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ABSTRACT

MEI LI. Statistical Analysis of Mark-Specific Proportional Hazards Model.
(Under the direction of DR. YANQING SUN)

Competing risks occur frequently in survival analysis, and in some cases, the competing
risks are not discrete. In this dissertation, we develop some statistical inferences to analyze
continuous competing risks.

In Chapter 2, inspired by the HIV vaccine trials, we extend the modeling of mark-
specific hazards function to multivariate marks to better fit the HIV data. We develop the
partial likelihood based parametric procedure to estimate the coefficents. The asymptotic
properties of the proposed estimators are derived. We propose some tests to examine a
variety of null hypotheses to understand how relevant the two distances are for protection.
Finite sample performances of the proposed methods, are examined through extensive sim-
ulations and are shown satisfying. The methods are applied to STEP data to evaluate
the vaccine efficacy and its dependence on the multivariate marks. A goodness of fit pro-
cedure is also developed. The test statistics are constructed based on the score function
and the generalized weighted martingale residuals. The performance of tests are also ex-
amined through simulations. And the tests are used to check adequacy of the multivariate
mark-specific proportional hazard model for STEP data.

In Chapter 3, we develop a goodness of fit procedure for the stratified mark-specific
proportional hazard model with continuous marks. Coefficents are estimated through partial
likelihood based kernel smoothing method. The asymptotic properties of the proposed
estimators are derived. We also construct confidence bands for vaccine efficacy. We focus
on the goodness of fit test of the model. The test statistics are constructed based on the
generalized weighted martingale residuals. The finite sample properties of proposed tests

are examined through simulations.
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CHAPTER 1: INTRODUCTION

In the traditional survival analysis, we often assume the subject will only experience
one type of failure. However, in many clinical trials, the subject may experience more than
one type of event, and the occurrence of one type of event hinders the occurrence of other
types of events (Pintilie, 2006). For example, patients who undergo bone marrow transplant
are followed in order to observe acute graft versus host disease (GVHD). At the end of the
study, patients will either developed acute GVHD, or did not, or died from other causes.
So death without acute GVHD is the competing risk for the acute GVHD (Wang, 2010). In
demographic mortality studies, when evaluating the efficacy of heart transplants, one may
want to treat deaths due to heart failure differently from deaths due to other causes, such
as accident and cancer (Lee, 2003). As discussed above, competing risks occur frequently

in medical research.

1.1  Competing Risks Data

Let T be the failure time that may be subject to censoring, Z the covariate vector,
and J € {1,2,...,m} the type or cause of failure. A typical right censored competing
risks data can be represented by {Xj,d;,0;J;, Z;}, i = 1,...,n. Where X; = min(T;, C;),
0; = I(T; < C;) and Cj is the censoring time. When §; = 1, the cause of failure is observed;
Otherwise, it is undefined and unknown. A basic estimable quantity based on the competing

risks data is the cause-specific hazard functions, defined by
Aj(t;z) = A1;1tmOP(t <T<t+At,J=jT >t7Z=z)/At, (1.1)
for J € {1,2,...,m}. And the overall hazard function is

AMt;2z) = lim Pt <T <t+AHT >t;Z = z)/At.
At—0
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Prentice et al. (1978) introduced a Cox regression framework for the analysis of failure time
data by cause-specific hazard function in the presence of finitely many competing risks. The

regression function is defined as
Aj(t|z) = Aoj(t) exp(ﬂsz(t)), ji=1,2,...,m, (1.2)

where A\g;(t) is an unspecified baseline function, and f; is a column vectors of cause-specific
regression coefficients. A lot of work has been done on the discrete cases, Kuk (1992),
Aly, Kocha, and Mckeague (1994), Lunn and McNeil (1995), Sun and Tiwari (1995), Lam
(1998), Hu and Tisa (1999), Luo and Tunbull (1999), Sun (2001), and Scheike, Zhang and
Gerds (2008).

1.2 Competing Risks Data with Continuous Marks

Many important applications of competing risks methodologies involve continuous
causes-of-failure (marks). For example, in a AIDS clinical trial of drug regimens for treating
HIV infection, the time to treatment failure (typically defined by levels of viral load rising
above a threshold (Gilbert et al., 2001)) can decrease with increases in a distance mea-
sure describing the extent of drug-selected HIV genetic evolution within a patient between
baseline and the time of failure. Detecting such an association can help in designing anti-
HIV treatments that overcome the problem of drug resistance, which represents one of the
greatest barriers to achieving durably efficacious treatment of HIV infection (Hirsch et al.,
2000; Yeni et al., 2002). In this example, the mark V' is a measure of the accumulated HIV
genetic resistance resulting from exposure to an antiretroviral treatment, which is measured
only on subjects who fail treatment, at the time of treatment failure. A second example of
interest is a prospective cohort study of a population at risk for acquiring HIV infection.
In this application, T is the time from cohort entry until HIV infection, and V is the value
of a metric measuring genotypic or phenotypic dissimilarity of the HIV virus that infects a
study participant from a reference HIV strain. For example, V' could be Hamming’s genetic
distance and the reference strain could be the prototype virus contained in an HIV vaccine

that is under development for field testing in the cohort population. Other examples of
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continuous mark variables include lifetime medical cost or a quality of life score associated
with survival time (Olschewski and Schumacher, 1990). The grouping of continuous mark
data into discrete marks is unsatisfactory because that amounts to a coarsening of the data
and the results will depend on the way the groups are defined. Huang and Louis (1998)
first considered a continuous mark and developed the nonparametric maximum likelihood
estimator of the joint distribution of the failure time and the mark.

Denote the time to endpoint as T" and the mark variable V', the observable random
variables are (X,0,0V), where X = min{7,C}, § = I[(T < C), and C is a censoring
random variable. When the failure time 7' is observed, § = 1 and the mark V is also
observed, whereas if T is censored, the mark is unknown. Gilbert, Mckeague and Sun
(2004) introduced the mark-specific hazard function

)\(t,’l)) = hll}iLIQHHO P{T S [t,t + hl), Ve [’U,?} + hg)’T > t}/hth, (1.3)

with ¢ ranging over a fixed interval [0, 7], where 7 is the end of follow-up. The mark-specific
function is the natural analog of its discrete counterpart, with similar interpretation. In
particular, A(¢,v) is the instantaneous risk of failure by a cause V' in a small interval [v, v+hs)
in the presence of all other causes. Just as the cause-specific hazard functions are the basic
estimable quantities when the mark variable is discrete, the mark-specific hazard function
A(t,v) is estimable from the available data and forms the basis for inference when the mark
variable is continuous. Indeed, the likelihood function under the competing risks data with
continuous mark has a similar form and is derived as follows. Assume that the continuous
mark variable V has a known bounded support; rescaling V' if necessary, this support is
taken to be [0,1]. Let f(¢,v) be the joint density of (7, V'), and S (t) be survival function
of T. Then A(t,v) = f(t,v)/Sr(t) and A\(t) = fol A(t,v) dv is the overall hazard function
of T. The likelihood function given n i.i.d. observations (X;,d;,0;V;), i =1,...,n from the

above model can be expressed in terms of the mark-specific hazard rate as

IZIf(Xi,Vi)IZIST(Xi) = IZIA(Xi,V%) ﬁexp {—/01 /OXi A(s,v)ds dv}7 (1.4)

=1
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where [ [, denotes the product over the observed failure times, [ [, denotes the product over
right censored failure times, and each product only applies to the expression immediately

in front. Gilbert et al. (2004) developed nonparametric testing procedures for

Hp: A(t,v) does not depend on v for ¢ € [0, 7]

against the following alternative hypotheses:

Hy: At,v1) < A(t,v2) for all v < wvg, t € [0, 7];

Hy: Mt,v1) #  A(t,vy) for some vy < vy, t € [0, 7]

with strict inequalities for some ¢, v1,v9 in Hi.

In the AIDS clinical trial example, the test of Hy versus the monotone alternative
H, assesses whether the absolute (instantaneous) risk of treatment failure increases with
the level of acquired drug resistance. The test is useful for evaluating if V' is a clinically
relevant measure of a treatment’s resistance cost. Knowledge of clinically meaningful genetic
resistance cost metrics would be helpful for identifying combination drug regimens that do
not select for drug resistant virus, and thus provide long-lasting treatment efficacy. In
the second example mentioned above, the test of Hy versus the two-sided hypothesis Ho
assesses whether the HIV metric V is associated with the instantaneous risk of HIV infection.
Finding evidence for Ho may suggest that the metric V' can be used to guide selection of
the types of HIV antigens to include in HIV vaccines (Gilbert et al., 2001). For example,
if Hy is rejected and the infection risk appears particularly high for v > 0.7, then it may
behoove vaccine researchers to insert HIV antigens characterized by v > 0.7. Carrying out
the test for multiple metrics in multiple genes could help identify the metric(s) that optimize
the breadth of expected protective coverage of the vaccine. This application is important
because the broad genotypic and phenotypic diversity of HIV poses one of the greatest
challenges to developing an effective AIDS vaccine (UNAIDS, 2001).

