on a Banach space
which possesses periodic points with an infinite orbit.

Also observe with this choice for the weight sequence, ¢ is not mixing since there
are subsequences of the weights which are constant. This also diverges from the
traditional setting where, in the case of the semi-group action, the existence of a
nontrivial periodic point = summability of the weight sequence = mixing. All though
topological transitivity is still implied by the existence of nontrivial periodic points.

In order to better highlight this distinction, section 2.5.1 will discuss necessary

conditions for density of periodic points. While section 2.5.2 will consider density of

points with finite orbit.
2.5.1  Density of Periodic Points

For an arbitrary countable group G, Let 1 denote the identity element. Also note
any periodic point has an associated nontrivial periodicity. If x € X is periodic, then

Jg € G\{1} such that o9(z) = x. Additionally, Vk € Z, o9 (x) = 2. So copies of
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x entries are stored at multiples of g locations, but in order for x € X the weight
sequence along multiples of a periodicity must be summable. Or rather, the weight
sequence in the tail of these sums must be small. This then leads to the next theorem.

For clarity, Vg € G, let < g > denote the cyclic subgroup {¢* € G : k € Z}.

Theorem 8 (Group Action Density of Periodic Points). Let X = ¢%(v) with G a
countable group. Suppose o is a bounded shift action on X. Then 3 a set of pertodic
points dense in X if and only if V finite FF C G\{1}, Ve > 0, g € G\{1} such

that

Z v < €

heF(<g>\{1})
Proof. Suppose 3 a set of periodic points which is dense in X. So Vx € X which
is a nontrivial periodic point 3 ¢ € G\{1} such that ¢9(x) = x. Furthermore, note
VfeG

Ty =Ty, Vk € Z.

Now let F' C G\{1} be a finite set and let v = min{vy : f € F'}. Let ¢ > 0 and
without loss of generality suppose € < v. Next define 2* = ) 2e;. By assumption
d periodic x € X such that x € B.p(x*). (This is the 61/pff)1;11 around z*). Note:
since ¢ < v this implies z # 0 and Vf € F, xy > 1. So by definition 39 € G\{1}

such that 09(z) = x. Observe x may be written as:

Where 2z is some error term with negligible impact to the norm of x.
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Lastly, by construction

el/r > ||z — "]

> > (zp—=2)es+ D el

feF heF(<g>\{1})

> > mel

heF(<g>\{1})

= |

heF(<g>\{1})

= ( Z Uh)l/p

heF(<g>\{1})

g > Z Uh

heF(<g>\{1})

Next suppose the right hand side. Let y € X and let ¢ > 0. By density of Xj,
Ja* € Xy such that o* € B, /s(y).
Claim: 3 periodic x € X such that x € B, /(2*) C B:(y).

Proof: note, * € X, implies 3 finite F* C G such that

Let a = maz{|z}| : f € F}, let F'= F*\{1}, and let v = min{v; : f € F'}. Now by

assumption 3g € G\{1} such that

S o <minfo, (%)p} < (%)p

heF(<g>\{1})

Note, this choice of v implies F N F(< g > \{1}) = 0 since otherwise v would be in

the sum. Next define

By construction ¢9(x) = x so x is periodic. Also if 27 # 0, then (x —z*); = 0. Lastly,
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observe

le—a2l =1l Y wmeall<lla D el

heF(<g>\{1}) heF(<g>\{1})

< of Z 'Uh)l/p

heF(<g>\{1})

DO | ™

Thus, z € B.(y). But y was arbitrary; therefore, 3 a dense set of periodic points in

X. O

In other words, if from any starting location continually travelling in some g € G
direction results in a tail of the sum of the weights being small, then there is a dense
set of periodic points. This does not imply mixing, but it does imply weakly mixing

and thus topological transitivity by theorem 5.
2.5.2  Density of Points with Finite Orbit

In order for a nontrivial point x € X to have a finite orbit, it must be the case that
the stabilizer subgroup associated with z, denoted Stab(z) = {g € G : ¢9(x) = z},
must have finite index. Otherwise, x would have an infinite orbit. The following
theorem uses a similar argument to theorem 8, except tails of the weights along these

stabilizers must be small.

