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ABSTRACT

LIHONG XIA. Essays on A-quantile Dependent Convex Risk Measures.
(Under the direction of DR. MINGXIN XU)

We define a class of convex measures of risk whose values depend on the random vari-
ables only up to the A-quantiles for some given constant A € (0,1). For this class of convex
risk measures, the assumption of Fatou property can be strengthened, and the robust rep-
resentation theorem via convex duality method is provided. These results are specialized
to the class of A-quantile law invariant risk measures. We define the A-quantile uniform
preference (A-quantile second order stochastic dominance) of two probability distribution
measures and the A-quantile dependent concave distortion and study their properties.
The robust representation theorem of the A-quantile dependent Weighted Value-at-Risk
is proven via two different approaches: the A-quantile uniform preference approach and
the approach of maximizing the Choquet integral over the core of a A-quantile depen-
dent concave distortion. We demonstrate the two approaches in a classical example of

Conditional Value-at-Risk and a new example of uniform A-quantile dependent Weighted

Value-at-Risk.
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LIST OF NOTATIONS

(Q, F,P) : a probability space
X : the collection of the random variables on 2
A, : the acceptance set of the risk measure p

LY := L°%(Q, F,P) : the space of equivalent classes of all measurable functions on the
probability space (92, F,P)

L :=L>(Q,F,P) : the space of equivalent classes of all essentially bounded functions
on the probability space (2, F,P)

LP:=LP(Q,F,P), 1 <p< oo : the space of equivalent classes of measurable random vari-
ables such that for all X € LP, [|X|PdP < oo

ba := ba(), F,P) : the space of all finitely additive measures p which are absolutely con-
tinuous to P and whose total variation is finite.

Q, : the set of probability measures on (2, F,P) such that Q < P and % € L7 with
%—i—%zlforlgpgoo

gx(\) : the A-quantile of the random variable X

q%(\) : the upper A-quantile of the random variable X

gy (A) : the lower A-quantile of the random variable X

o(L>, L) : the weak* topology on L™

X ~Y : the random variables X and Y have the same probability distributions

p = v : The probability measure p is uniformly preferred over the probability measure v

i = v : The probability measure i is A-quantile uniformly preferred over the probability
uni(\)
measure v



INTRODUCTION

How to measure the riskiness of financial positions is an important yet complex topic
for financial institutes such as banks and insurance companies as well as regulators. The
financial crisis started in 2008 has shown us how critical risk measures are. Measuring
risk, theoretically, involves how to define a proper measure to quantify the riskiness of a
financial position and to study the properties of the measure; while practically, involves
how to estimate and predict the selected measure using historic data. My research focuses
on the first point. We define the class of “A-quantile dependent” convex risk measures and
study its properties.

According to Artzner, Delbaen, Eber and Heath (1999), the nature of a risk measure
lies in the capital requirements that can be added to a financial position to make it ac-
ceptable from the point of view of an agent or a regulator. The paper of Artzner et al.
(1999) is the mathematical foundation of studying the measure of risk, in which “a unified
framework for the definition, analysis, construction and implementation” of the measure of
risk was proposed and axioms of the class of the “coherent measures of risk” and its “robust
representation” were given. In their framework, €2 denotes the possible outcomes of market
scenarios, which is assumed to be finite. A random variable X : 0 — R indicates the “final
net worth” of a position for each element of €2, and the collection of all these random
variables is denoted by X. A risk measure p is then a mapping from X to the real line R,
p: X — R. From the point of view of an agent or a regulator, a financial position is either
“acceptable” or “unacceptable” with regard to its final net worth. The collection of all
acceptable financial positions is called the “acceptance set” and denoted by A. Obviously,
A C X. Given a measure of risk , its acceptance set A, is A, = {X € X : p(X) < 0}.
On the other hand, since a risk measure is the capital requirement to make a financial
position acceptable, start from an acceptance set A, a measure of risk p can be recovered
as p(X) =inf{m € R|m+ X € A}, for X € X. The coherent measure of risk is a special
class of measures of risk. The coherent measure of risk p possesses the properties (axioms)

of monotonicity, translation invariance, subadditivity and positive homogeneity. Artzner
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et al. showed that these axioms have correspondence to the axioms of the acceptance sets
of the coherent risk measure, and for a coherent measure of risk p in the current setting
(i.e., finite 2), p = p4,. Artzer et al. (1999) provided a representation, also known as the
robust representation, of the coherent measure of risk p: p(X) = supgcg Eq[—X], where
@ is a family of probability measures on ). Note that €2 is assumed to be finite.

Delbaen (2002) extended the coherent measure of risk to the general space L° :=
L°(Q2, F,P), the space of equivalent classes of all measurable functions on the probability
space (£, F,P), with a general set of 2. Since {2 can contain infinite number of elements,
the random variables in L° are not anymore bounded. Thus, the coherent measure of risk p :
LY — RU{oo} could take infinite value. Delbaen pointed out that the probability measure
P added to the space (2, F) is necessary to consider the probability space LY, however,
it is not really important which particular P is added, since the robust representation of
the coherent measure of risk indicates that only the set of probability measures that are
equivalent to P matters.

A more general class of measures of risk is the convex measure of risk. The law invariant
measure of risk is a subclass of the convex measure of risk. In summary, there are three
classes of risk measures that are precisely studied so far: the coherent measure of risk, the

convex measures of risk, and the law invariant measure of risk.

The coherent measure of risk: As mentioned, this class of measures of risk was orig-
inally defined by Artzner et al. (1999) for finite market scenarios and was extended
Delbaen (2002) to the general state space. A coherent measure of risk satisfies ax-
ioms of translation invariance, monotonicity, subadditivity and positive homogeneity.
Artzner et al. (1999) proposed the robust representation using the expectations of
the random variables. Delbaen (2002) showed that for a general state space €2, the
robust representation of a coherent measure of risk exists under some condition. He
proposed the equivalent conditions including the Fatou property which was first time

defined for a measure of risk.

The convex measure of risk: It is a generalization of the coherent measure of risk in-
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dependently made by Follmer and Schied (2002) and Frittelli and Rosazza Gianin

(2002). For a convex measure of risk, subadditivity and positive homogeneity are
replaced by the convexity. For different probability spaces, the robust representation
as well as equivalent conditions for the existence of the robust representation were
proposed by Follmer and Schied (2002), Frittelli and Rosazza Gianin (2002), Follmer

and Schied (2004), Biagini and Frittelli (2009), Kaina and Riischendorf (2009).

The law invariant measure of risk: Kusuoka (2001) first studied those coherent mea-
sures of risk whose values depend on the random variables only through their prob-
ability distributions, and call them the “law invariant coherent risk measures”. He
further showed that the law invariance coherent risk measure p defined on the space
L := L>(Q, F,P), the equivalent classes of essentially bounded random variables,
can be represented by the Weighted Value-at-Risk, if p has the Fatou property. The
definition of the “law invariance” can be extended to the convex measure of risk,
which was done by Follmer and Schied (2004) and Frittelli and Rosazza Gianin
(2005). Later, Jouini, Schachermayer and Touzi (2006) proved that all law invariant

convex measures of risk on L*> already have the Fatou property.

In addition, as a particular subclass of the convex measure of risk, the Weighted Value-

at-Risk is of great interest to researchers.

The Weighted Value-at-Risk (WVaR): This is a subclass of the convex measure of
risk, it is coherent as well as law invariant. The WVaR includes the well-known
Conditional Value-at-Risk (CVaR). It first appeared in Kusuoka (2001) as the one
who represents the law invariant coherent measure of risk. Though Kusuoka did
not give a particular name to it, he showed that on the space L*>, the WVaR is a
law invariant and comonotonic coherent risk measure and it has the Fatou property.
Kusuoka also proposed a representation using the Choquet integral. Acerbi (2002)
named this class of risk measures the “spectral measure of risk”. Follmer and Schied
(2004) call it the “concave distortion” and provided the robust representation using

the second order stochastic dominance of a concave core. Cherny (2006) named this
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class of risk measures the “Weighted Value-at-Risk” and extended it into the space

LO.

An important point on the study of the convex measure of risk (including the coherent
measure of risk) is under what conditions the robust representation exists. If €2 is finite,
Artzner et al. (1999) showed that a measure of risk p is coherent if and only if there exists

a family Q of probability measures on €2 such that

p(X) = sup Eq[—X], for X € X. (1)
QeQ

The representation (1) links the coherent measure of risk to the expectations of the negative
financial positions, and the supremum in (1) shows the robustness of p in the sense that the
more probability measures are included in the representation set Q, the more conservative
is the risk measure. The representation (1) is called the “robust representation” of a
coherent measure of risk. When a general Q2 (i.e., {2 may contain infinitely many elements)
is considered, more conditions are needed for a coherent measure of risk to be representable.
Delbaen (2002) proposed these conditions. For the coherent measure of risk p : L™ — R,
he defined the “Fatou property”: for any sequence of random variables (X,,) C L* such
that (X,,) is uniformly bounded by some constant C, p has the Fatou property if p(X) <
liminf,, . p(X,) whenever X,, — X P-a.s. for some X € L. Delbaen showed that the
Fatou property is sufficient as well as necessary for the acceptance set A, of p to be weak™*
closed. Then, the robust representation (1) exists due to the bipolar theorem. Moreover,
Delbaen showed that the Fatou property is in fact equivalent to that p is continuous from
above. Since the representation (1) is continuous from above, p has the Fatou property is
equivalent to that p has the representation (1).

For the robust representation of a convex measure of risk p : L — R, both Féllmer and

Schied (2002) and Frittelli and Rosazza Gianin (2002) achieved the following representation:

p(X) = sup (Eq[-X] — p*(Q)), (2)
QeQ
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with p* a penalty function and Q the representation set which can be identified. However,
their approaches to show (2) are different: Follmer and Schied used the approach similar
to Delbaen (2002), while Frittelli and Rosazza Gianin (2002) used the Fenchel-Legendre
duality.

To extend the robust representation (2) to the convex measure of risk defined on the
functional space LP := LP(Q), F,P), 1 < p < oo, the functional space such that for any
X e P, [ |X[PdP < oo, Biagini and Frittelli (2009) modified Delbaen’s Fatou property:
for any sequence (X,,) C LP such that (X,,) is dominated by some random variable Y € L?,
a convex measure of risk p : L? — RU{oo} has the Fatou property if p(X) < liminf p(X,,)
whenever X,, — X P-a.s. for some X € LP. The difference of the two Fatou properties
is the boundedness of (X,,) required. In Delbaen’s definition, (X,,) is bounded by some
constant uniformly, while in Biagini and Frittelli’s definition, (X)) must be dominated by
some random variable. Under the modified Fatou property, Biagini and Frittelli provided
the robust representation of a convex and monotone functional defined on a locally convex
Frechet lattice. Later on, Kaina and Riischendorf (2009) specified Biagini and Frittelli’s
results onto the convex measure of risk p: LP — R U {oo}.

When measuring risk, we are usually more concerned with downside risk than the up-
side profit for the portfolio. In fact, many convex risk measures we consider such as the
Conditional Value-at-Risk (CVaR), the Weighted Value-at-Risk (WVaR), or non-convex
risk measure such as Value-at-Risk (VaR), depend only on the lower quantiles of the finan-
cial positions up to some fixed significant level A € (0,1). We call this class of convex risk
measures the “A-quantile dependent” convex risk measure and study it from the following

points:

The A-quantile Fatou property: The A\-quantile dependent convex risk measure is a
convex measure of risk p : LP — R U {oco} whose value depends on the random
variables only up to a given level A € (0,1). Since a A-quantile dependent convex
risk measure belongs to the class of the convex measures of risk, it is representable

under the Fatou property defined by Biagini and Frittelli (2009). However, since
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the risk measure depends on the random variable only up to the level A, it is more
natural to require the lower A-quantiles of the sequence (X,,) to be uniformly bounded
above by some constant. Therefore, we define the A-quantile Fatou property as the
following: For a sequence of random variables (X,,) C L? such that their A-quantiles
are uniformly bounded by some real numbers, a convex measure of risk p : LF —
RU{ o0} has the A\-quantile Fatou property if p(X) < liminf p(X,,) whenever X,, — X
P-a.s. for some X € LP. The boundedness condition we adopt in defining the -
quantile Fatou property yield the lower semicontinuity for the A-quantile dependent
risk measure and its robust representation (2). When the risk measure is restricted
to be A-quantile dependent, the corresponding A-quantile Fatou property turns out
to be stronger in the sense that the boundedness on the quantile function can be
more readily satisfied than the boundedness on the entire random variable, so the

continuity property works for a larger class of sequences of random variables.