Let A1(t,v) and A2(t, v) denote the mark-specific hazard functions for the vaccine group

and placebo group, respectively. The mark-specific vaccine efficacy is defined as VE(t,v) =
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1 — Ai(t,v)/A2(t,v). Assuming the HIV vaccine trial is a randomized double-blinding trial
and since HIV infection is a rare event in HIV vaccine efficacy trials, V E (¢, v) approximately
measure the vaccine effect to reduce susceptibility to HIV acquisition given exposure to
strain v at time t; See Gilbert, Mckeague and Sun (2008). Gilbert, Mckeague and Sun
(2008) developed some nonparametric test procedures to evaluate the mark-specific HIV
vaccine efficacy, the the mark of interest is a measure of genetic distance between the HIV
sequence sampled from a volunteer infected in the trial and the HIV sequence represented

in the tested vaccine construct. Specifically, they considered testing the null hypothesis

HY: VE(t,v) =0 for (t,v) € [0,7] x [0,1]

against the following alternative hypotheses:

HY: VE(t,v) >0 for all (t,v) € [0,7] x [0,1];

HY: VE(t,v) # 0 for some (t,v) € [0,7] x [0,1]

with strict inequality for some (¢,v) € [0,7] x [0,1] in HY. Testing H{ evaluates whether
there is any vaccine efficacy against any HIV strain. If H{ is rejected, then it is of interest

to assess if vaccine efficacy varies with strain distance. They have developed test for

Hy: VE(t,v) does not depend on v for ¢ € [0, 7]

against the following alternative hypotheses:

Hy: VE(t,v1) > VE(t,v2) for all v; < wa, t € [0, 7];

Hy: VE(t,v1) # VE(t,ve) for some vy < vg, t € [0,7]

with strict inequality for some t, vy, v in Hy. Testing Hg versus H; assesses whether vaccine
efficacy decreases with HIV sequence divergence. Detecting that the vaccine protects against
some strains but not others, and quantifying the relationship between vaccine efficacy and

viral divergence, is useful for guiding vaccine deployment decisions and for designing new



vaccines that provide greater breadth of protection.
To evaluate HIV vaccine efficacy with adjustments for covariates and develop more
efficient statistical methods, Sun, Gilbert and Mckeague (2009) studied the mark-specific

proportional hazards model with continuous marks defined as:

A, v]2(8)) = Aot v) exp(B(v) T 2(1)), (1.5)

where the baseline hazard function A\(t,v) is an unspecified function of (¢,v) and the p-
dimensional regression parameter [(v) are unknown continuous functions of the marks
v.Let Z(t) = (Z1,Z2(t)) where Z; is the treatment(vaccine) group indicator and Zs(t)
are possibly time-dependent covariates. The covariate Z5(t) adjusted mark-specific vaccine
efficacy is then VE(v) = 1 — exp(81(v)), where (1 (v) is the coefficient for Z;. Sun, Gilbert,
and McKeague (2009) developed some estimations and hypothesis tests for V E(v) based
univariate continuous marks. Model (1.5) can provide more powerful tests of mark-specific
vaccine efficacy. Furthermore, ignoring the mark variable and studying vaccine efficacy
using the standard Cox model, as is widely practiced in vaccine trials for many infectious
diseases, can give misleading results since the ordinary Cox model averages the mark-specific

vaccine efficacy over its range, and important vaccine effects may be missed.

1.3 Multivariate Continuous Marks

Despite the research progress, the previous work did not account for multivariate marks.
This is a serious limitation given that all of the candidate HIV vaccines tested in HIV vaccine
efficacy trials have contained multiple antigens/immunogens, with rational to attempt to
elicit multiple types of immune response that recognize and block different types of HIV
viruses. The greater the number of virus types that can be recognized and killed by vaccine-
induced immune responses, the greater the potential overall vaccine efficacy. Many HIV
vaccine candidates have multiple ”antigens/immunogens” that are designed to elicit certain
kinds of immune responses. In the first two efficacy trials, the HIV vaccine construct
contained two envelope (env) gene antigens, based on two distinct strains of HIV, such that

a 2-dimensional mark variable is of interest (Flynn et al., 2005; Pitisittithum et al., 2006).
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The vaccine construct evaluated in the third and fourth efficacy trials contained gag, pol,
and nef gene antigens, making a 3-dimensional mark variable of interest (Buchbinder et al.,
2008; Gray et al., 2009). Lastly, the fifth and most recent efficacy trial tested a vaccine
that contained gag, pol, and nef gene antigens, as well as three distinct env gene antigens,
making a 6-dimensional mark variable of interest (Rerks-Ngarm et al., 2009).

The previous work dealt with the multivariate mark issue by collapsing the multiple
distances into a univariate mark— the minimum of the distances to each vaccine antigen.
This approach is reasonable under the belief that the only thing that matters for protection is
the nearness of the exposing HIV to the closest antigen represented inside of the vaccine (e.g.,
Gilbert, McKeague and Sun, 2008). However, there are many ways in which this assumption
may fail. For one example, based on host genetics (e.g., HLA type or Fc-y-receptor type),
one subgroup may be protected through immune responses that recognize HIV peptides
that are similar to HIV peptides represented in antigen 1, whereas another subgroup may
be protected through immune responses that are similar to HIV peptides represented in
antigen 2; in this case the vaccine efficacy depends on both individual distances and less
so on the minimum distance. For a second example, there are many ways to define a
genetic distance in a putatively immunologically relevant way (several distances were used
in the sieve analysis of the Buchbinder et al., (2008), efficacy trial reported by Rolland
et al., (2011), and if two distances are used such that the first considers many HIV sites
irrelevant for protection whereas the second sagely restricts attention to key HIV sites that
are contained in epitopes that cause protection, then the first distance could be shorter even
though vaccine efficacy only depends on the second. Therefore, a more general approach
to assessing and modeling how vaccine efficacy depends on multiple genetic distances is
needed, that does not pre-assume a particular way to collapse the multivariate distances
into a univariate distance. Outside of the survival analysis field, Gilbert (2000) studied such
a general approach with multivariate marks, based on a semiparametric biased sampling
model. However, this method is limited by the fact that the model conditions on infection, so
that conditional odds ratios but not prospective relative risks of infection can be estimated,
and by the fact that the model treats HIV infection as a binary outcome, not accounting

for the time to HIV infection.
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Sun, Gilbert and McKeague (2009) studied the mark-specific proportional hazard model
A(t,v]2) = Ao(t, v)e?” @=0) (1.6)

for evaluating the mark-specific vaccine efficacy. Note under the proportional hazard model,
the ratio of hazard function of any two individuals is a constant independent of time. This
assumption may not always be met in practice, and can be relaxed through stratification
(Lee, 2003). Here we propose to study the stratified mark-specific proportional hazard
model to multivariate marks where the baseline hazard function can vary with stratum.
For simplicity, we consider a two-dimensional mark variable v = (v1,v2). The methods for
general multivariate marks follow similar outlines. Note that the mark-specific relative risk
function ((v) = P(v1,v2) is an unspecified p-dimensional function depending on (v1,v2).
Estimation of 3(v) without any structural assumptions is possible following the procedure
for one-dimensional mark variable by Sun, Gilbert and McKeague (2009). However this
would require a very large sample size due to curse of dimensionality. In this paper, we

propose estimation procedure under a parametric structure for 3(v). Consider the model

B(v) = Bo + Prv1 + Povz + Piavive, (1.7)

which is the first order Taylor approximation of 3(v) plus an interaction term which will be
used to investigate whether there is a confounding effect between the two marks. Here each
of Bo, B1, P2, and P12 is a p-dimensional vector. Thus (3(v) is completely specified by the 4 x p
parameters denoted by [ = (ﬂg , ﬁf, ﬂg , ﬁg)T. We develop an estimation procedure for the
stratified mark-specific proportional hazard model under model (2.2) for 5(v) and testing
procedures for the hypothesis relevant to the HIV vaccine efficacy evaluation. We consider
the following null hypotheses to understand how relevant the two marks are for protection:
Hyg: 1 =02 =012=0; Hy: f12 =0; H3o : f1 = 12 = 0and Hyp : 2 = B12 = 0. The null
hypothesis Hyg indicates that the relative risks does not depend on marks; Hyy implies that
the distances v1 and ve do not have confounding effects on relative risks; The null hypothesis

Hjo implies that relative risks are not affected by v1; While Hyy implies that relative risks



9
are not affected by vo. Note that the §’s given in the hypotheses are p-dimensional vectors,
these tests can also be carried out for a single component corresponding to a given covariate

to examine how the covariate effect is modified the marks or strain distances.

1.4 Overview

In Chapter 2, we propose the parametric estimator of 3(v) based on maximum partial
likelihood method. The asymptotic properties of the proposed estimator are derived. The
likelihood based hypotheses tests such as the likelihood ratio test, Wald test and score test
are proposed to examine a variety of null hypotheses to understand how relevant the two
marks are for protection against HIV infection. Extensive simulations are conducted to
examine the finite sample performance of the proposed methods. An application to STEP
data is discussed to show the usage of the methodology. We also proposed some former
statistical tests to check goodness of fit of the multivariate mark-specific proportional hazard
model based on the generalized weighted martingale residuals. The proposed goodness-of-fit

tests are justified and examined through simulations and also applied to STEP data.



CHAPTER 2: PROPORTIONAL HAZARDS MODEL WITH MULTIVARIATE
CONTINUOUS MARKS

In this chapter, we develop the estimation and hypothesis testing procedures for the
mark-specific proportional hazards model. We consider a parametric model for the regres-
sion coefficients F(v). The asymptotic properties of the estimators are studied. The test
statistics are constructed based on the asymptotic distributions of these estimators. We
conduct a simulation study of the proposed estimation and hypothesis testing procedures.

An application in the STEP data is used to illustrate the proposed methods.