Theorem 9 (Group Action Density of Points with Finite Orbit). Let X = (7,(v) with
G a countable group. Suppose o is a bounded shift action on X. Then 3 a set of
points with finite orbit dense in X if and only if ¥V finite F C G\{1}, ¥Ye > 0,

3 subgroup H C G with finite index such that

Z v < €

heF(H\{1})

Proof. Suppose 3 a set of points with finite orbit dense in X. So Vo € X which is a
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nontrivial point with finite orbit this implies Vg € H = Stab(x), o9%(x) = x and H

has finite index. Furthermore, note Vf € G
Ty =T, Vk € Z.

Let FF C G\{1} be a finite set and let v = min{v; : f € F'}. Let € > 0 and without

loss of generality suppose € < v. Define

xt = ZQef

By assumption 3z € X with finite orbit such that © € B.i/y(2*). Since € < v this
implies Vf € F', xy > 1. Additionally, H = Stab(z) has finite index. Next observe x

may be written as:

T = E Trep + 2

heFH

Where z is some error term with negligible impact to the norm of xz. Lastly, by

construction

7> || — |

> (wp=2ep+ D> wnenl|

feF heF(H\{1})

> D el

heF(H\{1})

> > el

heF(H\{1})

= ( Z Uh)l/p

heF(H\{1})

> Z Vh,

he F(H\{1})

Now suppose the right hand side. Let y € X and let ¢ > 0. By density of Xj,
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Jz* € X, such that o € B, /»(y).
Claim: 3z € X with finite orbit such that x € B, /5(z*) C B.(y).

Note, z* € X implies 3 finite F* C G such that

x* = Z Ties
feF*

Let o = max{|zy| : f € F*}, let FF = F*\{1}, and let v = min{v; : f € F'}. Now by

assumption J a subgroup H C G with finite index such that

> o <min{o, (V) < ()

€
Qo 2a
he F(H\{1})

Note, this choice of v implies F N F(H\{1}) = 0 since otherwise v would be in the

sum. Next define
-1
T = g ot
heH

By construction, Vg € H, o¢9(z) = x and H has finite index so x has finite orbit.

Also if 7 # 0, then (z — 2*); = 0. Lastly, observe:

o=z =11 Y well<lla Y el

he F(H\{1}) heF(H\{1})

< af Z up) /P

he F(H\{1})

N ™

Thus, = € B.(y). But y was arbitrary; therefore, 3 a dense set of points with finite
orbit in X. O]
2.6  Hierarchy of Properties

Given the theorems proven in this chapter, the following table may now be pre-

sented.
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Table 2.1: Property Characterizations for shift group action over a countable group.

Property Characterization
L Uk
Continuity < Boundedness sup— < @
ket Vig

3 (g,)>-; € G tending to infinity st. V f € G

Topological Transitivity & Hypercyclieity lim vy,, =0 & lim vy,-2 =0
n—e 490 n—em /0

3 (g,)n=1 S G tending to infinity st. V f € G
lim v, =0 & AI_I"I; Vpg=1 = 0

Weakly Mixing

oo

Given an enumeration (g, )=, of G

limwv, =0
Ti=+ oo g)‘t

Mixing < 3 a dense set of points homoclinic to 0

v fimte F € G\{1}. Ve > 0, 3g € G\{1} s.t.

3 a dense set of periodic points vy, < e

heF(<g=\{1})

W finite F € G\{1}, Ve > 0. 3 subgroup H € & with finite index s.t.

3 a dense set of points with finite orbit v, < €

heF(H{1})

When compared with table 1.1, it can be seen characterizations for continuity,
boundedness, and mixing translated nearly identically to the group action setting.
Topological transitivity, hypercyclicity, and weakly mixing required consideration of
inverse directions but otherwise used similar arguments to the ones in the semi-group
action setting. However, for Devaney chaos there is a break down from the original

characterization since periodic is no longer equivalent to finite orbit.



CHAPTER 3: TOPOLOGICAL ENTROPY OF WEIGHTED ¢ SPACES

3.1  Infinite Topological Entropy

In the setting of the shift semi-group action over N, there has been active research
and work into determining whether Devaney chaos and infinite topological entropy are
equivalent or not. As recently as 2019, Brian, Kelly, and Tennant constructed in their
work [10] an example weight sequence which produced infinite topological entropy
while failing to possess Devaney chaos. This was done by maintaining summability
of the weights over a subset of N with positive upper density while the sequence as
a whole was not summable. As shown in the following theorem, infinite topological

entropy is always achieved under these conditions.