The A-quantile law invariant risk measure: This is a subclass of the A-quantile de-
pendent convex risk measure. A A-quantile law invariant risk measure is a convex
measure of risk that depends only on the law of the random variables up to the
given significance level A\. We propose a representation theorem for this class of risk

measures.

The M-quantile dependent WVaR: As an important subclass of the A-quantile depen-
dent convex risk measure, we define the A\-quantile dependent Weighted Value-at-Risk
(A-quantile dependent WVaR), denoted as p, . We first define the A-quantile de-

pendent Weighted Value-at-Risk for some fixed A € (0, 1) as
pal0) = [ VR, Coud).  Xer. 1<ps,
[0,A]

with p a probability measure on [0, A\] and x({0}) = 0. p, , is coherent, law invariant
and A-quantile dependent. The A-quantile dependent WVaR is law invariant and

coherent. We prove the representation theorem for the A-quantile dependent WVaR
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by assuming that the probability space () is atomless. Similar to Carlier and Dana
(2003), two approaches to the proof are adopted. The first one is to use the uniform
preference of two probability distribution measures, also known as the second order
stochastic dominance, which we extend the definition to the A-quantile dependent
case and study its properties for representation. The second approach hinges upon the
relationship between comonotonic law invariant risk measures and Choquet integrals
discovered by Schmeidler (1986). Showing the representation for the risk measure
is reduced to finding the core of the Choquet integral. In the A\-quantile dependent

WVaR case, we establish that

ax () 0
pur(X) = /o (V(P(X <)) —1)dx —l—/ U(P(X < x))dz,

—0o0

where ¥ is a A-quantile dependent concave distortion. We verify that the above
Choquet integral is the maximum of the expectation of —X over the probability
measures in the core of ¥(P). As an example, we give the robust representation of
the Conditional Value-at-Risk C'VaR) using these two approaches and check that
the representation sets achieved from these different methods are indeed the same,
and they also coincide with the well-known result obtained from Neyman-Pearson
Lemma by Féllmer and Schied (2004). We also show the robust representation in
a new example which we call the uniform A-quantile dependent Weighted Value-at-

Risk.

This thesis is organized in the following way:

In Chapter 1, we review the definition of the convex measure of risk and the theorem
of the robust representation. As a subclass of the convex measure of risk, we also review
the law invariant measure of risk and its representation.

In Chapter 2, we define the class of A-quantile dependent convex risk measures. The
A-quantile Fatou property is defined to show the representation theorem.

In Chapter 3, we define the class of A\-quantile law invariant risk measure and propose

a representation similar to the law invariant measure of risk.
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In Chapter 4, we first define the class of A-quantile dependent WVaR. We then define

the A-quantile uniform preference of two probability distribution measures and study its
properties. The robust representation of the A-quantile dependent WVaR is proposed via
the A-quantile uniform preference and the core of the concave distortion respectively. As an
example, we give the robust representation of the Conditional Value-at-Risk CVaR, using
the above two approaches and check that this robust representation coincides to the well

known one. Finally, we give the robust representation of the uniform A-quantile dependent

WVaR.



CHAPTER 1: REVIEW OF CONVEX MEASURE OF RISK AND THE ROBUST
REPRESENTATION

Artzner et al. (1999) first defined the coherent measure of risk p for a finite set of
market scenarios both through adding axioms on p and through adding axioms on the
acceptance set of p. A more generalized class of risk measures is the convex measure of
risk. In this chapter, we review the axiomatic definition of the convex measure of risk and
the coherent measure of risk, the relation between the axioms and axioms on the acceptance
set, and the robust representation of the convex measure of risk and the coherent measure

of risk.
1.1 The convex measure of risk and its acceptance set

Let €2 be a fixed set of scenarios, finite or infinite. The discounted net worth of a
financial position at the end of trading period is modeled by a random variable X : 2 — R.

The collection of all discounted net worth of the financial positions is denoted by X.
Definition 1.1. (measure of risk) Let p: X — R U {oo} be a mapping.
1. p is a monetary measure of risk, if it satisfies the following axioms:

e Monotonicity: For any X, Y € & such that X <Y, p(X) > p(Y).

e Cash invariance: For any X € X and any m € R, p(X +m) = p(X) —m.
2. pis a convex measure of risk, if it is a monetary measure of risk and satisfies:

e Convexity: For any X, Y € X and any \ € [0, 1],
POX + (1= A)Y) < Ap(X) + (1= \)p(Y).

3. p is a coherent measure of risk, if it is a monetary measure of risk and satisfies:

e Positive Homogeneity: For a > 0, p(aX) = ap(X), for any X € X.
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e Subadditivity: For any X, Y € X, p(X +Y) < p(X) + p(Y).

Remark. We have the following remarks on Definition 1.1:

1. The definition of the convex measure of risk was proposed independently by Follmer
and Schied (2002) and Frittelli and Rosazza Gianin (2002), where p was assumed
to be real-valued. However, when a random variable X € X is not bounded, we
can not eliminate the possibility that p takes infinite value. For example, for A :=
LY, F,P) with (2, F,P) an atomless probability space, Delbaen (2002) showed
that there was no finite-valued coherent measure of risk since the functional space L°
is not locally convex. Thus, we require p is a mapping from X to the extended real

line R U {oo}.

2. Artzner et al. (1999) interpreted the axiom of subadditivity of the coherent measure
of risk as “a merger does not create extra risk”, which means that the risk of the

aggregate position is bounded by the sum of the individual risk limits.

3. For the convex measure of risk, the axiom of convexity can be explained in a similar
way: “diversification should not increase risks”. More precisely, the risk of a diversi-
fied position AX + (1 — A\)Y is not larger than the weighted sum of the positions X
and Y. This interpretation can be found in Follmer and Schied (2002) and Frittelli

and Rosazza Gianin (2002).

Remark. We make some remarks on the set X'. In the first paper on the coherent measure of
risk by Artzner et al. (1999), the set of market scenarios (2 was assumed to be finite. Thus,
all elements in X are naturally uniformly bounded.Delbaen (2002) considered a general set
) which contains finite or infinite number of scenarios. He argued that it was necessary
to consider a fixed probability space (2, F,P). He then chose X := LY := L°(Q, F,P),
the space of all equivalence classes of measurable functions on (2, F,P), and considered
the coherent measure of risk on L°. Delbaen (2002) pointed out that there was actually
no finite-valued coherent measure of risk p on L since the space L° is not locally convex.

Therefore, he defined the coherent measure of risk p as a mapping from L° to R U {oo}
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which satisfied axioms of the coherent measure of risk proposed by Artzner at al. (1999).
If we choose locally convex set such as X = L>(Q2, F, P), the space of equivalence classes
of essentially bounded random variables, or X = LP(Q), F,P), 1 < p < oo, the space of
equivalence classes of integrable random variables, it is much more convenient to define and
study the coherent measure of risk. When defining the convex measure of risk, Follmer and
Schied (2002) chose X = L* and considered p : X — R as a real-valued mapping. Frettelli
and Rosazza Gianin (2002) assumed the set X’ to be an ordered locally convex topological
vector space, where LP := LP(Q, F,P), 1 < p < oo, are included. Kaina and Riischendorf
(2009) studied the convex measure of risk defined on LP space with 1 < p < oo, i.e.,

p: LP(Q, F,P) = R U {oo}.

Definition 1.2. (acceptance set) The acceptance set A, of a monetary measure of risk

p: X - RU{oo} is defined as

A= {X €X: p(X) <0} (1.1)

Definition 1.2 means that a financial position is acceptable if no additional capital is
required to make the risk to be non-positive. Artzner et al. (1999) demonstrated that there
was certain correspondence between the axioms on the acceptance set and the axioms on
the coherent measure of risk. Similar correspondence exists for the convex measure of risk,
as Follmer and Schied (2004) showed. Before we give the summary of the relations between
the convex measure of risk and its acceptance set, we first recall that a monetary measure
of risk p: X — RU {00} is proper, if p(X) < oo for some X € X. For a proper monetary

measure of risk p with acceptance set A,, we have the following:

1. A, is non-empty.
2. A, is monotone: if X € A, and Y € A such that Y > X, then Y € A4,.
3. pis convex if and only if A, is convex.

4. p is coherent if and only if A, is a convex cone, i.e., A, is convex and A, is a cone.

Recall that a set S is a cone if s € S implies as € S for every o > 0.



12

5. p can be recovered from A,:

00 ifm+X¢A, VYmeR,
p(X) =
inf{m e R: m+ X € A,} otherwise.

Conversely, start from a non-empty set A C X such that A is convex and monotone, and

inf{m e R: m+ X € A} > —o0, for all X € X,

we can define a convex measure of risk

pa(X) :=inf{m e R: m+ X € A}, for X € X. (1.2)

In addition, we have:

1. If A is a cone, then py4 is a coherent measure of risk.

2. ACA,,.

3. A=A, , if forany X € Aand any Y € X, theset {A € [0,1] : AX +(1-N)Y € A}
is closed in [0, 1].

As examples of risk measures, we look at the Value-at-Risk, the Conditional Value-at-
Risk, and the Weighted Value-at-Risk. All these risk measures are quantile-dependent. The
Value-at-Risk at a fixed level A € [0, 1], denoted by VaRj, is the negative A\-quantile of the
random variables. In practice, VaR is widely used, but it is not a convex measure of risk,
i.e., it may penalize diversification. The Conditional Value-at-Risk at some fixed level A,
denoted by CVaR), and also known as the Average Value-at-Risk or the expected shortfall,
takes the average of the VaR up to the level A equally weighted. Unlike the Value-at-Risk,
the C'VaR is a coherent measure of risk. The Weighted Value-at-Risk WV aR averages the
VaR) over the interval (0, 1] with the weights given by a probability measure p on (0, 1].

We list these examples in Example 1.1.
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Let us first recall some quantile-related definitions. Given a probability space (2, F, P)

and a fixed number A € (0,1), a A\-quantile of a random variable X is any real number ¢
such that

P(X<q¢g >\ and P(X <q) <A\ (1.3)

We use gx(\) to denote a A-quantile of X. Note that gx(A) may be not unique. The
lower- and upper A\-quantile of the random variable X are denoted by gy (\) and ¢k ())

respectively, and they are defined by

¢x(A) :==sup{z: P(X <z) <A} =inf{z: P(X <z) <A}, 14)
gx(\) :=inf{z: P(X <z)> A} =sup{z: P(X <z) <A} |

Note that the A-quantiles as well as the upper- and lower A-quantiles are well defined (real-
valued) for all A € [0,1] if the random variable X is bounded. If X is not bounded, we

may use the notation ¢x(0) = g5 (0) := —occ and ¢x (1) = g% (1) := oco.

Example 1.1. (VaR, CVaR, and WVaR)
In the following examples, we suppose X = LP with 1 < p < oco. Moreover, we assume

A € [0,1] to be a fized number.

o The Value-at-Risk VaR,(X) of a financial position X has the following definition:

VaR\(X) = —q5(\) = ¢ (1 - A). (L5)

VaR\(X) controls the probability of a loss, but does not control the size of a loss if

it occurs. VaRx(X) is a monetary measure of risk, however, it is not convexz.

If X = L*, VaR\(X) is finite for all X € [0,1] and all X € L>°, where we define

VaRy(X) := —essinfX =inf{m e R: P(X +m < 0) =0},

VaR(X) := —esssupX = inf{m € R: P(X —m > 0) = 0}.

When X = LP, 1 < p < o0, VaRy(X) may be co and VaRy(X) may be —oo.
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In this case, the measure of risk VaR) can be defined as a mapping from LP to

RU{—00} U{c0}.
The Conditional Value-at-Risk at level X is defined as

1

CVaR,(X) = —i /0 VaR,(X)dy = — /0 ax (B)dt. (1.6)

CVaR,(X) averages the Value-at-Risk of X up to the level X with equal weights. It

s a coherent measure of risk.

Note that if X = L™, CVaRy is finite for all X € L* with CVaRy(X) := —essinfX

and CVaRy(X) := —esssupX.

For an unbounded X € LP, 1 < p < 00, CVaRy(X) will be co. However, CVaRy(X) =
) ax(t)dt = E[-X] < oc.