2.1 Model and Data Description

Consider a two dimensional mark variable v = (vy,vy) stratified multivariate mark-

specific proportional hazard model
Ae(t,v|2) = Agp(t, v)e? W) =12 . K, (2.1)

where K is the number of the strata, Agx(¢,v) is an unspecified baseline mark-specific

hazards function, (v) is p-dimensional regression function of v given by

B(v) = Bo + Brv1 + Povz + Biavivs. (2.2)

Here each of 3y, 1, B2, and B2 is a p-dimensional vector. Let z = (21, 22(t))?, where 2
is the vaccine group indicator, z; = 1 for the vaccine group and z; = 0 for the placebo
group, while z5(t) is other possibly time-dependent covariates. Under the mark-specific
proportional hazards model (2.1), the mark-specific vaccine efficacy can be expressed as
VE(w) =1—= At,v|z1 = 1)/A(t,v]z1 = 0) = 1 — exp(B1(v)), where (1 (v) is the coefficient
corresponding z1. Let T} be the failure time for an individual in the kth stratum, Vj be

the mark observation at failure and Z; be the associated p-dimensional covariate. Assume
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that Ty, Vi, Z follow model (2.1). Under right censoring, the observed random variables
are (Xg, Ok, 0x Vi, Zx), where Xy = min(Ty, Cy), o = [(T < Cy), and C} is the censoring
random variable, which is assumed to be independent of (T, Vy) given Z;. The mark
variable V} is observed if the corresponding failure time uncensored. We consider statistical
inferences for (2.1) and (2.2) with the observations (X, Oki, Oki Vii, Zki), @ = 1,...,ng,
which are independent identically distributed (iid) replicates of (X, o, 0k Vi, Zx), for k =
1,2,..., K. We assume that the end of follow-up time is 7, i.e., the failure time beyond 7

are all censored.

2.2 Estimation

Under model (2.2), B(v) is completely specified by the 4 x p parameters denoted by
6= (8L, 6T, 5%, BL)T. Let © = (1,v1,v2, v1v2)T and Zy;(t,v) = Zpi(t) ® T with @ being the
Kronecker product. Similar to Kalbfleisch and Prentice (1980) for competing risks model

with finite number of causes, the log-partial likelihood function for 3 can be expressed as

~ K ng 1 T K ng
1) = 33 [ [ 12 o {3 V(o) exp(5 (0)25())} Nis(ds. o)
k=1i=170 JO 1=1 j=1
K ng 1 T K ng o
= 3 [ [t )~ 108 {30 S Vi) exp(5 Zys, o)} Nis(ds. do),
k=1i=170 70 1=1 j=1

(2.3)

where Ny;(t,v) = I(Xp; < 6, Vi < v,0; = 1,k € K) is the marked counting pro-
cess of the ith individual in stratum k and Yj;(t) = I(Xy; > t) is the at risk process.
For the multivariate mark variable Vi;, the relation Vi; < v in Ny;(t,v) means that
the inequality holds for each component of the multivariate marks. Here we note that
BT Zyi(s,0) = (BT, BT, BT, BL)(ZE(5), ZE(s)on, ZE(s)va, ZE(s)ora)T = BT (v) Zii(s). The

partial likelihood estimator B for 3 is obtained by maximizing I(3). Let

S;E;j)(t, v,B) =n;! Z Yii(t)exp{B" Zyi(t,v)} Zyi(t, ). (2.4)
=1
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Taking the derivative of () with respect to 3, the score function can be written as

K ng (1)
(t,0, )
U(p [Z1i(t,v) N, (dt, dv 2.5
(B) ;;//k (mwﬂﬂ ) (2.5)

The information matrix is given by the derivative of U(f3) with respect to /3

K ng (2) (1) v,
ZZ// - —(S G g;)@]Nkl(dt dv). (2.6)

0 0
== SO SOt v

The maximum partial likelihood estimator 5 for 3 is a solution to U(3) = 0. Under
condition A, the matrix I(f3) is positive definite with probability 1 asn; — oo for 1 < k < K.
Thus B exists almost surely for large sample sizes. The baseline function Ao (¢,v) can be
estimated by smoothing the increments of the following estimator of the doubly cumulative

baseline function Agg(t,v) fo fo Aok (8, u)dsdu as

R t VN,
Aok (t,v) Z/ %7 (2.7)
0 J0 nk‘Sk (S,U,ﬁ)

where Ny.(t,v) = Y% Ni;(t,v). A kernel estimator of \ox(t,v) is given by S\Ok(t,v) =

Jo fo K(l) K(l)(v — u)Aoi(ds, du), where K](i)(x) = KM (x/hy)/hy and K}(Lz)(m)
K@ (2/hy)/hg with KM (-) and K?)(-) be the kernel functions and hy and hy the band-
widths.

2.3 Asymptotic Properties

We make use of the following regularity conditions.

Condition A

(A.1) The covariate process Zy(t) is left continuous with bounded variation and satisfies the
moment condition E[|| Zx(t)||* exp(M]| Zy(t)]])] < oo, where || -|| is the Euclidean norm

and M is a constant such that (5o, 51, 52, f12) € (=M, M)? for 1 <k < K.

(A.2) For j =0,1,2, let s,(cj)(t,v,ﬁ) = E(S,gj)(t,v,ﬁ)). Let 3y be the true value of § under
the model (2.1) and (2.2). Agx(t,v) is continuous on [0, 7] x [0, 1]2. Each component

of s(])(t,v,ﬁ) is continuous on [0, 7] x [0,1]? x B where B is an neighborhood of 3.
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And s,(co)(t v,3) > 0on [0,7] x [0, 1]2><Bf0r1 <k<K. ng/n— pgasng — oco. The

trix $(3 s Dtud) (s B e \ )50 0 B)dtd
matrix (5 ) Zk 12 1pkfo fo (O)tuﬁ) (Eco)(tuﬁ)) ] k(t, U)Sk( Uﬁ) U

is positive definite.
The following theorems state the asymptotic consistency and asymptotic normality for 5

Theorem 2.1. Under conditions (A.1)-(A.2), E converges in probability to By as ny — oo
for1<k<K.

Theorem 2.2. Under conditions (A.1)-(A.2), nl/Q(E - B)LN(O, Y 1(By)) as np — oo

for 1<k < K. X7Y(By) can be consistently estimated by nflf(ﬁﬁ) .

Following theorem 2.2, the large sample 100(1 — )% confidence interval for the jth
component Bj of 3 is
Ej + nféza/gﬁj,

fay

where 6, is the jth diagonal element of n~1I(3) and Zqyo is the 1 — a/2 quantile of a

standard normal distribution.

2.4 Hypothesis Testing

In this section, we develop tests for testing the following hypothesis:
Hyg: 1 =02 = P12 =0;
Hag : 12 = 0;
Hso : B2 = 12 = 0;
and Hyg : 01 = B12 = 0. We propose three test statistics including the likehood ratio test,
Wald test and score test. Note that the logarithm of partial likelihood function of 3 under
(2.1) and (2:2) is [(B) = Ek 1221 o fo [5TZIm 8,0) log{ Zl 1Z] 1 Y75(s) =
e:cp(BTle(s,v))}]Nki(ds,dv). Let ﬂ be the maximum partial likelihood estimator maxi-
mizing 1(3). Let BHO be the estimator of 3 under Hyg, By, is the maximizer of I(3) under
the restriction 31 = B2 = 12 = 0 for testing Hig. The likelihood ratio test (LRT) statistic
is

Ti = 2{1(5) — 1(Bm,)}-
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Routine analysis following Serfling (1980) shows that under Hjg, 7] converges in distribution
to a chi-square distribution with 3p degrees of freedom.

The Wald test is given by

fas

T = (B — Buy)"IL(B))(B — Brry ).

fay

where information matrix I(3) is defined in (2.6).

The score test statistic is given by

Ty = UT (Buto ) T (Brty) ™ U (Bizo)-

fay

where the score functionU(f3p,) and information matrix I(3) is defined in (2.5) and (2.6)
respectively. Under Hyg, both T, and T converge in distribution to a chi-square distribution
with 3p degrees of freedom. Under Hsg, 17, T, and T converge in distribution to a chi-
square distribution with p degrees of freedom. The asymptotic distributions of these test
statistics under Hsg and Hyg is chi-square with 2p degrees of freedom. The likelihood ratio
test rejects the null hypothesis Hyg if 1) > Xgp@, the upper a quantile of the chi-square
distribution with 3p degrees of freedom. The corresponding critical values for testing Hyp,
Hsy, and Hyo are XIZW, Xgpa and X%p,a, respectively. Similar decision rules hold for the

Wald test T, and score test T5.

2.5 Goodness-of-fit Tests

The estimation and testing procedures developed in section 2.3 and 2.4 are developed
under model (2.1) and (2.2). The validity of these prcedures depends on goodness of fit of the
multivariate mark-specific proportional hazard model. This section develops some goodness
of fit tests of model (2.1) and (2.2). Similar to Lin, Wei and Ying (1993) and Spiekerman and
Lin (1996), we derive the model checking test statistics based on the martingale residuals

is defined as

N (£, 0) = /0 / " Nii(ds, du) — Yea(s) exp(37 Zaa(s, 1)) Ao (ds, dua). (2.8)
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Where E is the maximum partial likelihood estimator given in section 2.2, and Agy (t, k) is
defined in (2.7). Mj;(t, v) may be interpreted as the difference at time ¢ between the observed
and the predicted number of events with marks less than v for the ith subject in kth stratum.
Thus the martingale residuals are informative about the model misspecification. It is easy

to check that

K ng K ng
Vit _ Ni(ds,du) — Vi y TZZ Ni.(ds, du)
2,2 Ml ;Zl// [ plds: ) = Yo expl 2o ) e )
K ng K nyg
= ZZNmtv ZZ//YM eXpﬁTZkz(S u)) x
k=1 i=1 k=1 1=1

Ni.(ds, du)
S0k Yij(s)exp(BT Zyy(s, u))
0.