Theorem 10 (Infinite Topological Entropy over S C N with positive upper density).
Let X = (P(v) and let o be the bounded shift action on X. Suppose 3 .S C N such
that the following holds:

i) d(S) = limsupw >0
n—o0
i) Y. v, <00
nes
Then o has infinite topological entropy.

Proof. Let S C N and suppose i) and i) hold for S. Next define for m € N,
K,={reX:Vnes, z, €{0,1,..m — 1}; otherwise, z,, = 0}

Note x = > (m — 1)e, € K, and ||z|| < oo by 4i). Thus, K, is compact.
nes

Furthermore, 7) implies 3 {n;}32; C N such that

1,n; _
limM:BZd(S)>O
J—00 n;
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Now let 0 < ¢ < min{vy,1} and Vj > 1, let r; = |S N [1,n;]|. Then consider

(utlizing defintions 9 and 11)
Sn;e(0, Kip) = max{|F| : FF C K,, and F is (n;,¢)-separated}

When F' C K,, and let z,y € F', if 3n < n; where z,, # y,, then F is
(n;,e)-separated. This gives

Snj,a(07 Km) Z mTj

Lastly observe

1
h(o, K,,) = lim limsup —log s, (0, K,,)

=0 poco M

1
> lim lim —log Snj,e(o-> Km)

e—0j—o00 n;

. . r;
> lim lim —Llog m
e—0j—o0 T,

= Blog m

So as m — oo, h(o, K,,) — oo. Therefore, h(o) = co. O

However, this theorem is not an equivalency. It is not known whether infinite
topological entropy always implies this kind of summability. What this does indicate
is so long as the weights are summable fast enough over some subset (with appropriate
density) then infinite topological entropy is achieved. This next theorem highlights
a weight subsequence which is bounded by an exponential function converging to 0.

But it turns out this theorem also implies theorem 10.



40

Theorem 11. Let X = (?(v) and o be a bounded shift on X. If

) 1 1
limsup —log — >0,
n—oo N (%%

then h(o) = oo

Proof. Let X = (P(v), let 0 be a bounded shift on X, and suppose

1 1
limsup—log— =A>0
n v

n n

which implies

1 1
lim sup {Elog—:an}:)\.
n ’Uk

Pick A > ¢; > 0 and let {¢,,}°°_; be a monotonically decreasing sequence such
that €,, — 0. Now by definition of limit convergence, for £; > 0, 9N € N such that
Vn > N

1 1
|sup {—log—:k>n} -\ <g
k Uk

This gives dk; > n such that

1 1
)\—51<k—log—<)\+€1

1 (A
1
k’l()\ — 51) < lOg —
Ukl
ek1d—e1) =
Ukl
Vg, < e FiA=e1)

In this manner, construct the sequence {k,,}>°_,. If for some m > 1
km+1 = km, then consider n > k,,, and reselect k,,.1. This guarantees the sequence
is strictly increasing. Furthermore, if this sequence has positive upper density, then

h(o) = oo by theorem 10.
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So consider the case d({k,,}>°_;) = 0. Note, by o bounded this implies 3B > 0
such that Vn,j € N

Or, for fixed 7 < n

Un—j S ijn

Now Vm > 1, pick j,, < k,,, such that

jm _)\k'm — _Akhn
B’me =e 2

Bim = e2hm
A
K,
2log B

7=

Finally, let I,,, = [k — Jm, km] and define

Since [SN[L, k]| > |In] = ﬁkm, then S has positive upper density. Additionally,

PILEDBPIL
nes m €L,
<N ez,
m

Dl
- 2log B

A g
§2logB;€ P o0

Therefore, by theorem 10, h(o) = 0. O
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This then gives an alternate way to test for infinite topological entropy but relies

on theorem 10 in the process.
3.2 Zero Topological Entropy

Alternatively, the question of zero topological entropy in the setting of the shift
semi-group action over N is equally unanswered. The following is a test for zero

topological entropy.

Theorem 12 (Bounded Weight Sequence Ratio Test). Let X = ¢(v) and o be a

bounded shift on X. If 3 B > 0 such that Vm,n € N, -*=— < B, then h(c) = 0.

m—+n

Proof. Let X = (P(v), let o be a bounded shift on X, and suppose 3 B > 0 such that

Vm,n € N, -*=— < B. For sake of ease and without loss of generality, let p = 1.