Let 1 be a probability measure on (0,1]. The Weighted Value-at-Risk of a financial

position X, denoted by p,(X), has the definition

pu(X) = o CVaR,(X)p(dy).

pu 18 a coherent measure of risk.

Note that the interval (0,1] is half-opened. Alternatively, we can assume p is a
probability measure on the closed interval [0,1] satisfying u({0}) = 0. If this were
not the case, it may occur co—oo in the integral for an unbounded X . We will discuss

more details on the Weighted Value-at-Risk in section 1.4.
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1.2 The robust representation of the convex measure of risk

In this section, (2, F,P) is a fixed probability space. For 1 < p < oo, the L? spaces

are Banach spaces whose norms are defined by

(f |X|pdp)"? for 1 < p < oo,
1X1p =
esssup(X) :=inf{x : P(|X| > 2z) =0} for p = oc.
The LP spaces are locally convex spaces. For 1 < p < oo, the dual space of (L7, ||-||,) is the
space (L%, - ||,) with ¢ some real number satisfying % + % = 1; If p = oo, the dual space

of (L%, - ||le) is the space ba := ba(£2, F,P), the space of all finitely additive measures
i which are absolutely continuous to P and whose total variation is finite. The space ba
contains not only probability measures, but also the finitely additive measures.

The weak* topology on L*, denoted as o(L*>, L'), is the coarsest topology on L>
to make every linear functional ¢ : L> — L' be continuous. Endowed with the weak*
topology, the dual space of (L*,o(L>®, L)) is L'. We refer the book of Dunford and
Schwartz (1964) for more details on the LP spaces and their dual spaces.

We define the following set of probability measures:
. dQ
Q, := ¢ Q probability measure on (2, F,P) : Q < P and P e L, (1.7)

where L7 is the dual space of L? for 1 < p < oo, and for p = oo, we use L? for convenience
to denote the space L', the dual space of (L>®,o(L>, L)).
For the discussion of the robust representation of the convex measure of risk, we first

recall the definition of a lower semicontinuous function.

Definition 1.3. A function f : E — [—00, 00| on a topological space E is lower semicon-

tinuous if the set {z € F: f(z) < a} is closed for all o € R.

We refer the book of Aliprantis and Border (2006) for more related topics on the lower
semicontinuity.

We also recall the following definition and theorem from Foéllmer and Schied (2004).
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Definition 1.4. (Fenchel-Legendre transform) Let E be a topological space and E’ be its
dual space. The Fechel-Legendre transform of a function f : E — R U {oo} is the function

f*: E' - RU{oo} defined by

f(0) == sup(£(x) — f(x)), (1.8)

zelR

For the following theorem, we recall that a function f : £ — R U {oco} is proper, if

there is some x € E such that f(x) < oc.

Theorem 1.2. Let f be a proper convex function on a locally convex topological space E.
If [ is lower semicontinuous with respect to the weak topology o(E,E"), then f = f**,

where f** is the Fenchel-Legendre transform of f*.

Remark. In Theorem 1.2, the topological space F is required to be locally convex. A
topological space E is locally convex if has a base of convex sets. By this definition, the
functional spaces LP, 1 < p < oo, are locally convex, but the space L is not locally convex

if the probability space (2, F,P) is atomless.

For a convex measure of risk p defined on the space L>°, Follmer and Schied (2002)

and Frittelli and Rosazza Gianin (2002) showed the following theorem:

Theorem 1.3. Suppose p : L>® — R is a convex measure of risk. Then the following

statements are equivalent:
1. p is lower semicontinuous with respect to the weak™* topology o(L>, L').

2. p admits the following robust representation:

p(X) = Sup (Eq[—X] - p"(Q)), for all X € L™, (1.9)

where p*(Q) := supyer(Eq[—X] — p(X)) is the Fenchel-Legendre transform of p.

3. p is continuous from above: If X,, \y X P-a.s., then p(X,) / p(X).
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4. p has the Fatou property: For any bounded sequence (X,,) which converges P-a.s. to

some X,

p(X) <liminf p(X,).

n—oo

For the convex measure of risk defined on LP, 1 < p < oo, Kaina and Riischendorf
showed the following theorem by using the extended Namioka-Klee theorem proven by

Biagina and Frettelli (2009):

Theorem 1.4. Suppose p : [P — RU{oc}, 1 < p < o0, is a proper convexr measure of

risk. Then the following statements are equivalent:
1. p is lower semicontinuous with respect to the weak topology o(LP, L9).

2. p has the following robust representation:

p(X) = sup (Eq[—X] — p*(Q)), forall X € LP, (1.10)
Qe

where p*(Q) := supyer(Eq[—X] — p(X)) is the Fenchel-Legendre transform of p.
3. p is continuous from above: If X,, \y X P-a.s., then p(X,) / p(X).
4. p has the Fatou property: For any sequence (X,,) such that for someY € LP,|X,| <Y
P-a.s., if X,, converges to X P-a.s. for some X € L?, then

p(X) < liminf p(X,).

n—oo

Remark.

1. The main difference of Theorem 1.3 and Theorem 1.4 is the definition of the Fa-
tou property. As already mentioned in the Introduction section, random variables
in L> are essentially bounded, so sequences (X,) C L uniformly bounded by a
constant are considered to define the Fatou property, as what Artzner et al.(1999)

did. However, random variables in LP are most likely not essential bounded when
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p # o0, to define the Fatou property, Biagini and Frittelli (2009) require the sequence
(X,) C L? to be dominated by some random variable. This dominance allows us to

use the Dominated Convergence Theorem when prove the Theorem.

. A similar version to Theorem 1.3 for the coherent measure of risk was shown by
Artzner et al. (1999). Since the coherent measure of risk is a subclass of the convex
measure of risk, Theorem 1.3 can be applied to the coherent measure of risk. In
particular, Foéllmer and Schied (2002) showed that if a coherent measure of risk
p: L® — R can be represented by (1.9), then either p*(Q) = 0 or p*(Q) = oo for
each Q € Q;. Therefore, there must be some set @ C Q; such that the coherent

measure of risk p can be represented as

p(X) = sup Eq[—X], for X € L™, (1.11)
QeQ

This representation coincides to the one proposed by Artzner et al. (1999). Moreover,
as shown by Kaina and Riischendorf (2009), these results remain true if the coherent

measure of risk is defined on the LP space.

. The equivalence of statement I and statement 2 in Theorem 1.3 and Theorem 1.4
is a direct consequence of Theorem 1.2, where p* is the Fenchel-Legendre transform
of p. This approach of the proof was first stated by Frittelli and Rosazza Gianin
(2002). When Féllmer and Schied (2002) proved Theorem 1.3, they used the Hahn-
Banach theorem. Follmer and Schied called the function p* the “penalty function”

and showed an alternative form of p*, namely

p*(Q> = amin(Q) ‘= sup EQ[_X]v for Q € Ql-
XeA,

Follmer and Schied (2002) demonstrated that if «(Q) is a penalty function, then it
must be true that a(Q) > aumin(Q) for all Q € Q;. This means that ami,(Q) is the

minimal penalty function of p.
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1.3 The law invariant risk measure and its robust representation

Throughout this section, we consider the real-valued monetary measure of risk p :
L — R defined on the space L. We further assume that the probability space (2, F, P)

is atomless in the sense of the following definition:

Definition 1.5. (atomless probability space) Let (2, F,P) be a probability space. An
atom of the probability measure P is some set A € F such that P(A) > 0 and for any
B € F and B C A, cither P(B) = 0 or P(B) = P(A). A probability space (2, F,P) is

atomless if it contains no atoms.

The study of the law invariant risk measure was mainly contributed by Kusuoka (2001),
where he defined the law invariant risk measure and proposed the robust representation
for the class of the law invariant coherent measure of risk. The following definition is due

to Kusuoka (2001).

Definition 1.6. (law invariant risk measure) A monetary measure of risk p : L — R is
law invariant, if p(X) = p(Y) whenever X and Y have the same probability distribution
under P.

Let p : L>® — R be a convex measure of risk which is law invariant. If p has the
Fatou property, then Theorem 1.3 ensures that p admits the robust representation (1.9).

In addition, the law invariance property insures the following representation:

Theorem 1.5. Let p : L™ — R be a convex measure of risk that has the Fatou property

formulated in Theorem 1.3. Then p is law invariant if and only if it can be represented as

o0 = s ([ oottt = (@) (112

QeQ1

where pq = %, and

7@ = s ([ ax(tacgl0t— p0))

Xel,

(1.13)

1
= Sup / dx (t>quOQ (t)dta
XeA, Jo
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where we recall the set Q1 = {Q probability measure on (Q, F,P) : Q < P, % e L'},

and A, is the acceptance set of p.

Theorem 1.5 can be found as Theorem 4.54 of Féllmer and Schied (2004), it generalizes
Lemma 10 of Kusuoka (2001) for the coherent measure of risk defined on L*. (1.12) and
(1.13) reflects the “law invariance” of p, namely, p depends on the random variable X and

the Radon Nikodym derivatives % only through their laws.

Remark. In Theorem 1.5, the Fatou property is a sufficient and necessary condition which
leads p to have the representation (1.12). For a law invariant convex measure of risk
p: L — R defined on L*, Jouini et al. (2006) showed that p has automatically the Fatou
property. Therefore, in Theorem 1.5 we can eliminate the condition that p has the Fatou

propertyp, and the conclusions remain true.

For a law invariant coherent risk measure defined on L*°, Kusuoka (2001) proposed

another representation by the Weighted Value-at-Risk p,, introduced in section 1.1:

pul(X) = /( | CVaR (X)u(a).

with p a probability measure on (0, 1]. Follmer and Schied (2004) generalized this repre-
sentation for the convex measure of risk p : L — R. The following theorem is quoted

from Theorem 4.57 of Féllmer and Schid (2004).

Theorem 1.6. A conver measure of risk p : L= — R is law invariant if and only if p has

the following representation:

AX)=  sup ( /(0’1]CV6LRW(X)M(d7)—ﬁmm(u)),

neM((0,1])

where M1((0,1]) indicates the set of all probability measures on (0,1], and

ﬁmin = Sup / CVCLRV(X)M(d’}/)
XeA, J(0,1]

In particular, p is law invariant and coherent if and only if there is some set of probability
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measures on (0,1], denoted by My((0,1]), such that

.U'EMO((OJ]) (071]

The proof of the theorem can be found in Kusuoka (2001) for the coherent case and
in Follmer and Schied (2004) for the convex case. Note that we do not need to assume p
has the Fatou property since it is implied by the law invariance of p. For the Weighted

Value-at-Risk p,,, we will take a closer look in the next section.

1.4 The Weighted Value-at-Risk and its representations

In this section, we assume that the probability space (2, F,P) is atomless.
The Weighted Value-at-Risk p, : L> — R is defined on the functional space L*> and
has the form of

pu(X) = CVaR,(X)u(dy), for X € L™, (1.14)
(0,1]

where (4 is a probability measure on [0, 1] and CVaR, is defined by (1.6): CVaR,(X) =
_le Jo ax(t)dt, for v € [0,1] and X € L. In particular, CVaRy(X) := —liminf X and
CVaR;(X) := —limsup X. The Weighted Value-at-Risk p,, is a coherent measure of risk.

Substituting CVaR,(X) into (1.14) and applying the Fubini’s Theorem, we yield

pu(X) = u({O)CVaRy(X) + /( H = [ axtodtutan

— ({0} CVaRy(X) - /

(0,7]

4x(t) /( L (vt

1] Y

Define

1
o(t) == / —u(dy), for 0 <t <1, (1.15)
17

then we obtain an alternative form for p,:

pulX) = u{ONCVaRe(X) - [ ax(tolt)ar (1.16)

(0,1]
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As pointed out by Follmer and Schied (2004), equation (1.15) defines a one-to-one corre-

spondence between the probability measures p on (0, 1] and the increasing concave func-

tions ¥ : [0, 1] — [0, 1], and the function W satisfies V' (t+) = ¢(t), ¥(0) = 0, ¥(0+) = u(0),
U(1) = 1.