For 1 <k <K, let

ng
Wi(t,v,2) =0~ " gi(Zri, 2) My, v), (2.9)
=1

here gi(Zi, z) is a 1 x r-vector of known bounded functions of Zj; and z. For example,
one may take gi(Zki, 2) = fu(Zki)I(Zy; < z), where fi(-) is a known function and I(Zy; <
2) = (I(Ziki < 21)5---I(Zpri < 2p)), in which case 7 = p. We construct goodness of fit
test statistics based on the test process W (t,v,z) = (Wi(t,v, 2),..., Wk(t,v, z)). If model
(2.1) and (2.2) hold, the process W (t,v, z) fluctuates randomly about zero. Various test
statistics can be constructed by selecting different weight functions f(-) and using different
functionals of the process W (t,v, z). Here we propose the supremum test statistics to test

the overall fit of the model:

S = sup sup |Wi(t,v,2)| (2.10)
1<k<Ktuvz

The distribution of W (t, v, z) and S can be approximated by using the Guassian multiplier
method (Lin, Wei and Ying, 1993) as we shall drive next.

Let S]g(;) (tu v, z, B) = n];l Z’ln:kl Ykl(t) eXp{BTZki(t) U)}gk(qu,, Z) and S]Ei]) (t7 v, z, /B) =
ngt S Via(t) exp{ BT Zii(t, )} Zii(t,0) @ gi(Zri, 2), where A ® B is the Kronecker prod-
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uct of matrices A and B. Let s,g)(t v,2,8) = (S,ig)(t,v,z,ﬁ)) and s,(flg)(t,v,z,ﬁ) =

E (S,(C g) (t,v,z,3)). From the proof given in Appendix I, we have the following decompo-

sition.

Theorem 2.3.

Wi(t, v, 2)
(0)

_1/222/ / s<t)[gl(Zli,Z)—$lg(su

) 727/3):|
My (ds, d
s§°><s,u,6> s, )
(1)

=1 =1
—-1/2 -1 (s, B) ] A }T
+n (Ri(t,v, 2) ;1 1 {/ / [Zh S, u) l(o)(S’% “beta) M;y;(ds, du)
+op(1).
(2.11)
where
(0)
Ry(t,v,z) = (ng/n) / / < (5:2,8) (g)skgﬁ(j % 2,0) _slgz)(s,x,z,ﬁ)>)\0k(s,x) dsdz.
S, T

The expression (2.11) shows that the process Wi (t, v, z) is asymptotically equivalent
to the sum of iid terms involving the integrations with respect to My;(s,u). The empirical
process theorem (Donsker theorem) can be used to show that the process W (t,v,z) =
(Wi(t,v,2),...,Wk(t,v,z)) converges weakly to a multi-dimensional Gaussian random
field. Let {&;,i=1,...,n;,l=1,..., K} be iid standard normal random variables. Using
the Gaussian multiplier technique of Lin, Wei and Ying (1993), the distribution of W (¢, v, z)
can be approximated by the distribution of W*(t,v,z) = (W{(t,v,2),..., Wi(t,v,2)),

where for 1 <k < K,

Wi(t,v, 2)

172 ZZ/ / I(s <t) [g,(zh,z) — M]&Z Nii(ds, du)

=1 i=1 51(0)(5 u, z 5)

+n V2 (Ry(t, v, 2) 12 {/ / [le s, ) (O)Es u, ﬁ)]glzNZz(dS du)}T’

=1 i=1 z s,u, 3)
(2.12)
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where

) & o ol0) 5

~ ¢ v S (S,ZL‘,ﬁ)@S (S,l’,z,ﬁ) = N

Ri(t,v,2) = (ni/n) / / ( - O S;i;)(s,x,z,ﬁ))dAOk(s,x).
0o Jo S, (s,z,0)

Let

Sy = sup sup |Wi(t,v,z)]|. (2.13)
1<k<K ty,z

The distribution of S can be approximated by the empirical distribution of S* obtained
repeatedly generating a large number of sets of iid random variables &; while holding the
observed data fixed. We reject the model (2.1) and (2.2) at significance level «v if S is greater

than the upper a quantile of S*.

2.6 Simulation Study
2.6.1 Estimation and Hypothesis Testing Procedures

In this section, we use simulation to check the proposed estimation and hypothesis test
under model (2.1) and (2.2). The simulations are set up to mimic the STEP data. The
STEP data includes 1900 randomized men. It is a stratified random sample, about 1100
in the ” Ad5 < 200” stratum and about 800 in the ” Ad5 > 200” stratum. The strata refer
to whether a volunteer has pre-existing immunity to the Adenovirus serotype 5 vector that
was used in the vaccine; 200 is the titer of neutralization (< 200 is low, > 200 is high).
The study enrolled people to the Ad5 < 200 stratum first, and later amended the study
to include an additional enrolment of Ad5 > 200. For Ad5 < 200 there were 52 total
infections, pretty even in vaccine and placebo (28 vaccine; 24 placebo; annual incidences
4.2%, 3.5%). For Ad5 > 200 there were 30 total infections, 21 in vaccine and 9 in placebo
(annual incidence 5.4% and 2.3%).

We consider two strata K = 2 corresponding to two levels of Ad5 strata neutralization.
Set the baseline hazard Aok (¢,v) to be constants for £k = 1 and 2, with A\p; = 0.4 and
Ap2 = 0.6. The simulations are constructed for n;y = 250, 400 and 500 in each stratum.
We set the covariate z as Bernoulli random variable with 0.5 probability of success where
z = 1 corresponds to the vaccine group and z = 0 for the placebo group. We generate the

censoring times from an exponential distribution, independent of (7', V'), and the follow-up
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time is 7 = 2.0. The following selections of ((v) specified in terms of (0o, 81, B2, P12) are

chosen to examine the proposed estimation and hypothesis testing procedures.

Mo : (Bo, B1, B2, P12) = (—1.65,0.,0.,0.);
My : (Bo, Br, B2, Pr2) = (—1.65,.9,0.,0.);
Mz = (Bo, Br, B2, P12) = (—1.65,.9,.8,0.);
M3 : (Bo, Br, B2, P12) = (—1.65,.9, .8, .6).
Myo : (Bo, Br, B2, Br2) = (—3.5,.3,.1,0.);
M1 = (Bo, Br, B2, B12) = (=3.5,.3,.1,5.0);
Mps : (Bo, B, B2, P12) = (=3.5,.3,.1,5.5);
Moas = (Bo, Br, B2, Br2) = (—3.5,.3,.1,6.0).
Mso : (Bo, Br, Ba, P12) = (—1.65,1.2,0.,0.);
M3y : (Bo, Br, P2, P12) = (—1.65,0.8,1.0,0.);
Msz = (Bo, B1, B2, B12) = (—1.65,0.5,1.2,0.);
Mss = (Bo, Br, Pa, B12) = (—1.65,0.6,0.8,1.0);
M3y 2 (Bo, B1, B2, B12) = (—1.65,0.4,0.9,1.2).

Here Mjg is a model under the null hypothesis Hyy that no 8 except [y is nonzero.
Under Mi1, the vaccine efficacy depends on only the first mark. Under Mjo, the vaccine
efficacy depends on both marks but not the intersection of these marks. Under M;s, the
vaccine efficacy depends on both marks and the intersection of these marks. Myg is a model
under the null hypothesis Hoy that all s except (12 is nonzero. And M3z is a model under
the null hypothesis Hsg that no beta except 31 is nonzero. The average vaccine efficacy
defined as AVE = fol fol(l — &) dvydvg is around 50%. Table 2.1, 2.2 and 2.3 list the bias
and the standard deviation of the estimators (SSE), the average of the estimated standard
deviation (ESE) and the coverage probability (CP) for § for total sample size n = ny +ng =
500, 800, and 1000. Those tables show that the biases of the estimators are small, ESE
approximates SSE well and the coverage probability are very close to their nominal level
of 0.95. Table 2.4, 2.5 and 2.6 summarize the empirical sizes and powers of the likelihood
ratio test, Wald test and the score test for testing H1g, Hog and Hsg at the significance level
a = 0.05. Those tables show that the empirical sizes of all these tests are close to 0.05.

The likelihood ratio test has better power than Wald and score test. The departure from
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Hj increases as the simulation model moves from M;j; to M3, corresponding power also
increases. Similarly the power for testing Hog increases in the direction Ms; to Moz, And
the power for testing Hsgp also increases in the direction Mj3; to Ms34. And naturally, the
power increases as the sample size increase. The coverage probabilities for Gy, 81, G2 and
(B12 are also listed to demonstrate that the proposed maximum partial likelihood methods

work very well.

2.6.2 Goodness-of-fit Procedure

In this section, we conduct a simulation study to check the finite sample performance of
the proposed testing procedure. The size of the test is examined using the following simple

mark-specific proportional hazards model:
My - )\k(t7 U‘Z) = )\Oke(ﬁo+51v1+52v2+512v1v2)TZk, k=1,2, (2.14)

where A\g1 = 0.4, A\g2 = 0.6 and (0o, 01, B2, f12) = (—1.65,.4,.9,1.2). z; takes value 0 or
1 as a treatment indicator. We generate covariates Zj; from Bernoulli distribution with
P(Zy; = 1) = 0.5. The censoring times are generated from an exponential distribution,
independent of (T}, Vi;). Table (2.11) shows the empirical sizes of the test for total sample
sizes of n = nj + ne = 100, 200 and 300. The empirical sizes are calculated based on 1000
simulations and 500 Gaussian multiplier samples. And the emperical size of all those tests
are shown to be very close to 0.05.