Um+n

Then Let x € X, recall z = ) z,e,, and define {o,}2°, such that the following is

neN

true

1

Ty = Qp—

vn

Additionally, ||z|| = || Y. @nenl|| = D |an] < oo since x € X. Next let n € N, and
n n

observe

0" (@) = " |Emlvmen = Y |Zmsnlvm
m>n m
(Y
=2 tminl =
m Um—l—n

S B Z |O-/m+n|
m

< Bl|z]]

Thus, for arbitrary x € X and arbitrary n > 1, ||o"|| < B. Furthermore, let

x,y € X, then the maximal distance up to any n*® shift of  and y may be bounded
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in the following manner:

dn(,y) = max||o*(z) — " ()|

k<n

— k(. _

= max|[o"(z —y)|

< max B||z —
max Blfa —y|

= Bl|lz — y||

Now for the determining of topological entropy, Bowen showed in [2] topological
entropy may be equivalently calculated via separating or spanning subsets of a com-
pact set. Definition 10 will be used here. Let K C X be compact, let n € N, and let
e > 0. Let r,(e, K) denote the smallest cardinality of any set F' which (n,e)-spans
K. Then topological entropy may be calculated by

1
h(o, K) = lim limsup — log r,, (¢, K)

=0 posco N

h(c) = sup h(o, K)

K compact
Next let K € X be compact, let € > 0, and choose 6 = min{,e}. Let F' C K and
suppose F' (1,0)-spans K. Note, by the choice of ¢, F' also
(1,e)-spans K. So by definition Vo € K, Jy € F such that ||z — y|| < §. Then

consider for arbitrary n € N

g§XH0( x) =t (y)|| = HMXHU(x—yN|
< Bllz — y|
<e¢

Therefore, Yn € N, F (n,e)-spans K. Lastly, since K is compact, then for the

0-ball covering of K there exists a finite subcover. Let F' be a finite set which takes
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one representative from each open set in the subcover. Thus, this F' (n,e)-spans K

Vn > 1. So h(o, K) = 0. But K was arbitrary. This gives h(c) = 0. O

3.3 Open Questions

As of yet, no example choice of the weight sequence has been produced which
results in positive finite entropy. A first additional open question would be, does
such an example exist? Or, do all shift actions on ¢?(v) strictly produce infinite or
zero topological entropy? What conditions would adequately characterize infinite or
zero topological entropy in this setting? Lastly, once properly characterized, do these
same characterizations translate to the shift group action setting? All of which would

be good additional questions to explore.



CHAPTER 4: CONCLUSION

4.1  Summary of Results

In the case of (P(v) with the shift semi-group action over N, much of traditional
topological dynamics has already been answered via table 1.1 shown in chapter 1.
Continuity, boundedness, and mixing translated to the setting ¢%,(v) with the shift
group action with relatively the same arguments. But for mixing a new group action
version of Kitai’s criterion first had to be proven. Topological transitivity, hpyer-
cyclicity, and weakly mixing (while still equivalent to each other) required new char-
acterizations in which the inverse direction of the shift group action also had to be
considered. This is due to the fact entries are lost and not memory retained in the
case of the shift semi-group action. In the setting of ¢f,(v) with the shift group ac-
tion, the definition for Devaney chaos becomes ambiguous since periodicity of a point
is no longer equivalent to the point having a finite orbit. Density of either type of
point then required different characterizations. All of the new chracterizations in the
setting of the shift group action are highlighted in table 2.1.

Lastly, this work examined the open questions regarding topological transitivity
in the case of ¢P(v) with the shift semi-group action over N. While new tests and
implications were found and proven for infinite and zero topological entropy, this is

still an active open area of research.
4.2 Open Questions

The open questions concerning topological entropy are discussed in section 3.3.
Regarding the shift group action, what are characterizations for other topological

dynamics properties such as reiteratively hypercyclic, frequently hypercyclic, and
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U-frequently hypercyclic? In the setting of the shift semi-group action, it has previ-
ously been shown the strong specification property is equivalent to Devaney chaos [8].
But in ¢%,(v), what conditions characterize the strong specification property? Is it still
equivalent to density of periodic points, is density of points with finite orbit instead
required, or are neither equivalent to specification? Additionally, future work could
explore the group action over an uncountable group (namely, weighted LP spaces).
How then are the topological dynamics properties characterized when the group is
uncountable?
These are all different additional directions the research could conintue, and this

disseration has worked to answer preliminary questions which lead to these new ones.
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