(1.16) is a slightly modified version of Kusuoka (2001). In addition, F6llmer and Schied

(2004) showed the following equivalent form of p,,:

pu(X) = /0 (V(P(X >z)) — 1)dz + /OOO\I/(P(X > x))dx, for X € L. (1.17)

—00

The right hand side of (1.17) is called the Choquet integral. More precisely, we have the

following definition:

Definition 1.7. (Choquet integral) Let ¢ : F — [0, 1] be any set function which is normal-
ized and monotone. The Choquet integral of a bounded measurable function X on (€2, F)

with respect to c is defined as

/Xdc - /_(;(C(X > 1) — 1)dx + /OOO o(X > z)dz. (1.18)

Originally, the Choquet integral [, Xdc was first defined by Choquet (1954) for a
bounded, non-negative and F-measurable function X : 2 — R with respect to a not nec-
essarily additive set function ¢ : F — R. Schmeidler (1986) extended Choquet’s definition
by eliminating the non-negativeness of X. We call (1.17) the Choquet integral, though the
elements in L> are only P-almost surely bounded, due to Carlier and Dana (2003). The
function W o P appeared in (1.17) is called the concave distortion.

The robust representation of p is given by Corollary 4.74 of Follmer and Schied (2004),
by using the uniform preference of two probability measures (also known as the second order

stochastic dominance).

Definition 1.8. Let u, v be two probability measures. g is uniformly preferred over v,
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written as p = v, if for all utility functions wu,

/ud,u > /udz/.

Note that a utility function u is a function v : R — R which is strictly concave and strictly

increasing.

Féllmer and Schied (2004) showed that p, has the following robust representation:

pu(X) = sup Eq[—X], (1.19)
Qe

where

Q, = {Q €9,: Po (3—3)_ = Lo (qﬁ)_l}, (1.20)

uni

and £ denotes the Lebesgue measure. Note that the supremum in (1.19) can be attained

if and only if x({0}) = 0, and in this case, an “optimal” measure Qx has the density

dc?—PX : f(X) given by

U'(Fx(x)) if x is a continuous point of Fx,
fx) =
1 Fx (z)

Fx(z)—Fx (z—) FX(I_)\I/ (t)dt, otherwise.



CHAPTER 2: A-QUANTILE DEPENDENT CONVEX RISK MEASURE AND THE
ROBUST REPRESENTATION

In Chapter 1, as examples, we looked at risk measures including the Value-at-Risk and
the Conditional Value-at-Risk. Both risk measures depend on the quantiles of the proba-
bility distributions of the financial positions up to some pre determined level. This level,
also called the significance level and denoted by A, is some real number A between 0 and 1.
When the value of A is fixed, the probability distributions of the financial positions beyond
A are irrelevant to the value of VaR, and CVaR,. We call these kind of risk measures the
A-quantile dependent risk measures. In this chapter, we give the mathematical definition

of the A-quantile dependent convex risk measure and propose its robust representation.
2.1 The A-quantile dependent convex risk measure and the A-quantile Fatou property

We define the A-quantile dependent convex risk measure as the following:

Definition 2.1. (A-quantile dependent convex risk measure) Fix A € (0,1). A convex
measure of risk p : L — RU{oo}, 1 < p < o0, is A-quantile dependent if for any

X,Y € X,

Namely, the value of the risk measure p depends on the random variables only up to a

given significance level .

As discussed in Chapter 1, for a convex measure of risk on L”, the Fatou property is an
essential condition to make it representable. This is also true for the A-quantile dependent
convex measures of risk. However, in this case, we use the A-quantile Fatou property to

substitute the Fatou property while maintaining the representability of the risk measure.
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Definition 2.2. ( A-quantile Fatou property) Fix A € (0,1). A convex measure of risk
p: LP — RU{oo} has the A-quantile Fatou property if for any sequence (X,,) C L? such
that q;}n()\) < ¢y for some ¢y, € R and for all n € N, X,, — X P-a.s. for some X € L?

implies p(X) < liminf p(X,,).

Remark. We have the following remarks on the evolution of the Fatou property developed

over time for different spaces:

1. Let us recall the original Fatou property defined by Delbaen (2002) for a finite
coherent measure of risk p on the space L>: for any sequence (X,) C L* with
| X, < C for some constant C, X,, — X P — a.s. for some X € L* implies
p(X) < liminf, . p(X,). We also recall the Fatou property of a convex mea-
sure of risk defined on the space LP, 1 < p < o0, given by Biagini and Frettelli
(2009): for any sequence (X,) C L? such that for some Y € LP, |X,| <Y P-as,
X, — X P-as. for some X € LP implies p(X) < liminf, o p(X,). In Definition
2.2 where we introduce the A\-quantile Fatou property, the upper A\-quantiles of the
sequence (X,,) is uniformly bounded above by some constant which depends on the
level A. The boundedness in the A-quantile Fatou property is the weakest in the
sense that more sequences of random variables satisfy this condition, and therefore,
the continuity condition turns out to be the strongest. In conclusion, we have the
following implication: p has A-quantile Fatou property =-p has the Fatou property

of Biagini and Frittelli =p has the Fatou property of Delbaen.

2. The uniform boundedness of the upper quantiles q}n in Definition 2.2 is easier to
handle compared with finding a dominant random variable Y for the whole sequence
(X,). As in practice we are mostly concerned about the losses of the financial posi-

tions, a natural choice of ¢y = 0 is already included.
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2.2 The robust representation of the A-quantile dependent convex risk measure

Similar to Theorem 1.3 and Theorem 1.4, we can give the robust representation for
the A-quantile dependent convex risk measure. For the preparation of the proof, we recall

some theorems and Lemmas.

Theorem 2.1. (S.Mazur) The closure and weak closure of a convexr subset of a normed
space are the same. In particular, a convexr subset of a normed space is closed if and only

if it is weakly closed.

Besides, the following Lemma appeared as Exercise 2.84 of Megginson (1988). It states
an analogues result between the norm and weak topologies to the Krein-Smulian theorem

on weakly* closed convex sets. For completeness, we give the proof here.
Lemma 2.1. Let C be a convex subset of a normed space (X, || -||).

1. C is closed if and only if CN{x € X : ||z|| <t} is closed for all t > 0.

2. C is weakly closed if and only if CN{zx € X : ||z|| <t} is weakly closed for all t > 0.

PROOF. 1. If C is closed, then it is obvious that C N {x € X : ||z|| <t} is closed. Suppose
now for any ¢t > 0, CN{x € X : ||z|| <t} is closed. Let (¢,) be a sequence in C converging
to some ¢ in norm. Then for ¢ > 0 there is some N € N such that for every n > N,
lcnll < llcf| + €. Taking t = ||c|| + ¢, then (cp)nsn CCN{x € X : |lz]| <t} . Since the set
CNn{xre X :|z|]| <t}isclosed,ce CN{x e X : ||z| <t} and therefore c € C.

2. Since for any ¢ > 0 the closed ball {z € X : ||z|| < t} is convex, it is weakly closed
by Theorem 2.1. Therefore, if C is weakly closed, so is CN{z € X : ||z|| < t}. Con-
versely, suppose for any ¢t > 0, CN{x € X : ||z|| < t} is weakly closed, then since the
intersection of two convex sets is still convex, again by Theorem 2.1, CN{z € X : ||z| < ¢t}

is strongly (norm) closed. Thus C is strongly closed. Since C is convex, it is weakly closed. ©

The following two Lemmata, Lemma 2.2 and Lemma 2.3, are quoted from Follmer and
Schied (2004), where a short proof was given to Lemma 2.2 and a more precise proof was

proposed to Lemma 2.3.
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Lemma 2.2. Suppose that E is a locally convex space and that C is a convex subset of F.

Then C is weakly closed if and only if C is closed in the original topology of E.

Lemma 2.3. A convex subset C of L™ is weak™ closed if for every r > 0, the set

Cr=CnN{X el”: || X|w<r}

is closed in L'.

For the A-quantile dependent convex risk measure p considered below, we make the

following assumption:

Assumption 2.1. Let A € (0,1) be given. p: LP — RU {00}, 1 < p < o0, is a proper

A-quantile dependent convex measure of risk.

The following theorem states the robust representation of the A-quantile dependent
convex risk measure as well as the equivalent conditions. This theorem is comparable to

Theorem 1.3 and Theorem 1.4 for the convex measure of risk.
Theorem 2.2. Suppose Assumption 2.1 holds. The following statements are equivalent:

1. For 1 < p < o0, p is o(LP, LY)-lower semicontinuous, where o(LP,L?) indicates
the weak topology on LP; For p = oo, p is o(L>, L')-lower semicontinuous, where

o(L>®, L) indicates the weak* topology on L™.

2. For all X € LP, p(X) has the following representation:

p(X) = sup (Eq[-X] - p"(Q)), (2.1)
QeQyp

where p* is the Fenchel-Legendre transformation of p:

p"(Q) = sup (Eq[—X] — p(X)), (2.2)

XelLp
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and Q, is defined by (1.7) in Chapter 1:

Q, = {Q probability measure on (2, F,P) : Q < P and Z—g € Lq} ;

3. For all X € LP, p(X) has the following representation:

p(X) = sup (Eq[—Xl{xng)}] — gx(NQX > qx (V) — p*(Q)) : (2.3)
Qe9,

with

p (Q) = sup Eq[-X] = sup <]EQ[_X1{X§q§Q(/\)}] —x(N)Q(X > cJ}(A))), (2.4)
XeA, XeA,

where the acceptance set is defined as A, .= {X € L?|p(X) < 0}.

4. p is continuous from above: For any sequence (X,) in LP, X, \ X P-a.s. implies

p(Xn) 7 p(X).

5. p has the \-quantile Fatou property.

PROOF. We adapt the proof of Theorem 4.31 of Féllmer and Schied (2004) and of Theorem
3.1 of Kaina and Riischendorf (2009) for the proof of the theorem. First, we show that “
1=2=/=1".

“ 1=27: This is true due Theorem 1.2. Note that for 1 < p < oo, the dual space of
(LP, || - |l) is L with i + % = 1, and for p = oo, the dual space of (L, o(L>, L)) is
L'. Therefore, due to Theorem 1.2, we have p = p**, where p** is the Fenchel-Legendre
transform of p*, the Fenchel-Legendre transform of p defined by Definition 1.8. We need
to verify p* and p** of the form (2.2) and (2.1). First, consider the case of 1 < p < co. Let

¢ be the linear functional from LP to R. By Definition 1.8,
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and

p(X) = sup(€(X) — p*(£)).

teLa
The monotonicity and cash invariance of p (Definition 1.1) implies that ¢(X) < 0 for
X >0, and /(1) = —1 for all £ € L7 such that p*({) < co. More precisely, for X € L? and

X >0,nX > X. If p*(¢) < oo, then
{(nX) — p(nX) < p*(£) = nl(X) < p(nX) + p*(£) < p(X) + p"(0),
the last inequality is due to the monotonicity of p. Therefore,
1
(X) < (p(X) 4 p(0) 20, asn oo

which implies ¢(X) < 0 for all X > 0. In particular, due to the cash invariance of p, for

natural number n,

p(0) + p*(£) = n

Un)—p(n) < p"(€) & nb(1)=p(0)4n < p*(€) & £(1) < S 1,851 — oo,

and
U=n) — p(=n) < p*(€) & —nt(1) = p(0) — n < p*(0)
p(0) +p*(£) +n

s 0(1) > — — —1,as n — oc.
n

These imply ¢(1) = —1. Thus, given ¢ € L? with p*(¢) < oo, we can define a probability
measure Q, in the way that Q (A) := —((14) = — [, 4dP, for A € F. The Radon-
Nikodym derivative of Q; is given by ¥ = —¢. Therefore, for X € LP, /(X) = Eq,[-X],
and p*() = p*(Q) = supxerr(Eq[—X] — p(X)). If we define Q, as of (1.7), then p**(X) =
supqeo, (Eq[—X] — p*(Q)). Thus, we obtain statement 1 for 1 < p < oo. For the p = oo,
the argument is exactly same.

“2=47: Let (X,) C LP and X,, \, X P-a.s. for X € LP. We need to show p(X,,) 7 p(X),
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where p(X,,) and p(X) are given by statement 2. Due the Monotone Convergence Theorem,
p(X) = sup (Eq[-X] - p"(Q))
Qe

< sup (lim Eq[-X,] —p"(Q))

Qegp n—oo

< liminf sup (Eq[—X,] — p*(Q))

n—oo Qer

= liminf p(X,,).

n—oo

On the other hand, by the monotonicity of p, p(X,) < p(X), for all n, implies that
limsup,,_,.. p(X,) < p(X). Thus, we obtain lim sup,,_, .. p(X,,) < p(X) < liminf, . p(X,),
which implies p(X,,) N\ p(X).