To evaluate the power of proposed test, consider the model
/\k(ta ’U‘Z) = Nok(t, v)e(—atb+0.4v1+0.6v2)27 k=12, (2'15)

where A\gp = abkt(d—1)eat’—0.401=0.6v2 fo. k. — 1 and 2. Again we take Z; as a Bernoulli
random variable with P(Zy; = 0.5. Model (2.15) is not a mark-specific proportional hazard
model since the hazard ratio Ap(t,v|Ze = 1)/Ak(t,v|Zk; = 0) = ®'~04v1=06v2 chanoeg
with time. We consider the following choices of (a,b):

(Myy) : (a,b) = (0.20,0.30);

(My2) : (a,b) = (0.25,0.40);
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(M4y3) = (a,b) = (0.30,0.50). As a and b increases, the hazard ratio under (2.15) increases
faster with ¢, which represents an increases departure from the null hypothesis. For each of
the above selected (a,b), random right censoring times are generated from an exponential
distribution, independent of (T};, Vk;). sample sizes of n = n; + ng = 100, n = 200 and
300 are studied. The empirical power of the test at the significance level 0.05 under (2.15)
for different choice of (a,b) are given in Table 2.11. Each entry of the table is based on
1000 simulations and 500 Gaussian multiplier samples. The power of the test increases
with the increasing of (a,b), and also increases with sample size. The limited simulation
study demonstrates the validity of the proposed goodness of fit testing procedure. The test
provides a valuable tool to check the adequacy of the stratified mark-specific proportional

hazard model (2.1).

2.7 Application to the STEP Data
2.7.1 Estimation Procedure

We now illustrate our model with an analysis of the STEP data. The ‘Step’ trial
randomized 1836 HIV negative men to receive either the Merck Adenovirus 5 vaccine
(MRKAJ5) or placebo, and was conducted in North and South America (Buchbinder et
al., 2008). Women were also enrolled, but because only 1 became HIV infected, essentially
all of the information about vaccine efficacy is restricted to men. Of the 1836 men 88 ac-
quired HIV infection, of which 66 had between 5 and 14 HIV sequences measured. The
22 men with no sequence data are excluded from the analysis. The randomization was
stratified by whether a volunteer has pre-existing immunity to the Adenovirus serotype 5
vector that was used in the vaccine, defined by an Ad5 neutralization titer below versus
above 200 (sample sizes 1058 and 778, respectively), such that the method is implemented
accounting for these strata. one. In this data set, we focus on men only, because only one
woman got infected.

We define the mark as the HIV genetic distance for a subject whose HIV infection was
diagnosed in the acute phase; diagnosis in the acute phase means that the HIV-specific PCR
test is positive but the ELISA antibody test is negative. About 50% of the infections in

STEP were diagnosed in this way. The genetic distance is defined as the percent mismatch of



21
amino acids (infecting strain compared to the strain inside the vaccine). Those amino acids
are the HIV Gag protein that are in cytotoxic T lymphocyte epitopes and are recognized
by at least 10% of vaccine recipients at the Week 8 visit.

For Ad5 < 200 there were 54 total infections, 29 infections in the vaccine group (7 of
which with missing marks) and 25 infections in the placebo group (with 8 missing marks).
The annual incidences were 5.3% for the vaccine and 4.7% for the placebo. For Ad5 > 200
there were 33 total infections (7 of them with missing marks), 24 infections in the vaccine
(with 7 missing marks) and 9 infections in placebo. The annual incidences were 6.1% for
the vaccine and 2.3% for the placebo.

Two factors motivate the need to consider multiple genetic distances for the sieve
analysis of the Step data. First, the MRKAdb5 vaccine contained three HIV genes: Gag,
Pol, and Nef. As a control it is also of interest to consider genetic distances to all of the HIV
vaccine genes combined not included in the vaccine, env-rev-tat-vif-vpr-vpu, for which the
HXB2 reference strain is used. Second, as described in greater detail in the clinical paper
(Rolland et al., 2011), two different bioinformatics methods, NetMHC (Buus, 2003), and
Epipred (Heckerman, 2007) were used to predict for each infected subject, based on their
HLA alleles, the set of HIV peptides that could potentially constitute T cell epitopes and
hence could potentially cause vaccine-protection. NetMHC predicts binding of peptides to
4-digit HLA alleles; the software discriminates on the basis of quantitative peptide MHC
binding data and discerns strong and weak binders. In contrast, Epipred identifies known
and potential HIV-1 CTL epitope motifs using 2-digit HLA information. In addition to the
known HLA-restricted epitopes previously reported at the Los Alamos National Laboratory
HIV database (HIVDB), we accepted all epitope motifs with a posterior probability of >
0.8. HLA-specific epitopes were predicted in the MRKAd5 HIV-1 Gag-Pol-Nef vaccine
sequences and in all proteins from HXB2 (available at the HIVDB, http:www.hiv.lanl.gov).
Using Epipred, the first step in computing the distance between a subject’s sequences
and the reference sequence is to compute the nonparametric maximum likelihood estimate
(NPMLE) of the number of peptides shared between the reference sequence and the subject’s
sequences, defined as the sum of estimated epitope-probabilities across all 8, 9, 10, 11-mers in

the reference sequence that are exactly matched in all of the subject’s sequences. Then, the
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distance is the NPMLE of the percent of peptides mismatched in at least one of the subject’s
sequences, defined as one minus the ratio of the NPMLE of the number of shared peptides
(computed in the first step) and the NPMLE of the number of peptides in the reference
sequence. Because the NetMHC software returns results of non-binder, weak binder, or
strong binder, we defined the distance as the estimated percent of epitopes mismatched in
at least one of a subject’s sequences, the latter defined as the number of weak or strong
binding 8, 9, 10, or 11-mers in the reference sequence that mismatch the corresponding
peptide in at least one of the subject’s sequences.

We consider distances defined using the reference HIV regions Gag, Pol, Nef, Gag-Pol-
Nef, env-rev-tat-vif-vpr-vpu, as well as using the two bioinformatics prediction methods. In
the following table, we choose different combinations of reference region and bioinformatics
method as bivariate marks (v1,v2), where (except for the last control case) we always in-
clude at least one Gag distance, given the hypothesis that this gene is most important for
protection. We analyze the data with the mark specific proportional hazard model (2.1)
where the covariate z is the indicator for the treatment, with z = 1 for the vaccine group

and 0 for placebo group, and ((v) takes the form (2.2).
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Model mark type ref gene
S1 v1  Epipred Gag
ve  Epipred Pol
So v1  Epipred Gag
vo  Epipred Nef
S3 v1  Epipred Gag

vo  Epipred env-rev-tat-vif-vpr-vpu

Sy v1  netMHC Gag
vy  netMHC Pol
S v; netMHC Gag
vy  netMHC Nef
Se v1  netMHC Gag

vo  netMHC  env-rev-tat-vif-vpr-vpu

S v1  Epipred Gag
vy  netMHC Gag
Sy v1  Epipred env-rev-tat-vif-vpr-vpu

ve  netMHC  env-rev-tat-vif-vpr-vpu

In the tables 2.7, 2.8, we compare the result using original and standardized marks.
Here we standardize mark by subtract the minimum one in that group, then divide the range
(which equals the maximum minus minimum mark ). Since the support of the original marks

(v1,v2) is not (0,1), we modify the average vaccine efficacy (AVE) as
VM V]W
v Jygn (1 — €8 (v))dviduvy

AVE* - ’
(VM = v (Vs = vgm)

here V™ and ViM are the minimum and maximum of mark V;, ¢ = 1,2. Table 2.7 shows
that most AV E* are negative, that because there are more failures in vaccine group than
in placebo group. In addition, we use likelihood ratio test, Wald test and score test to test
Hyy : f1 = B2 = P12 = 0, which indicates that the relative risks does not depend on marks;
Hyy : (12 = 0, which means the distances v; and vo do not have confounding effects on
relative risks; Hsg : B2 = P12 = 0, implies the relative risks are not affected by v;. Table

shows that at nominal level 0.05, for hypotheses Hig, under the mark selection S; and Sg,
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we will reject it. And for hypotheses Hsg, we reject it under the mark selection S7. Other

than these, we may not reject any hypotheses.

2.7.2 Goodness-of-fit Procedure

Next we check the goodness of fit of model (2.1) and (2.2) for the real date STEP
based on the previous analysis which are carried out, the test is conducted at the sig-
nificance level & = 0.05, and by setting fx(z) = 1. Following the procedure given in
section 2.5, we check if S = supi<p<rsupiy,.|Wi(t,v,2)| falls below 0.95 quantile of
S* = supi<k<k Supiv,-|Wy (t, v, 2)|. The asymptotic distribution of S* can be approximated
by repeatedly generating sets of independent standard normal random variables while hold-
ing the observed data fixed. We generate 500 copies of S* and calculate the p-value as the
percentage of values of S* greater than S. Table 2.12 and 2.13 list the p-value of the test

statistic S for the STEP data for different combinations of the marks.
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APPENDIX [

First we present the following result that for proving the asymptotic normality of B(v)
and provides important insight into the constructions of the confidence bands and test

statistics that follow. Let

K ng (1)
Valv) = n~1/2 ) Zni sp_(8,46) Myi(ds, d 2.16
(v) = n kzz// [k =5 e s, (210

where A(u) is a deterministic p X p matrix with bounded components.

Lemma 2.1. Assume that each component of the p X p matriz A(v),v € [a,b], is continu-
ous. Under conditions (A.1)-(A.2), W4(v) converges weakly to a p-dimensional mean-zero

Gaussian martingale, Wa(v), with continuous sample paths on v € [a,b]. The covariance

matriz of Wa(v) is given by Cov(W (v f Au JA(u) du. The estimator of X(u) is
given by
A K ng
_122/ / A(u) T (¢, B(u)) AT () Nyi(dt, du), (2.17)
k=1 i=1

where A(v) is a consistent estimator of A(v) uniformly in v € [a,b] C [0,1]. Tt can be shown

that 3 4(v) is a consistent estimator of Cov(W(v)).

Proof of Lemma 2.1.

It is easy to check that the conditions of Lemma 1 of Sun and Wu (2005) are satisfied
under Condition A. It follows that W4 (v) converges weakly to a vector of continuous mean-
zero Gaussian random processes, W4 (v), v € [0, 1]2. Now we show that W4 (v) has indepen-
dent increments. Let wi;(v) = [ [ A(u)[Zysi(t,u) — sk )(t,u, ﬂ)/sk (t,u, B)] My (dt, du).
Then Wa(v) = n= /23" wyi(v). For 0 < v; < vy < 1, the covariance matrix of W (vy)
and Wa(vy) — Wa(v1) is equal to E{w;(v1)(wri(v2) — wi(v1))T}. Since My;(t,v1) and
Myi(t,vo) — My;(t,v1), 0 < t < 7, are orthogonal square integrable martingales, it follows
that E{wp;(v1)(wgi(v2) — wi(v1))T} = 0. Hence Wa(v), v € [0, 1], is a vector of mean-zero

Gaussian random processes with independent increments.
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Further, the covariance matrix of Wy (v) is equal to

E{wi(v)(w;(v))"

—

P
= ol [ [ 4w [zu0 - 2D a0 Nt}
0 sk (tauaﬁ)
(1) 7)1 ©2
= {/ / Alu {Zm —sfo)(t’u’ﬁ)} Au)Yii(t)exp(BT Zii(t)) Aok (t, w)
0 Sk (t7u7/6)
= /A(U)Z(U)A(u)du.
0
This completes the proof of Lemma 2.1. Q.E.D.

Lemma 2.2. Under conditions (A.1)-(A.2), S,gj)(t,fu,ﬁ) converge to slgj)(t,v,ﬁ) in proba-

bility uniformly in (t,v) € [0,7] x [0,1]2 x B* asny — oo, for j =0,1,2 and 1 <k < K.

Proof of Lemma 2.2.

Let SY(t,0, B) = Yii(t)exp{ BT Zpi(t, v)} Zrs (£, v)7, then ST = nit 57 5D (1 4 ).
We show the lemma for j = 0. The proofs for j = 1 and 2 follow similarly. Let wy; =
(Xkiy Zki), and Zy; € [—B, BJP for some B > 0. wg, i = 1,...,ng, is a random sample from
a probability distribution Pj on a measurable space (Xj, Ax), where Xy = [0, 7] x [-B, BJP
and Ay is its Borel o-field. Let F be the class of all coordinate projections fmﬁ(wki) :
Xy — R, where f, , 5 = Ski(t,v, B), for (t,v,3) € [0,7] x [0,1]? x B. Then Si(t,v,3) =
et 0 frw (ki) Let ([ £y, 5

of f;, 5. Next, we show that F is Glivenko-Cantelli. Since Z;(-) is of bounded variation,

| = (Pilfen 3DV = (BISki(t, 0, 8)|")"/" be Ly(Py)-norm

for simplicity we assume that Zj;(-) is an nonnegative monotone increasing process. In
general, Zy;(-) can be expressed as the difference of two nonnegative monotone increasing
processes plus a constant. In this case, the class of functions of interest, F is the product
of several Glivenko-Cantelli (Donsker) classes, therefore.

Let {ts}, {v;} and {B,,} be the grid points of finite partitions of the intervals [0, 7],
[0,1]%, and B, respectively. Let {t,,t5}, {vy, v} and {B..Bm} be the grid points on the
opposite ends of a hyper-cubic of the partitions such that 0 <, —t,, <€, 0 <wv; — vy S €

and 0 < B, — 3,/ < € for € > 0. Define the bracketing functions by ! = Si(o) (th/,vj/,Bm/)
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and upjy, = SZ-(O) (th,vj, Bm). Then for any f, 3 € F, there is a bracket [l 1ot U] SuCh

that ft,v,B € [lh/j/m/7uhjm]'

lungm = by o Iz < NS (thy 05, Bn) — S5 (4 s, B2
= || Vi (tn)exp{ Bl Zi(th, v;)}
_YkZ(th )€$p{ﬁ Zkz Ly, v )}HPQ

< [Cilltn =ty | + Callvj — vyr || + Cs|Bim — B,y

m

DS

< Ce?

where C1, Co, C3 and C' are some positive constants. Hence, the bracketing number
N[](61/2,f, La(Py)) is of the polynomial order (1/€)P*3. Thus Njj(e, F, L2(Fy)) is of the
order (1/€)2*+3). By the GlivenkoCantelli Theorem (Theorem 19.4 of van der Vaart ),

S,(f)(t, v, ) converges in probabitlity uniformly to s(] (t, v, B) for (t,v, 3) € [0,7]x[0,1]?>x B.

Proof of Theorem 2.1.

Consider

X(B) = n7'(UPB) — U(PBo))

— 1%%/ / [ Zkl(s u) — log[M] Nyi(ds, du)

1 i=1 Slio)(&u Bo)

Note that under condition (A.2),

K ny 0) (0) 2
2 n — 6) S (87'“76)
X307 = n 'Y [ wB) _( Sx 6B ool v s, du)
k=1 i= 1/ / (s, u, (o) 5;(.30)(87%50) ’

= —n7l1(p).
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converges in probability to:

(1) 2
—ZPk/ / Sk B — Sk(o()s( v 5;? s( )(s u, Bo) Aowi(ds, du)dsdu,
s (s, u,

uniformly in 3 € B by lemma 2.2 and by the uniform convergence of n,;l Sk Nia(t, U)L
fot IS )\ok(s,u)S,(CO)(s,u,Bo)dsdu in (t,v) € [0,7] x [0,1]* (Gilbert al., 2004). The limiting
matrix function is a minus positive definite matrix at 3 = [y, Hence, X () converges in
probability to a function of # which is concave with a unique maximum at 3y. Since 3 is
the maximizer of X (), we have 5 converges in probability to Gy as n — oo by Var der

Vaart (1998).

Proof of Theorem 2.2.
Note that U(B) —U(Bo) = I(B*)(B — fy), where 3* is on the line segment between /3’
and . By the uniform convergence of n_II(B)L — Y(p3) in probability in 8 € B and the

consistency of 5 to 50, we have

n'2(3 — B) = —(1(B")/n)""'n~"2U (Bo)
= (S(Fo)) "0~ Y2U (Bo) + 0p(1).

It remains to show that: n*1/2U(BO)£>N(O, (o).

let My;(t,v) = Ngi(t,v) fo fo Yii(8) Aki(s, u)dsdu, then

3 K ng (1) t Pl
n2U(B) = 1/2;2/ / [Z1i(s,u) ,E)Et, Z’ 5§}Nkz(ds du)
K ng M S(l) t, ’_ -
1/222/ / Zri(s,u) — S?O)Et Z g Miyi(ds, du) +
=1 i=1 o k s Wy -
s P St wd)
n~1/2 Zyi(s,u) — —E 2 7 exp(,@TZ i(s,u)) *
;;/ / " SOt u, B) ‘
Yii(8) Aok (s, u)dsdu
S E 5.t u, )|
n~1/2 Zyi(s,u) — k0 PN i(ds, du)
;;/ / " SOt u, B) :
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K ng (
= p /2 Zi(s,u) — k(tuﬂ)Mldsdu 0
;;//[k gy | s ) + oy

= W[(l) + Op(l).
By lemma 2 of Gilber, Mckeague and Sun (2006). From Lemma 2.1 , W;(1) and thus
n~Y2U(3) converges to N(0,%(f)), This completes the proof. Q.E.D.

Proof of Theorem 2.3.

Consider the following decomposition:

Ni(t,0) = /O t /0 [Nea(ds, du) — Yia(s) exp(537 Zua(s, u) Aog (ds, du)]
— My(t,0) + /0 t /0 *Via(s) exp (3 Zua(s, u) Aow(ds, du)
- /0 t / Yia(s) exp(5T Zia(s, u)) Rox (ds, du)
— Mu(tv) - / / Yea(s) exp(37 Zia(s 1)) [Aon(ds, du) — Aoy(ds, du)

—AﬁmwwWZMW—wW%ﬁMMWMH@w
Note that

t rv
At =it = [ [T At
k

N // [nkS(o( 0B s (18uﬁ) N ds, d)
+/ M. (ds, du) _1/2)

— + op(n
0 nkS,SP)(s,u,ﬁ) o

_‘// suﬁ»w 5y s
0 nkS (s,u, ﬁ) (s,u,ﬂ)

+/t v Mk(dsdu)
0 OnS (suﬂ)

+op(n, )
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suﬁ )7(B = 3)Aok(s, u)
// (suﬁ) Ok dsdu

tded
+/ k(su)
0

~1/2y, 2.19
) nkS (suﬁ)+0p(nk ) (2.19)

Where My.(t,v) =, & My;(t,v). Plugging (2.19) into (2.18), we have

N
Wi(t,v,2) = n_l/Qng(Zkiaz)Mki<t>U)

t o g0 u, 2, B g u, BT (3 —
+nkn1/2/ / PRI ﬂ)[((o)/zs (:’ Z)ﬁ)) (B 5)])\%(8’@ dsdu

12 / / ’fg i~ 6 M, (ds, du)

—nkn_1/2/ / (B - B)TSkg (5,u, 2, B) Aok(s,u) dsdu + op(1).  (2.20)
0 JO

From the proof of Theorem 2.2, we have nl/Q(E —B) = (2(3)""Wr(1) + 0,(1), then

the second term of (2.20) equals to

(s,u, ) ®Sk)(s,u,z,ﬁ)]T)\gk(s,u) s
(ng/n) {// k (s,u,B) dsdu}E (BYWr(1) + 0p(1)

Similarly, the fourth term of (2.20) is equal to

(nk/n){ /0 / 1S5 (5.0, 2, 3)] T Aow (5, ) dsdu}El(ﬂ)WI(l) + 0,(1).