“ 4=1 "7: Recall Definition 1.3, that p is lower semicontinuous is equivalent to that the
set C := {p < ¢} is weakly closed for 1 < p < oo or weak™ closed for p = oo, for all ¢ € R.
We first look at the case of 1 <p < oo. Let C, :=CN{X € L?: || X|, < r} with r > 0.
From Lemma 2.1, we need to show that C, is weakly closed. Let (X,,) be a sequence in C,
such that X,, — X in LP, then there is a subsequence (X, ) such that X,, — X P-as.

Define Y,, := sup,, », Xn;, then ¥;, \, X, and from /, p(Y,) /' p(X). Thus,

p(X) = lim p(Y,) <liminf p(X,) < ¢,

n—oo n—oo

which implies that X € C. Moreover, X,, — X in L? implies that ||X ||, < r. Thus, we
achieve X € C,, which means the set C, is norm (strongly) closed. Due to Lemma 2.2, C,
is weakly closed.

For the case of p = 0o, the proof is very similar to the case of 1 < p < oo except that in
the last step, instead of using Lemma 2.2, we need the Lemma 2.3.

We now show the equivalence of 2, 3, and 5.
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“ 2 &3 7: this is due to the A-quantile dependence of p. More precisely, we have
p(X) = sup (Eq[-X] - p*(Q))
Qe9,

< s (Bal=X1xeyg) — sVQEX > k() = '(Q)

=p (X Lixsapon + ﬂ“)l{bq}“)})

= p(X).

Note that p*(Q) given by equation (2.2) in 2 is also known as the penalty function of the

representation (2.1). Follmer and Schied (2002) showed that

p"(Q) = sup Eq[—X],
XeA,

where A, := {X € L”|p(X) < 0} is the acceptance set of p. (2.4) follows from the fact
that X € A, is equivalent to X1y vy + q}(/\)l{XM;(A)} €A,
We show the equivalence of statement 2 and statement 5.

“2=5"7: Let (X,) € L” be a sequence satisfying q}n()\) < ¢, for some ¢, € R and for
all n € N and X,, — X P-as. for some X € LP. The goal is to show that p(X) <
liminf(X,,). Define Y, := X, 1{x,<c,} + O\ l{x,>e3 and Y = X1rx<3 + cal{xse,}- Then
Y, — Y P-as. Since p is Ad-quantile dependent, p(Y,) = p(X,,) and p(Y) = p(X). Define
Zn(w) 1= supys, Yi(w) for all w € Q, then Z, \ limsupY, =Y. Thus, by statement 3,
p(Y) = lim, o p(Z,). Since Z,(w) > Y, (w) for all w € Q, the monotonicity of p implies
that p(Z,) < p(Y,). Therefore, p(Y') < liminf p(Y,). By the A-quantile dependence of p,
we obtain p(X) < liminf p(X,,).

“5=2"7: Suppose p has the A\-quantile Fatou property. We first show that p is o(LP, L?)-
lower semicontinuous for 1 < p < oo. This is equivalent to show that the convex subset
C = {p < ¢} C L? is weakly closed for any fixed constant ¢. By Lemma 2.1 in the
Appendix, an analogous result to the Krein-Smulian Lemma, this is true if and only if
C,=CN{X € LP: || X]||, <r} is weakly closed for all » > 0. Since the space (L?, || - |,),

1 < p < o0, is locally convex, that C, is weakly closed is equivalent to that C, is strongly
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closed. In the following, we will show that C, is strongly closed in L” with respect to the
norm topology. Let (X,,) be a sequence in C, converging to X in LP-norm. Then there is
a subsequence (X,,) converging to X P-a.s. If we can show that (q}nk (A)) is uniformly
bounded above, then statement 4 implies p(X) < liminf p(X,, ) < ¢. Therefore, X € C,,
i.e., C, is strongly closed.

To complete the proof, it remains to show that (q}nk (A)) is uniformly bounded from above.
If this is not true, then for any m € N, there exists a Y, € (X,,,) such that ¢ (X) > m.

Thus
Yl = | v + [ Y, PP
{Ym<df, (N} {Yin>qf (N}
>mPP(Yy, > qf (A) >mP(1—X) = oo, as m — 00.
This is a contradiction to the fact that Y,, € C,. For the case p = oo, apply Lemma 2.3

instead of Lemma 2.1, the remaining part of the proof is similar to the case 1 < p < c0. ©

Under certain continuity conditions or when the convex risk measure is finitely valued,
the supremum in representation (2.1) can be attained, see Biagini and Frettelli (2009) and
Kaina and Riischendorf (2009). In this case, we can further narrow the representation set

in (2.3) so that the probability measures concentrate on relevant sets.

Corollary 2.3. Suppose p: L — RU{oo}, 1 < p < oo, satisfies Assumption 2.1 and can

be represented by

p(X) = ggg(Eq[—X] - p"(Q)), (2.5)

where p* is defined in equation (2.2) and Q C Q,. Then for each X € LP, there is a
corresponding set Q)~ == {Q € Q : Q(X > ¢} ()\)) = 0} such that

p(X) = max (Eq[-X]-p"(Q)) = max (Eq[-Xlixcrnyl—r"(Q) (2.6)

Qe Ne Qe Ne

PROOF. For each X € LP, there exists a Qx € Q such that

p(X) = Eqx[-X] = p"(Qx).
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Define

Xq = Xl{XSq;(A)} + q}()\)l{x>q)+((/\)}, (2.7)

then qu{Xéq}q()\)} = Xlix<gtnyy P-as. and Xy < X P-as. By the A-quantile depen-

dence of p,

This implies

p(Xg) = Eqy[=X] — 0"(Qx) = Eqy [ X — n"(Qx).

Thus, Eqy [(X — ¢x (M) {x>qt (3] = 0, which implies Qx (X > gx())) = 0. Since Qx €
2 ne.

p(X) =Eqy[-X]-p"(Qx) = max (Eq[-X]-p"(Q)) = max (Eq[-X1xc,rnyl—r"(Q))
Qey ™ NQ QeQy " NQ

On the other hand, Q?;X (1 Q C Q, representation (2.5) implies

P2 max (Eql-X] = p'(Q) = max (Eal-Xlixeg] ~ 0 (@)



CHAPTER 3: A-QUANTILE LAW INVARIANT CONVEX RISK MEASURE

As mentioned in Chapter 2, the conditional value of risk C'VaR,) for a given significance
level \ is a A-quantile dependent convex risk measure. In fact, it is A-quantile law invariant
in the sense that if two financial positions X and Y have the same probability distributions
up to the level A, then CVaR,\(X) = —5 fo/\ ax (t)dt = —+ fo)\ qy (t)dt = CVaR\(Y). In this
section, we give the formal definition of the A\-quantile law invariant convex risk measure

and study the robust representation.

Definition 3.1. (A-quantile law invariant convex risk measure) Fix A € (0,1). A convex
measure of risk p : L — RU{o0}, 1 < p < o0, is A-quantile law invariant, if for any

XY € X,
Xlixcgtny and Yl o4y have the same law implies p(X) = p(Y).

Namely, the value of the risk measure p depends on the probability distribution of the

random variables only up to a given significance level .

Throughout this section, we assume p : LP — R U {oo} satisfies Assumption 2.1, i.e.,
p is a proper convex measure of risk. In addition, we fix A € (0,1) and use the notation
X 2Y to denote that the random variables X and Y have the same probability distribution
up to their A-quantiles. And also, we use X ~ Y to denote that X and Y have the same

probability distribution.

Lemma 3.1. Suppose the probability space (2, F,P) is atomless. Let Q be a probability

measure that is absolutely continuous with respect to P. Define ¢ := Z—g. If X € LP and
w € L4, then
B A 1
sup Bol-X] = | ax(tla-o(tdt + 4(N) [ ault)dr (3.)
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The proof of Lemma 3.1 involves various results related to the quantile function gx ()

of a random variable X. These results are summarized in Lemma 3.2 through Lemma 3.4.

Lemma 3.2. Let X be a random variable with a continuous cumulative distribution func-
tion Fx and quantile function qx. Define U := Fx(X). Then U is uniformly distributed

on (0,1), and X = qx(U) P-almost surely.

Lemma 3.2 is quoted from Lemma A.21 of Follmer and Schied. A proof the lemma is
also provided there.

The next lemma and its proof can be found in Lemma A.24 of Féllmer and Schied
(2004). This Lemma provides a version of the “ Hardy-Littlewood inequalities ”. The
original version of the Hardy-Littlewood inequalities can be found in Hardy, Littlewood,

and Polya (1952).

Lemma 3.3. Let X and Y be two random variables on (Q, F,P) with quantile functions

qx and qy. Then

/0 ax (1 $)ay(s)ds < E[XY] < /0 () (5)ds, (3.2)

provided that all integrals are well defined. If X = f(Y) and the lower (upper) bound is
finite, then the lower (upper) bound is attained if and only if f can be chosen as a decreasing

(increasing) function.

The following lemma generalizes Lemma 4.55 of Follmer and Schied (2004) from L

space to LP space.

Lemma 3.4. Suppose the probability space (Q, F,P) is atomless. For random variables

X eLPandY € L% where p,q € [1,00] satisfying , +; =1,

sup E[XY] = /01 qx (t)gy (t)dt.

X~X

ProOOF. The idea of the proof is very similar to that of Lemma 4.55 of Follmer and

Schied (2004). First, the Hardy-Littlewood inequalities (3.2) ensures that E[XY] <
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fol g5 (t)gy (t)dt = fol qx (t)gy (t)dt for all X ~ X. Thus, sups,_y E[XY] < fol qx (t)qy (t)dt.
In general, to show supg,_y E[XY] > fol qx (t)qy (t)dt, we first assume Y has continuous
distribution. Define U := Fy(Y'), where Fy(-) is the cumulative distribution function of
random variable Y, then by Lemma 3.2, Y = ¢y (U) P-a.s. Define X = gx(U), then
X ~ X. Therefore, for such defined X,

So indeed we find some X that has the same law as X and attains f01 qx (t)gy (t)dt.

In the case that Y does not have continuous probability distribution, we define for n > 1

1 1
Yo=Y 4 —Zlyeg @) = 21y <ov (@)

where Z € L9 is a nonnegative random variable having continuous probability distribution
(such Z exists due to the atomlessness of the probability space), and the real number
a € [0,1] is chosen such that ¢x(t) < 0 for all ¢ < a and gx(¢t) > 0 for t > a. Then Y,
has continuous probability distribution. For the quantile function gy, (), we have gy, (t) <

qy (1), for t < a, and gy, (t) > gy (t), for t > a. We have

qx (t)an (t)dt

/0 QX(t)QYn(t)dtZ/anx(t)q;fn(t)dt—i—

T —

> [ axttar )it +

1
= / qx (t)qy (t)dt.
0
Thus, by applying the Lemma for a continuously distributed random variable,

/0 qx (t)qy (t)dt §/0 qx(t)dtgy, (t)dt = sup E[XY,].

X~X

If we can show that

sup E[XY,| — sup E[XY] asn — oo,
X~X XX
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then we can conclude

/01 qx (t)gy (t)dt < sup IET[X'Y]

and finish the proof. For any e > 0, there exist X. ~ X such that E[X.Y;] > sup¢._[XY,]—

€. Then for arbitrary e,

sup E[XY,] — sup E[XY] < E[X.Y,] +¢ - E[X.Y] =E[X.(Y,, - Y)] +¢
X~X X~ X

_ 92
< XellpllYo = Ylg + 6 < SIXellpl1 Zllg +& — e, asn = 0.

Thus, we get limsup,, .. supg._y E[XY,] < supg_, E[XY]. Similar argument leads to
the opposite inequality liminf, s supg_y E[XY,] > supg.y E[XY], hence, the equality
holds. o

Based on Lemma 3.2 through Lemma 3.4, we are ready to show Lemma 3.1:

Proor or LEMMA 3.1. By Lemma 3.4,

sup Eq[—X] = sup (sup Eq[-X])
XAX XAx X~X
= sup (sup E[-X¢])

X,z‘JX XX

— sup / 45 (Dgp(t)dt

XAX

= s ([ axtaorie+ [ axtoa o)

XAX

A 1
/O ax (1) gy (1) dt + g% (V) /A q_,(t)dt.