Bringing the above expressions into (2.20) , we have
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Wi(t, v, 2) )
_n1/2z/ / [gk (Zyi, 2 _M} My (ds, du) +
s ( Sl ff(;))( D) s, ‘>>TA0k<s,u> dsdu(S(3) " Wi(1)
+0p(n11</2)
=n"Y 22/ / [gk Zyi,2) S(i)gisuuzﬁf)} Myi(ds, du) +n~ Y2 (Ry(t, v, 2))7 +
1;2{/ / [le 5,1) gi Z Z;]Mh(ds du)}T+op(1)
—1/2;; / / 1o <1)|aZi2) - Sgl()isuuz))] My (ds, du)
Ry (10, 2) 1;};{ [ [ [z ;;E;Z:g]MMdS,du)}T
+o,(1).

(2.21)

By the uniform convergence of 5’ (5 u, 3), S (5 u, 3), S,(c(;)(s,u,z,ff), and S,(Clg)(s,u,z,ﬁ)

to sk (s u, (), s (s u, 3), sko)(s u, z, 3), and s( )(s,u z B) in (s, u) [0, 7] % [0,1]? in prob-

g
v Skg (s,u,2,3)

ability, respectively. And by the weak convergence of nk ok 0 0 S(Q) 5

My (ds, du)

andnkl/2 Sty 1 5, (af) Myi(ds,du) fork =1,... K, thetermsS (5 u, 3), S (s,u,ﬁ),

0 51 (s..8)

S,(gg)(s, u, z, 3), and S,gg)(s, u, z, 3) can be replaced by their expected values respectively.

This complete the proof. Q.E.D.
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Table 2.1: Summary statistics for the estimators B and coverage probabilities of the 95%
simultaneous confidence intervals for (5y, 51, 32, f12) under model M.

(n1,n2) Coefficient Bias SSE ESE CP
(250, 250) Bo —0.0846 0.9893 0.9150 .947
51 0.0387 1.7113 1.5916 .953

B2 0.0648 1.7045 1.5952 .960

P2 0.0696  2.917 2.7694 .955

(400, 400) Bo —0.0451 0.7190 .7046  .960
51 0.0410 1.2005 1.2230 .966
B 0.0160 1.2336 1.2222 .963
B2 —0.0382 2.0698 2.1219 .965

(500, 500) Bo —0.04244 0.6217 0.6247 .954
51 0.0502 1.0950 1.0813 .954
B2 0.0047 1.0686 1.0860 .952
B2 0.0099 1.8662 1.8778 .956
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Table 2.2: Summary statistics for the estimators B and coverage probabilities of the 95%
simultaneous confidence intervals for (5y, 51, 2, f12) under model Mayg.

(n1,n2) Coefficient Bias SSE ESE CP

(250, 250) Bo —0.0210 0.7824 0.7884 .964
51 0.0174  1.2611 1.2736 .968
B2 0.0100  1.2865 1.2824 .954
B2 0.0005  2.0566 2.0802 .958

(400, 400) Bo —0.0340  0.6226 0.6171 .957
51 0.0211  0.9909 0.9945 .962
B2 0.0308 1.00038 1.0020 .962
B2 0.0080  1.6225 1.6216 .963

(500, 500) Bo —0.0338  0.5483 0.5475 .957
Gy 0.0377  0.8769 0.8829 .960

Bo  0.0492  0.9084 0.8905 .950

Bz —0.0437  1.4557 1.4412 .950




Table 2.3: Summary statistics for the estimators B and coverage probabilities of the 95%

simultaneous confidence intervals for (5y, 51, 2, f12) under model Myg.

(n1,n2) Coefficient
(250, 250) Bo
S

[a

P2

(400, 400) Bo
I3}
B2
P12

(500, 500) Bo
I3
B2
P12

Bias
—0.0428
0.0686
—0.0021
—0.0177

—0.0179
0.0043
—0.0703
0.0816

—0.0221
0.0379
0.0007

—0.0091

SSE
0.8601
1.33300
1.4785
2.2907

0.6560
1.0254
1.1276
1.7516

0.5761
0.9161
1.0051
1.5954

ESE
0.8208
1.2942
1.4268

2.468

0.6356
1.0026
1.1045
1.7407

0.5655
0.8921
0.9813
1.5482

CPp

957
957
.960
961

.946
.946
.950
954

.950
951
943
945
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Table 2.4: For testing Hig : 1 = 2 = (12 = 0. The empirical size and power of likelihood
ratio test, Wald test and score test at the significance level 0.05.

Model ny(Trt, Plb) no(Trt,Plb) AVE LRT Wald Score CP(fo, 1,052, 012)

My, 250(11,46)  250(16,60) 80.8 6.7 52 57  94.7,95.3,96.0,95.5
400(18,73)  400(26,97) 80.8 44 4.0 45  96.0,96.6,96.3,96.5
500(22,92)  500(33,121) 80.8 4.8 4.2 44  95.4,95.4,95.2,95.6

My 250(17,46) 250(25,60) 68.9 56.5 55.8 559 95.1,95.2, 95.1, 95.7
400(28,73) 400(40,97) 68.9 64.8 63.8 64.7 96.0, 96.4, 96.0, 95.6
500 (35,92)  500(50,121) 68.9 74.0 724 728 94.5,94.7,95.8, 95.1

My 250(2546)  250(35,60) 523 564 532 549  95.5,95.7,94.9,95.6
400(41,74)  400(51,97) 523 741 732 738  95.8,95.7,95.8,95.3
500(51,92)  500(72,121) 52.3 824 814 818  95.1,96.2,95.2,95.6

My 250(30,46) 250(42,60) 414 764 729 759 93.5,93.2,94.0,94.0
400(49,74) 400(67,97) 414 917 912 915 95.3,95.3,94.6,95.0
500(61,93)  500(84,121) 41.4 97.7 97.7  97.7 94.7,95.0,94.2,94.5
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Table 2.5: For testing Hog : $12 = 0. The empirical size and power of likelihood ratio test,
Wald test and score test at the significance level 0.05.

Model ny(Trt, Plb) no(Trt,Plb) AVE LRT Wald Score CP(fo, 1,052, 012)
Mog 250(25,46) 250(36,60)  52.3 49 4.2 4.6 96.4,96.8,95.4,95.8
400(41,74) 400(57.96)  52.3 39 38 3.8 95.7,96.2,96.2,96.3
500(51,92)  500(71,120)  52.3 50 5.0 5.0 95.7,96.0,95.0,95.0

Moy 250(17,45) 250(25,60) 68.9 31.0 353 33.5  95.5, 96.6, 96.7, 96.2

400(28,74) 400(40,96) 68.9 38.8 422  41.5 94.6, 95.0, 94.5, 94.0

500 (35,93) 500(50,121) 68.9 50.8 54.8 53.4 95.9,96.1, 94.8, 95.5

Moo 250(23,46) 250(32,60) 57.9 340 393 38.2  96.5, 97.3, 96.5, 96.7

400(37,74) 400(52,97) 57.9 51.0 55.2 54.2  95.4, 95.3, 95.8, 95.6

500 (46,92)  500(65,121) 57.9 604 63.5 62.8 95.5, 96.0, 95.0, 96.3

Mos 250(30,46) 250(41,60) 42.1 40.0 43.3 42.0 95.7,96.4, 95.4, 95.4
400(48,74) 400(67,97) 42.1 53.7 576  56.8 94.7,94.6, 95.9, 95.1

500 (61,92)  500(83,121) 42.1 67.0 69.8 69.0 95.8, 95.8, 95.7, 95.5
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Table 2.6: For testing Hs3g : B2 = 12 = 0, the empirical size and power of likelihood ratio

test, Wald test and score test at the significance level 0.05.

Model ny(Trt, Plb) mno(Trt, Plb) AVE LRT Wald Score CP(fBo, 01,52, 012)
Mg 250(20,46) 250(29,60)  62.8 56 4.8 55  95.7,95.7,96.0,96.1
400(33,74) 400(47.97)  62.8 39 36 3.9  94.6,94.6,95.0,95.4,
500(41,92)  500(58,120)  62.8 53 5.0 52  95.0,95.1,94.3,94.5

M3 250(27,46) 250(37,60) 494 57.0 56.0 56.6 94.6,95.1,94.5,94.1
400(43,74) 400(60,96) 49.4 70.9 69.7 70.0 96.1 95.8,96.3,95.4
500(54,92)  500(75,121) 494 79.6 79.1 795  95.3,95.2,96.3,96.1

Mso 250(25,46) 250(36,60) 51.8 66.9 64.3 66.1 96.2,95.8,96.1,95.7
400(41,74) 400(58,97) 51.8 83.5 82.8 83.0  95.595.2,95.0,95.1
500(51,92)  500(72,120) 51.8 89.2 88.6 88.8 95.595.8,95.8 95.3

M3 250(29,46) 250(41,60) 43.3 628 60.2 61.8 94.6,95.0,95.3,94.5
400(48,74) 400(65,96) 43.3 83.0 821 82.6 93.6,93.7,94.6,94.2
500(59,92)  500(82,120) 43.3 90.8 90.3 90.4 95.6,95.3,95.5,95.1

M3y 250(30,46) 250(41,60) 42.3 746 733 742  95.2,95.6,95.1,95.0
400(48,74) 400(66,97) 42.3 91.3 909 91.2  95.4,95.5,95.6,96.2
500(60,92)  500(83,121) 42.3 96.0 95.7 959  94.2,95.3,94.4,94.7
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Table 2.8: Estimator of (fy, 51, 82, f12) under standardized marks.