IN

The last inequality is true since ¢_,(t) < 0 for t € [0,1] and X A X implies qz(t) > gk (\)

for all ¢ € (X, 1]. The reverse inequality is true since

e

Y

Xg = Xixegron + M pes g o
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and therefore,

/OA gx (1)q-o(t)dt + qx (N) /A 1 q_,(t)dt < sup ( /OA a5 (O ()dt + /A 1 qX(t)q_¢(t)dt)_

XAX

Hence, equation (3.1) is obtained. o

In the following theorem we state a representation of a A-quantile law invariant convex
risk measure. It is a A\-quantile version of Theorem 1.5 for the law invariant convex risk

measure.

Theorem 3.1. Suppose the probability space (2, F,P) is atomless. Let p: LF — RU{co}
be a proper conver measure of risk (i.e., satisfy Assumption 2.1) that is A-quantile law
mwvariant. p has the \-quantile Fatou property if and only if p has the following represen-

tation:

A 1
p(X) = sup ( / (0o 00t + 0 | Q-@(t)dt—p*(Q)), (3.3)

Qe9,

where @ := % for Q € Q, and

@ = s ([Caxta s e i) [Cosoe-p0) @)

XelLp

Proor. By Theorem 2.2 and Lemma 3.1,

p"(Q) = sup (Eq[-X] — p(X))

XeLp

= ;ggp(?lip (EQ[—X] —p(X)))

= sup (sup Eq[—X] — p(X))
XeLp $Ax

= ([ axu 0@+ iz [ a0 ox0).

XeLp

For X € L?, let X, be defined as Xy := X1y vy + q}()\)l{XM;(/\)}. Obviously,
X, A X. Since p is A-quantile law invariant, p(X) = p(X,). For Q, Q € Q,, we use

the notation Q ~ Q to denote that the the Radon-Nikodym derivatives pq and pq have
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same probability distribution. Notice that p* depends on Q only through the probability

distribution of its Radon-Nikodym derivative pq, so p*(Q) = p*(Q) if Pq ~ Pq- Again,
by Theorem 2.2 and Lemma 3.4,
p(X) = p(Xy) = Sup (Eq[—X,] - p*(Q))

= sup ( sup (E[Xq(—SOQ)] - P*(Q)»

QeQp vu~vaQ

= sup ( sup E[Xq(—QOQ)] -p"(Q))

QEQp va~vQ

= o ([ axu a4 030 [ ottt - @),

Qe9,

Hence, if we denote pq by ¢ for simplicity, then

p(X) = sup (/0A qx(t)Q—w(t)dtJrq}(A)/Alqw(t)dt—p*(Q))-

Qec9,

Remark. Theorem 1.5 proposes a representation of the law invariant convex risk measure
p: L>® — R. Due to Lemma 3.4, theorem 1.5 can be extended to the law invariant convex
risk measure p : LP — RU{oo} with 1 < p < oo, provided that p is proper. More precisely,

we have the following proposition:

Proposition 3.2. Let p: L — RU {0}, 1 < p < o0, satisfy Assumption 2.1 and have
the Fatou property formulated in Theorem 1.4. Then p is law tnvariant if and only if it

can be represented as

p(X) = sup ( /0 1 qX(t)qm@)dt—p*(Q)),

QeQ1

_ dQ

where pq = 35, and

@ = s ([ axOusaltrtt—p00)) = s [ ax(tasgloit,

XeLy XeA,
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where Q, = {Q probability measure on (2, F,P): Q < P, % € L7 with i - é =1}, and

A, is the acceptance set of p.



CHAPTER 4: ROBUST REPRESENTATION OF A\-QUANTILE DEPENDENT
WEIGHTED VALUE-AT-RISK p,, »

In Chapter 1, we introduced the Weighted Value-at-Risk p,(X) := f(O,l] CVaR,(X)p(dy)
with p a probability measure on (0, 1]. In this chapter, we study the A-quantile dependent
Weighted Value-at-Risk defined on LP space, 1 < p < oco. Throughout this chapter, the

probability space (€2, F,P) is assumed to be atomless.

Definition 4.1. The A-quantile dependent Weighted Value-at-Risk is a mapping p, :

LP — RU{o0}, 1 < p < o0, defined as

pur(X) = /[ | CVaR,(Opu(an). (4.1)

where A € (0,1) is fixed, p is a probability measure on [0, A] satisfying n({0}) = 0, and

CVaR,(X) = —2 [ ax(t)dt is the Conditional Value-at-Risk at level .

Under the assumption of p({0}) = 0 in Definition 4.1, we can alternatively define
pur(X) = f(o N CVaR,(X)u(dy). Note that p,  is a coherent measure of risk. Applying

the Fubini’s theorem, we easily obtain an equivalent form of p, :

Pua(X) = — / 0 ()o(t)dr, (4.2)

where ¢(t) = f(t N Lu(ds) for t € (0,A]. Hence, the measure of risk p, is A-quantile law

invariant.
Remark.
e Take A as 1 and p as a probability measure on [0, 1], then (4.1) defines the Weighted

Value-at-Risk p, = f[o 1 CVaR,(X)u(dy). For a given A € (0,1), the Weighted

Value-at-Risk p,, is A-quantile dependent if and only if x([0, A]) = 1.
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e Acerbi (2002) defined the Spectral Measure of Risk M(X) = — fol qx (t)o(t)dt, where
o(t) := ftl w(dry) and p is some measure on [0, 1] (not necessarily a probability mea-
sure). He showed that M 4 is a coherent measure of risk, if 6 satisfies the admissibility
conditions: ¢ is positive, decreasing and ||¢|| = fol |6(p)|dp = 1. Acerbi interpreted
the function ¢ as the “risk spectrum”. For given \ € (0,1), take é(t) = %1{0§t§)\}7
then CVaR,(X) = My (X). In this case, the function () is the density of a uniform
distribution on [0, A], gg assigns equal weights to every possible outcome under the
threshold A, so CVaR represents the average of A100% worst losses of a financial

position.

e The A-quantile dependent coherent risk measure p, \ defined by either (4.1) or (4.2)
can be interpreted in a similar way. In (4.2), the function ¢(t) assigns weights to the
Value-at-Risk —¢x(t) for 0 < ¢t < A, a reason associated to the name of p, »: the
A-quantile dependent Weighted Value-at-Risk. In Subsection 4.3.2, we will see a new
example when the probability measure p in (4.1) is uniformly distributed on [0, A].
pu,x averages the Conditional Value-at-Risk with equal weights up to the level A and

the “risk spectrum” in (4.2) turns out to be a natural logarithmic function.

4.1 The relationship between the A-quantile uniform preference and the core of A\-quantile

dependent concave distortion

In this section, we extend the definitions of uniform preference and core of a concave
distortion to the A-quantile case. We confirm the relationship between the two discovered
by Carlier and Dana (2003) holds in the A-quantile case. This prepares for the robust

representation of the A-quantile dependent Weighted Value-at-Risk p,, » in the next section.
4.1.1 A-quantile uniform preference of two probability distribution measures

In this subsection, p denotes a probability distribution measure on (€2, F;) and v
denotes a probability distribution measure on (€, F3). We first define the “A-quantile

uniform preference” of two probability distribution measures. Recall that a quantile func-
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tion of distribution measure v is denoted by ¢, (-) and satisfies
v(—00,q, () 2t and  v((~o0, (1)) <t (4.3)

Similarly, ¢,(-) is a quantile function of distribution measure . We do not restrict the

definition to be on the upper quantile function.

Definition 4.2. (\-quantile uniform preference) Fix A € (0,1). The probability distribu-

tion measure p is A-quantile uniformly preferred over v, denoted by u = v, if
uni(\)

t t
/ qu(s)ds > / qy(s)ds, forall 0<t<A.
0 0

Remark. For two random variables X and Y defined on two probability spaces (21, F1, Py)
and (09, Fo, Py), we can similarly define the A-quantile uniform preference of the random
variables X and Y in the sense of the A\-quantile uniform preference of their respective

probability distribution measures vx and vy:

t t
X = Y<=vy = vy / Gy (8)ds > / Quy (s)ds, forall 0<t <A
A) 0 0

uni(\) uni(

The uniform preference of two probability distribution measures (Definition 1.8) is also
known as the second order stochastic dominance. Definition 4.2 can be viewed as the
A-quantile dependent version of the second order stochastic dominance. The following the-
orem gives the equivalent conditions of the A-quantile uniform preference of two probability
distribution measures p and v.

Let us recall that a utility function u : R — R is a strictly concave, strictly increasing

and continuous function. We define a v-A-quantile utility function u, , : R = R as

Uy A (1) = w(@) 1 fz<g, 00y + (G (A) Lasg, (001 (4.4)
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with u a real-valued utility function on R.

Theorem 4.1.

a. = v if and only if for all decreasing functions h : (0,\] — RT, the following is
uni(A)

true:
A A
/ h(t)q,(t)dt > / h(t)q,(t)dt,
0 0
where q, and g, are quantile functions of p and v.

b. The following equivalent conditions implies p = v:
uni(A)

1. For all v-A-quantile utility function w, ) : R = R, the following is true:

/R (@) pu(der) > / i (2)(d2).

R

2. For all increasing, concave and continuous functions f on R such that f(x) =

f(q(N)) for all x > q,(N),

/R f(@)u(de) > / F(e)w(dz).

/R(c —x) u(dr) < /(c —z)tv(dr), forall ¢ < q,(N).

R
4. Let F,, and F, denote the distribution functions of i and v, then

/C F,(z)dx < /C F,(z)dz, forall ¢ < q,(N).

—0o0 — 00

c. [ = )y implies the following equivalent conditions:
uni(A

1. For all p-A-quantile utility function v, : R — R, the following is true:

[ wr@ntdo) > [ waleian).

R
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2. For all increasing, concave and continuous functions f on R such that f(x) =

f(gu(N)) for all x > q,(N),

/R F(@)u(dz) > / f(@)u(da

/R(c —x) u(dr) < /R(c —x)Tv(dr), for all ¢ < q,(N).

4. Let F,, and F, denote the distribution functions of p and v, then
/ F,(z)dx §/ F,(z)dz, for all ¢ < qu(N).

PROOF.

“a’: Take h = 194, 0 <t < A, then the “if” part is obviously true. For the proof of the
“only if” part, since h is decreasing, without loss of generality, we may assume that h is
left-continuous. Then a Radon measure 1 on [0, A] can be defined by h(t) —h(X) = n([t, A]).

By Fubini’s theorem,

A
h(\)g, —i—// n(ds)q,(t)
0o JitA
/ /qu )dtn(ds)
(0,7

by
h(\)q, dt—l—/ /qy Ydtn(ds)
0. Jo

“b”: “1<27: That the statement 2 implies the statement 1 is obvious. To show “ 1=2",
let ug be a utility function such that [, uedp and [, uedy are finite. Define u(x) :=
o (%)L {z<q, (01 +%0(qw (A)) L{z>q, (0} Then wis a v-A-quantile utility function. For a € (0,1)
define

ta() = af(z) + (1 = ajulz),
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where f is an increasing concave and continuous function with f(z) = ug(q,(\)) for z >

¢, (). Then, we have

(@) = af(z) +ug(x) for x < q,(N),

uo(qu(N)) for z > q,(\).

For z < q,()\), us(z) is strictly increase, strictly concave and continuous. Thus, u, is a

v-A-quantile utility function. Statement 1 implies

/Rua(x)u(dx) > /Rua(;v)u(d:c).

Substituting u, into this inequality and letting o goes to 1, yields

[ utan) = tim [ watomtan) 2 i [ watowian = [ s

R

“2<3": Since the function —(c¢ — )™ satisfies the conditions in statement 2, statement
2 implies statement 3. To show “3=2", let f be an increasing concave and continuous
function on R satisfying f(x) = f(q.(\)) for all x > ¢,(A\). Define h(z) = —(f(x) —
f(q,(N))), = € R, then h is decreasing, convex and continuous s.t. h(z) = 0 for z >
f(q,(N\)). Take h'(x) = h/(z+), then A’ is increasing and right-continous. For any real
number a and b with a < b, define the Radon measure v((a,b]) = h'(b) — h'(a). Then

h(x) = h(b) — / h' (u)du
~ h(b) - / B (b)du + / (W(b) — ' (w))du

— h(b) - / 1 (b)du + / b /w]y(dz)du

= h(b) — K'(b)(b— ) + /(_ b](z — x) y(dz), r <b.
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For b < ¢, () and b — ¢, (N),
h(x)pu(dx) = h(b —o00,b|) — 1 (b b— )" p(de 2 — )" p(dr)y(dz
[ () = neue,t) ~ ) [o—0uan s [ [ udaniae)
= bl O)A(=00,a,0) ~ W @) [ @) —0'un+ [ [t
< Ha (e, a ) ~ K@) [@0) —avidn)+ [ e ayuidaiaz)

_ /(_MV(A)) h(z)w(dz) = /R h(z)v(dz).

The last equality is valid since h(z) = 0 for all > ¢, (). Since the inequality is true for

all b < ¢, (\), it is true in limit, and we have

/<—oo,qy<x>>h(x)“(d”’”) = /Rh(fc)u(d:v) < / h(z)v(dz).

R

Substituting h(x) = —(f(z) — f(g,(N\))) into the inequality yields

[ s@utdo) = [ sl

“3<4”: From the Fubini’s theorem:

/_ Oo Fu(2)dz = /_ OO /(_W] p(dx)dz = /_ OO / Cdzu(d:c)

= /(_w7c](c — 2)u(dz) = /(c — )" p(dz),

R

for all ¢ € (—o0, ¢, (A)]. Similarly, [ F,(z)dz = [p(c—x)Tv(dz), for all ¢ € (—00, ¢,(N)].
This proves the equivalence.

“4=-a”: This equivalence is based on the duality relationship between the integral of the
cumulative distribution function and the integral of the quantile function. First, recall

Lemma A.22 from Follmer and Schied (2004): For a random variable X with distribution
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function Fx and quantile function ¢x such that E[|X|] < oo,

sup (ct— / C FX(:p)dx) - /O th(s)ds, for te0,1]. (4.5)

ceR 0o

Moreover, the supremum is attained by ¢ = qx(t). If

/C Fu(a;)dxé/c Fy(z)dz, Ve € (—00,q,(N)],

—0o0 — 00

then for each fixed number ¢ we have

ct—/ F,(x)dz > ct—/ F,(z)dz,

—00 —00

and thus,

sup (ct—/ Fu(x)dx) > sup (ct—/ F,,(x)dx).
c€(—00,qw ()] —00 c€(—00,qw ()] —0o0

If ¢,(A\) < qu(N), then by (4.5), for all ¢ € [0, Al

t c c
/ qu(s)ds = sup (ct — / Fu(x)d:v> = sup (ct — / Fu(x)d:v>
0 c€(—00,qu(M)] —00 c€(—00,q0 ()] —o0

[ t
> sup (ct—/ Fy(:p)dx) :/ qy(s)ds.
c€(—00,qu (N)] —00 0

Therefore, [} q.(s)ds > [} ¢,(s)ds for all t € [0, \].

If ¢, (A\) > q,(N), then the same conclusion can be obtained since

t c c
/qu(s)ds: sup (ct—/ Fu(x)dx) > sup <ct—/ F#(x)dx)
0 CE(_OO"IH(A)] -0 CE(_Ooqu(A)} —
c t
> sup (ct—/ Fl,(m)da:> :/ gy (s)ds.
c€(—00,qu (N)] —00 0

c”: The equivalence “1 < 2 < 3 < 4”7 can be proved similarly as in b. To show “a=-4",
let us recall Theorem 1.2: Let f be a proper convex function on a locally convex space

E. If f is lower semicontinuous with respect to the weak topology o(F, E'), then f = f**
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where f* denotes the Fenchel-Legendre transform of f.
The function 1(c) := f Fx(x)dx is obviously lower semicontinuous on R. From the
Lemma A.22 of Féllmer and Schied (2004) and Theorem 1.2, [ Fx(z)dz = ¢**(c) =
SUP;eo,1] < fo qx(s ds) for all ¢ € R and the supremum is obtained when ¢ = gx/(t).

Thus, if fo qu(s)ds > fo q,(s)ds for all 0 < ¢ < A, then the following is true for fixed value

¢ t
sup (ct—/ qu(s)ds) < sup (ct—/ ql,(s)ds>.
t€[0,M] 0 te[0,M] 0

For all ¢ € (—00,q,(A) A g, (N)],

t

/ F,(z)dx = sup (ct—/ qu(s)ds)
oo te[0,M] 0
t

/ F,(z)dz = sup (ct—/ qy(s)ds>,
0 te[0,A] 0

C:

and we conclude

If ¢.(A\) > g, (M), then for all ¢ € (¢,(N), g.(N)],

c t
/ F,(z)dx = sup (ct—/ qu(s s)
oo te[0,A] 0

)d
/ " B(2)ds > sup (ct— thy(s)ds),

0 te[0,A

and the result follows. o

4.1.2 Core of a A-quantile dependent concave distortion
In this subsection, we define the core of a A-quantile dependent concave distortion and

study its relation to the A-quantile uniform preference.

Definition 4.3. (A-quantile dependent concave distortion and its core) Let X € (0,1) be

fixed and (2, F,P) be an atomless probability space. ¥ : [0, 1] — [0, 1] is called a concave
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distortion function if it is increasing, concave, and it satisfies ¥(0) = 0, ¥(z) = 1, for all
x € [\, 1]. In this case we call Wo P : F — [0, 1] a A\-quantile dependent concave distortion
of the probability measure P. The core of the A-quantile dependent concave distortion

U o P is naturally defined as:
core(V o P) = {Q finitely additive on (2, F) : Q(A) < ¥(P(A)), VA € F}. (4.6)

According to Schmeidler (1972), the elements of core(V o P) are probability measures

that are absolutely continuous with respect to P. Therefore,

core(V o P) = {Q probability measure on (2, F) : Q < P, Q(A) < ¥(P(A)), VA € F}.

(4.7)
The elements Q in core(¥oP) can be identified by the Radon-Nikodym derivatives h := %.
We do not distinguish the notations Q € core(¥ o P) and h € core(¥ o P). For a A-
quantile dependent concave distortion function ¥, we denote ¢(t) := W'(t+) as its right-
hand derivative. Then ¢(¢) is positive and monotone decreasing on [0, A] and ¢(t) = 0, Vt €
[, 1]. Consequently, —¢ can be viewed as the upper quantile function of some probability

distribution function v_, such that

g, (t)=—o(t), Vtelo1]. (4.8)

The next theorem describes the relation of core(¥ o P) and the A-quantile uniform

preference. It is the A-quantile version of Theorem 1 in Carlier and Dana (2003).

Theorem 4.2. Suppose WoP is a A-quantile dependent concave distortion of the probability
measure P on (Q,F). Let h : Q@ — R be a probability density function, v_j be its
probability distribution function, and q_p = q,_, be a quantile function. Let —¢(t) be

defined as (4.10). Then the following statements are equivalent.

1. h € core(VoP).
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2. For all x € (0, A],

_/Oz don(t)dt < W(z) — —/Ox—gzﬁ(t)dt.

4. —q_p, € core(V o L), where L indicates the Lebesgue measure on [0, 1].

PROOF. The equivalence between 2 and 3 is obvious due to equation (4.10) and Definition
4.2. We first show the equivalence between 1 and 2. Recall from (4.7) that h denotes the
Radon-Nikodym derivative % for some Q € core(V o P).

“1=2": Suppose h € core(¥ o P). From the two equivalent forms of Conditional Value-

at-Risk by Acerbi and Tasche (2002):

I 1 ~
CVaR\(X) = _X/ qx(t)dt = _XE[Xl{X@x(A)}] —qx(N)2 P(X;QX(/\)),
0

we know that,

_ / " a(t)dt = 2CVaR,(~h)
= —Ep[-hl{-heq@p] — a-n(x)(x = P(=h < ¢-n(2)))

= Ep[hl{_n<q_ @3] — ¢-n(2)(x = P(=h < q_p(x))).

Since the probability space is assumed to be atomless, we may find a set B C {—h =

q-n(z)} so that P({—h < ¢_n(x)} U B) = x. Then for x € (0, Al

—/Ox q-n(t)dt = Ep B—gl{hqhm}] — ¢-n(z)P(B)
= Eq[l{~h<q_y(w)] — Ep[~hlp]
~ QU{~h < g 1(®)}UB)
< VYP({—-h < q-n(z)}UB))

= U(z).

“2=17: Let Q be a probability measure on ({2, F) such that Q < P and h := 2—‘3. For
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any A € F such that P(A) < A\, ¢1,(t) =0for 0 <t <1—P(A) and ¢;,(t) = 1 for

1 —P(A) <t <1. Due to the Hardy-Littlewood inequalities (3.2), we have

Q(A) = / 12dQ = [ 14hdP < /0 o (Dan(t)dt = /1 i oL

P(A)

For the quantile function gy, (t), it is true that —q; (t) = ¢7, (1—¢), for ¢ € (0,1). Therefore,

if — [ qon(t)dt < U(x)=— [ —@(t)dt, then

/1 iP(A) gn(t)dt = — /1 iP(A) q-n(1—t)dt = — /0 o q_p(t)dt < /0 o o(t)dt = U(P(A)).

When P(A4) > A, U(P(A4)) =1 > Q(A). Thus Q € core(¥V o P), or equivalently, h €
core(V o P).

As a next step, we show the equivalence of 2 and 4.

“4=2": Let B[0,1] be the Borel g-algebra on [0, 1] and £ be the Lebesgue measure on
([0,1], B[0,1]). Then

core(Wo L) :=

{Q probability measure on ([0, 1], B[0,1]) : Q < £, Q(A) < ¥(L(A)), VA € B[0,1]}.

Suppose Q € core(V o £) such that dQ = —q_pdL. For x € (0, A],

/0 gt = /[ | e = o.4) < WL, x) = V()

“2=47: Suppose Q is a probability measure such that dQ = —¢_,dL and — fox q_n(t)dt <

U(x) holds for all z € (0, A]. For any A € B|0, 1],

Q(A) = / 14dQ = — / Laq-ndL
1 1
< _/0 qi4 <t>q<1—h(1 - t)dt = - /1£(A) qQ—h(l - t)dtv

due to the Hardy-Littlewood inequalities (3.2). It is not hard to use the definition of
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quantiles (1.3) to show that for any random variable X, g, (t) = ¢x(t) Lebesgue-almost

surely, V¢t € [0, 1]. Thus

1 1 L(A)
Q(A) = —/1 qqh(l—t)dt:—/l_L(A) (1 — t)dt = —/0 (Bt < T(L(A)).

—L(4)

We conclude that Q € core(¥ o L), i.e., —q_j € core(¥ o L). o

4.2 The robust representation of p,,

Recall the setup in section 4.1, the probability space (€2, F, P) is assumed to be atom-
less, A € (0,1) is fixed, and the probability measure p on [0, A] satisfies ({0}) = 0. The

A-quantile dependent Weighted Value-at-Risk is

pur(X) = /[ | CVaR(X)uldn) = - | axtotar

with

o) = /(t \ é,u(ds),t e (0, \]. (4.9)

The function ¢(t) is positive and monotone decreasing on (0, A] with ¢(A) = 0. Conse-
quently, —¢ can be viewed as the upper quantile function of some probability distribution
function v_, such that

q, ,(t) = —¢(t), Vte (0,)]. (4.10)

Thus, another equivalent form of p,, is obtained since ¢, (t) = g, (¢) a.e.:

pr(X) = /0 ax (D, (D)dt. (4.11)

In this section, we give the robust representation of p, \ via two representation sets. The
first one is the set of all probability distribution measures that are A-quantile uniformly
preferred over v_g4, and the second one is given by the core of A-quantile concave distortion

U o P defined by (4.6). Finally, we show that these two representation sets coincide.
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4.2.1 The robust representation of p, \ via the A-quantile uniform preference

Let R™ := (—00,0] and B(R™) := B(—00,0]. We define

® := {v probability distribution measure on (R™,B(R7)):v = v_u}.

uni(A)
Lemma 4.1. For X € L”, 1 < p < o0, it is true that
A 1
pur(X) = max {/ gx(t)g, (t)dt + q}()\)/ qy(t)dt} . (4.12)
v 0 A

PROOF.Let v be in ®. Define Cx := g% (\). So Cx — qx(t) > 0 is decreasing on (0, \]. By

Theorem 4.1,
A A
/0 (Cx —gx(t))qu(t)dt > /0 (Cx —gx(t))qv_, (t)dt. (4.13)

Since p([0, A]) = 1, we have fOA qv_,(t)dt = —1. Therefore, (4.13) becomes

Cy /O 00 (1)t — /0 ax (D ()t > —Cix — /0 1x (B, (B)dt = —Cx — pur(X).

And

A A
pi(X) 2 [ axlati— Cx— Cx [ atoy
0 0
A A
:/ gx(t dt—i—CX( / qV(t)dt>
0 0
1
— [ oo+ i) [ wma
0 A
Since it is obvious that v_, € ®, by (4.11), we obtain (4.12). o
Define
(I))\ =

A
{1/ probability distribution measure on (R™,B(R™):v = v_4 and / q,(t)dt = —1} ,
0

then we have the following representation of p, x:
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Corollary 4.3. For X € I”, 1 <p < o0,

A
pur(X) = max / ax (D)o (£)dt.

vedy

Let Q, be the set of all probability measures such that the probability distribution

measure v_, of the negative value of the Radon-Nikodym derivative ¢ := % isin P, i.e.,

d
Q, = {Q probability measure on (2, F) : Q < P, ¢ :=

E, and V—go € q)} .

The following Theorem gives the robust representation of p, », which is the A-quantile
variation of Corollary 4.74 in Follmer and Schied (2004) based on uniform preference

instead of concave distortion.

Theorem 4.4. For all X € LP, 1 < p < o0, it is true that

Pur(X) = ax Eq[—X]. (4.14)
The mazimum is obtained by choosing Qx such that its Radon-Nikodym derivative d:lQ—PX =
F(X) with f a decreasing function, f(z) =0 for Fx(x) > X, and
O(Fx(x)) if x is a continuity point of Fx and Fx(x) <\,
flz) =
m zif((;_)) o(t)dt if x is a discontinuous point of Fx and Fx(x) < A.
(4.15)

The set Q,, is the mazimum set of probability measures that represents p, » in the sense

that for all Q € Q,, p*(Q) defined in Theorem 2.2 is equal to 0, and for all Q < P such
that Q ¢ Q,,, p*(Q) = .

PROOF. We show the theorem in four steps.

Step 1: We show that p, \(X) = maxqeg, Eq[—X]. For Q € Q,, let ¢ := Z—g and q_, be
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a quantile function. By Lemma 4.1 and the Hardy-Littlewood inequality (3.2),

A 1
p®)= [ a0+ ;) [ a0ar
A 1
> / G (o (£)dt + / ax (D) (1)t

= | ax(0u-o(0dt > Bl-X¢] = Ba[-X].

Thus,

pur(X) > sup Eq[—X], VX e LP. (4.16)
QeQ,

On the other hand, the proof of the Hardy-Littlewood inequality (Theorem A.24 of Féllmer
and Schied (2004)) guarantees

Step 2: We show f defined by (4.15) is a probability density function and Qx with
density (4.15) is in the set Q,,. Let U be a uniformly distributed random variable on [0, 1].
Obviously, f > 0. To show E[f(X)] = 1, we first use the definition of the conditional

expectation to check

flgx(U)) = E[p(U)[qx (U)].

First, f(gx(U)) is obviously o(qx(U))-measurable, and E[|f(¢x(v))|]] = E[|f(X)]] =1 <
00, since X and ¢x(U) have the same distribution. We check that the partial averaging

property is satisfied. Let A € o(qx(U)), A = A, U Ay, where
Aci={w € Q: gx(U(w)) is a continuous point of Fy and Fx(q¢x(U(w))) < A},

and

Ay :={w € Q:qgx(U(w)) is a discrete point of Fiy and Fx(qx(U(w))) < A}

=U{w: ¢x(U(w)) = z;}.
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Denote Ay, :={w: qx(U(w)) = x;}, then P(Ay,) = Fx(z;) — Fx(z;—), and

1 Fx (x:)
Ad, f(qX(U>>dP a /Adi FX(ﬂh) — Fx ([L’Z_) /Fx(xi—) ¢(t)dth
1 Fx (x;)
Fx (z;)

[ ot

Fx (xz;—)
iy

Ag,

Therefore,

Note that the last equality is valid due to the definition of ¢. So the function f defined by
(4.15) is a probability density function.

To show —d(?—PX is uniformly preferred over —¢, we use statement 1, part b of Theorem 4.1.
Let uy be a v_gA-quantile utility function, then w, is concave. By applying the Jensen’s

Inequality, we yield

> E[E[ur(—=¢)|gx(U)]] = E[ux(—¢)].

Step 3: Show that p,(X) = maxqeo, Eq[—X]. The proof of the Hardy-Littlewood in-
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equality (Theorem A.24 of Follmer and Schied (2004)) provides an optimal Qx which has
the probability density function f(X') given by (4.15) such that p, »(X) = fo/\ qx (t)qu_, (t)dt =
Eq, [—X]. Together with Step 1 and Step 2, we yield p,(X) = maxqeo, Eq[—X].

Step 4: Show that Q,, is the maximal set that represents p, ». We denote the maximal set
by Qmax- In Step 1 and Step 2, we have shown that p, 1(X) = maxqeo, Eq[—X], which
means @, C Omax- Note that p, . is a A-quantile law invariant risk measure, therefore,
by Theorem 2.2 and Theorem 3.1, we obtain two forms of p ,(Q) for all Q € Q, (where

d
o =22):

PuA(Q) = sup (Eq[=X] — pua(X))

= s ([ axns0a+ 500 [ 00 0@ ).

XelLp

Consider a Q such that Q < P but V_g is not A-quantile preferred over v_,, where ¢ = Q

Therefore, by Theorem 4.1, there is a r € (0, A) such that

/0 ()t < /0 "o (1)t

We show that for some X € LP, p;/\(Q) = 00. Let X € LP be a random variable such that

P(X=-N)=rand P(X =0)=1—7r. Then

A 1
/ g (q_a(t)dt + g5 (V) / 4 o(B)dE — pr(X)

/ CN)gs ()t — / (= N)g, (0)dt
_ (/0 0“ ¢()dt—/or _¢(t)dt) oo as N - oo.

Hence, p/*w\(Q)

I
8
<o
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4.2.2  The robust representation of p, » via the core of the A-quantile concave distortion

For X € L>(Q, F,P), Kusuoka (2001) showed that any Weighted Value-at-Risk p,, can
be written as a Choquet integral. Applying the result to our case of A-quantile dependent

Weighted Value-at-Risk p,, », we have

ax () 0
pur(X) = /0 (V(P(X <)) —1)dz +/ UV(P(X < x))dx, (4.17)

—0o0

where the function ¥ : [0, 1] — [0, 1] is defined as

U(z) = /0 C o)t (4.18)

where ¢ is given in (4.9). Obviously, ¥ is increasing and concave with right-hand side
derivative W' (t+) = ¢(t) such that ¥(0) =0, U(z) =1 for z € [\, 1].

The Choquet integral (4.17) is well defined when X is P-almost surely bounded. Oth-
erwise, we extend the Choquet integral to be oo when the integral on the right hand side
of (4.17) is infinite. Under this definition, we show in the following lemma that equation
(4.17) can be extended to all random variables that are in the space LP(Q, F,P) with

1 <p< oo

Lemma 4.2. Suppose 1 < p < oo and X € (0,1) is fized. Let p,»: LP — R U {oo} be a
A-quantile dependent Weighted Value-at-Risk defined by (4.1). Then for all X € LP, the

extended Choquet integral (4.17) holds true.

PROOF. For X € L, define Xg := X1y vy + q;’(()\)l{qu;(A)}. Let Xy, := X,V —n
for a natural number n. Then X,, € L>*. Thus, by Theorem 23 of Kusuoka (2001) or
Theorem 4.64 of Follmer and Schied (2004),

por(=Xom) = /_ (W(P(X,, > 7)) — D)z + /0 T W(P(X,, > 2)de
axq,n(N) 0

& pur(Xgm) = /0 (U(P(X,, <)) — 1)da +/ V(P(X,, <2))dz  (4.19)

- /qX(A)(\I/(P(X <)) - 1)de + /0 W(P(X < z))da.

—-n



60

As n — oo, X, \( X4 Since p, 5 is continuous from above,

ax (M) 0
p(X3) = Jim pur(Xy) = [ (WP <) = o+ [ WP(K <)

n—00 oo

where it is possible for the limit to be co. By A-quantile dependence, p, \(X) = p,a(Xy).

Thus we obtain equation (4.17). o

By Definition 4.3, the composite function ¥ o P appeared in (4.17) is the A-quantile
dependent concave distortion of the probability measure P. Observe that it is a normalized
monotone set function on F which is a submodular satisfying the following definition

(Denneberg (1994)):

Definition 4.4. (submodular ) A set function p : F — [0, 00] is a submodular if for any

A, B € F such that AUB, AN B € F implies u(AU B) + u(AN B) < u(A) + u(B).

The composite function ¥ o P satisfies the following;:

U(P(A)) < ¥(P(B)), for any A, B € F such that A C B,
U(P(AUB))+U(P(ANB)) < U(P(A)) + ¥(P(B)), forall A, BeF.
For the representation of equation (4.17), let us recall Proposition 10.3 of Denneberg (1994).
Proposition 4.5. Let i be a monotone set function on an algebra A, where A is a subset
of the family of subsets of Q2 and define

core(p) = {v : v additive on A, v(Q) = u(Q), v(A) < u(A), VA € A}.

w is submodular if and only if core(pn) # O and for all X such that X is A-measurable and
J 1 Xdu < o0,

/Xd,u: sup /Xdl/.
vE core(p)
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Under this condition  is the upper envelop of core(p), i.€., j1 = SUD,e core(y) V-

)

Rewrite equation (4.17) as

p“)\ /Xd\I/O

and recall from (4.7)
core(V o P) = {Q probability measure on (2, F) : Q < P, Q(A) < ¥(P(A)), VA € F}.

Apply Proposition 4.5, and note that P € core(VoP), we have the following representation

for the A-quantile dependent Weighted Value-at-Risk:

Theorem 4.6. For all X € LP, 1 < p < o0, it is true that

pur(X) = max / —XdQ = max Eq[—X]. (4.20)

Qe core(¥oP) Qe core(¥oP)

Theorem 4.2 implies that the two approaches in representing p, » by Theorem 4.4 and

Theorem 4.6 are equivalent, and the representation sets Q,, and core(V o P) coincide.

4.3 Two examples
4.3.1 Conditional Value-at-Risk

Let A € (0,1) be fixed. Take pu({A}) = 1. Then

por(X) = CVaRy(X) = —% /0 ax (D)dt.

Its robust representation is well known (see Follmer and Schied (2004) for the L case,
Kaina and Riischendorf (2009) for the L' case, and Cherny (2006) for the L° case) as
CVaR\(X) = supqeg, Eq[—X], where the maximal representation set Q, is given by

d 1
Qy = {Q probability measure on (2, F) : Q < P, % < X P - a.s.} )
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On the other hand, we can calculate from (4.9), (4.10) and (4.18) the functions

1 t
P(t) = Xl[O,/\)y (t) = Xl[o,x) + 1o,

voo({=3) =X vp({0h) =1- A
Theorem 4.4 and Theorem 4.6 provides alternative representations

CVaR\(X) = Sé%’i Eo[—X] = Qeclgg)qiop) Eo[—X],

where the representations sets

Q, = {Q probability measure on (2, F) : Q <P, v_aq = 1/_¢}
4P yni(\)

core(V o P) = {Q probability measure on (2, F) : Q < P, Q(A) <V (P(A)), VA € F}

coincide by Theorem 4.2. In the CVaR case, it is also straight-forward to check that for

all A € F,
aQ 1 P(A)
V_dq uni'i)\) Ve & oo < X P-as. < Q(A) < T/\l & Q(A) <Y (P(A)).

Therefore, the representation theorems derived in Section 4 match the classical result in

the CVaR case as sets Q) = Q,, = core(V o P).
4.3.2  Uniform A-quantile dependent Weighted Value-at-Risk

In the remark before Section 4.1, we mentioned a particular choice of probability
measure g with uniform distribution on [0, ], i.e., u(ds) = 3ds, Vs € [0,A]. Then
pur(X) = 3 f[o, 5 CVaR,(X)dy is the average of C'VaR over the interval [0, A]. The func-
tion ¢, v_s and ¥ can be calculated from (4.9), (4.10) and (4.18) as

1 t
o(t) = T (InA —Imnt)lpy, () =3(mA+1-Int)AL

v_g(dt) = AeMTA vt € [—00,0), v 4({0})=1- A\
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Consequently the robust representations

X) = max Eo[-X] = Eq[-X
CVaRy(X) = max Bo[-X] = _max  Eql-X],

are characterized by sets
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