Model (Bo, B1, B2, B12) SE(Bo, b1, 2, P12) AVE

Sy (—0.7464,3.7829,2.3479, —4.5770)  (0.9278,2.7257,2.8261,4.2028)  —2.8324
Sy (0.4664,—0.9358,—0.7815,1.7421)  (1.1345,2.9339,2.3066,3.9144)  —0.0560
Sy (0.2235,—4.6530, —1.8821,6.7805)  (0.8561,7.0811,2.7491, 8.5654) 0.6671
Sy (0.2092,1.74509, —2.9374,2.6182)  (0.9606,3.0765,2.2719,4.1130)  —0.9981
S5 (1.0782,—0.6448, —3.0065,2.6467)  (0.9411,2.0458,2.0963,3.0184)  —0.0575
Se  (0.7397,—-0.0650, —3.0347,3.2543)  (1.4456,5.8498,2.8475,6.4918)  —0.1970
Sy (—1.0940,0.0876,8.1077, —4.7879)  (0.9302,1.9413,6.4748,6.7672) —32.7028

Ss (0.6571,—0.2429,—9.9050,10.2485)  (1.1332, 3.6885, 16.5549, 19.7318) 0.4833
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Table 2.9: The p-value of the likelihood ratio test, Wald test and score test for Hig, Hag

and Hsy with various selections of original marks.

Model

TEST

LRT

Wald

Score

S

S

S3

Sy

S5

Se

Sy

Sg

Mg
Mo
M3
Mg
Moy
M3
Mo
Mo

0.1490
0.0588
0.0836
0.0144
0.0049
0.0139
0.1339
0.0230
0.0738
0.0000
0.0008
0.0001
0.0006
0.0001
0.0002
0.0000
0.0003
0.0001
0.0000
0.0949
0.0000
0.0382
0.0709
0.0416

0.4259
0.0936
0.1662
0.1503
0.0146
0.0370
0.2769
0.0395
0.1153
0.0044
0.0065
0.0256
0.0070
0.0011
0.0035
0.0047
0.0038
0.0116
0.0036
0.1132
0.0010
0.0713
0.1044
0.0845

0.1674
0.0720
0.1094
0.0179
0.0074
0.0186
0.1349
0.0259
0.0834
0.0004
0.0008
0.0000
0.0015
0.0003
0.0007
0.0002
0.0002
0.0000
0.0002
0.1012
0.0001
0.0489
0.0932
0.0526
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Table 2.10: The p-values of the likelihood ratio test, Wald test and score test for Hig, Hag
and Hzg with various selections of standardized marks.

Model

TEST

LRT

Wald

Score

S

Sy

S3

Sy

S

Se

Sy

Sg

Mo
Mo
M3
Mg
Mo
M3
Mo
Moy
M3
Mg
Mo
M3
My
Moy
M3
Mg
Mo
M3
Mg
Moy
M3
Mo
Mo
M3

0.4681
0.2804
0.5025
0.9149
0.6555
0.8923
0.6102
0.4309
0.7196
0.0275
0.5221
0.2589
0.2095
0.3763
0.1291
0.0344
0.6188
0.3305
0.0582
0.4740
0.0426
0.4573
0.5991
0.5269

0.4956
0.2861
0.5139
0.9147
0.6563
0.8926
0.6243
0.4278
0.7188
0.0631
0.5239
0.2771
0.2424
0.3798
0.1487
0.0643
0.6150
0.2878
0.1168
0.5023
0.0746
0.4783
0.6035
0.5354

0.4761
0.2812
0.5023
0.9139
0.6557
0.8920
0.6117
0.4247
0.7158
0.0386
0.5228
0.2624
0.2064
0.3760
0.1338
0.0415
0.6141
0.3027
0.0949
0.4771
0.0591
0.4616
0.6007
0.5282
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Table 2.11: The empirical size and power of goodness-of-fit test at the significance level
0.05.

Model  nq(Trt, Plb) mno(Trt, Plb)  Size/Power

Mo 50(5,9) 50(8,12) 6.2
100(12,18)  100(16,24) 5.2
150(18,27)  250(25,36) 6.0

My, 50(4,8) 50(8,13) 49.80

100(9,16)  100(16,27) 79.00
150(14,24)  150(25,40) 87.40

My, 50(5,10) 50(10,15) 61.00
100(11,20)  100(20,31) 87.00
150(17,30)  150(31,47) 92.40

Mys 50(7,12) 50(11,17) 69.40
100(13,24)  100(23,35) 92.40

150(21,36)  150(36,52) 97.00
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Table 2.12: Summary results of goodness-of-fit test of the multivariate mark-specific PH
model for STEP data with various selections of original marks.

Mark Selection S1 So Ss Sy Sx S6 S Sg
P-value 0.1850 4150 .1220 .1550 .2000 .0950 .0750 .5550




47

Table 2.13: Summary results of goodness-of-fit test of mark-specific PH model for STEP
data with various selections of standardized marks.

Mark Selection Sl SQ Sg 54 S5 Sﬁ S7 Sg
P-value 0.2500 .2450 .0350 .1350 .0450 .0050 .0300 .0300




CHAPTER 3: GOODNESS-OF-FIT OF STRATIFIED PROPORTIONAL HAZARDS
MODELS WITH CONTINUOUS MARKS

3.1 Introduction

The proportional hazard model (Cox model) has been wildly used in survival analysis.
Motivated by the need to evaluate HIV vaccine efficacy trials, Sun, Gilbert and McKeague
(2009) studied the mark-specific proportional hazards (PH) model with continuous marks
under the competing risk setting. In case of the Cox model, the model assumption may fail in
three ways: (i) the time invariance of the hazard ratio does not hold; (ii) the functional forms
of individual covariates in the exponent of the model are misspecified; (iii) the exponential
form of the link function for the hazard ratio is inappropriate. The model misspecification
can have detrimental effects on the validity and efficiency of the partial likelihood inference
( Lagakos & Schoenfeld, 1984; Struthers & Kalbfleisch, 1986; Lagakos, 1988; Lin & Wei,
1989). Lin, Wei and Ying (1993) and Spiekerman & Lin (1996) developed some formal
martingale residual based goodness of fit procedures to check the validity of the Cox model.

In this chapter, we study the stratified mark-specific proportional hazard model with
continuous marks. The estimation procedure and derive the asymptotic properties of the
estimator are developed following Sun, Gilbert and McKeague (2009). Confidence bands of
vaccine efficacy are also constructed. The main contribution of this chapter is developing
a goodness of fit procedure for the stratified mark-specific proportional hazard model with
continuous marks. The finite sample performance of the proposed tests are examined by

simulations.
3.2 Estimation

Suppose that a study population is divided into K strata. The stratified mark-specific
proportional hazards model postulates that the conditional mark-specific hazard function

for an individual with covariate z(-) in the kth stratum is
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A (t,v|2(t)) = Aok (t, v)exp {ﬁ(v)Tz(t)} , k=1,....K (3.1)

where Ao (¢, v) is unspecified baseline hazard functions and 3(v) is the unknown p-dimensional
regression function of v. Sun, Gilbert and Mckeague (2009) developed some estimation and
hypothesis testing procedures for (3.1) in the case of K = 1. Sun and Gilbert (2011) studied
model (3.1) based on missing marks. In the following we present an estimation method for
model (3.1) parallel to Sun, Gilbert and Mckeague (2009). But the focus of this chapter is
on goodness of fit of model (3.1) presented in section 3.5.

Let ng be the number of observations in the kth stratum, & = 1,..., K. The total
sample size is then n = Zszl ng. For each k, let (X, Oki, OkiVii, Zii), @ = 1,...,ny be
i.i.d. replicates of (X, ok, 0Vi, Z).

For a p-dimensional covariate Zj, in the kth stratum, let T} be the failure time and Vj
the mark variable observable upon failure. We assume that (T}, Vi, Zj) follows model (3.1).
The mark variable Vj is assumed to have a known and bounded support; rescaling V; if
necessary, this support is taken without loss of generality to be [0, 1]. The observed random
variables are (X, o, 0k Vi, Zk), where Xy = min(Ty,Cy), o = I[(Tx, < Cf) and C} is a
censoring random variable. The mark is observed whenever the corresponding failure time
is uncensored. The censoring time is assumed to be conditionally independent of (T}, V%)
given Zj. The estimation of model (3.1) using the observations (Xg;, O, OxiVki, Zki) for
i=1,...,ng k=1,..., K can be based on a localized version of the log partial likelihood

function for § = ((v) at a fixed v:

I(0,5) = kfz / 1 [ #tuo) [ﬁ%(t) ~log <:§;m<t>e“%<t>>} Ni(dt, du), (3.2)

where Kp(x) = K(z/h)/h, K(-) is a kernel function with support [—1, 1], 7 is the end of the
follow-up period and h = h,, is a bandwidth. Here Ny;(¢t,v) = I(Xy; < t,0k; = 1, Vi < 0)
is the marked counting process with a jump at an uncensored failure times Xj; and the
associated mark Vj;, and Yy;(t) = I(Xy; > t). The log partial likelihood function (3.2)

resembles that of Kalbfleisch and Prentice (1980) in the case of discrete marks, except that
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it borrows strength from observations having marks in the neighborhood of v. The kernel
function is designed to give greater weight to observations with marks near v than those
further away. The local maximum partial likelihood estimator of 8(v) is a maximizer 3(v)

of (3.2). For B € RP, t >0, let
SO, 8) = g Via(t) exp{ 87 Zui(t) } Zua () (3.3)
=1

where for any z € RP, we denote 220 = 1, 2®! = 2 and 2®? = 227 Taking the derivative of

(v, B) with respect to  gives the score function

K ng S(l)(t ﬁ)
Ulv, B) = ZZ/ / Kn(u—wv [Zm( )=~y o | NVeildt, du). (3.4)
k=1 i=1 S, (t,B)
The second derivative of [(v, ) with respect to [ yields
K ngk
ZZ/ / Knp(u —v)Jgn(t, B) Nii(dt, du),
k=1 1=1

) ) 2
where Ji,(t,8) = zzo)zg ; - <§’£0)$Z ;) . The maximum partial likelihood estimator is a
solution to U(v, B(v)) = 0. S(v) can be obtained using the Newton—Raphson algorithm: Set
U (v) = ﬂ(j)(v)—{l/[;(v, BUONIU (v, 39)), until B(v) convergence. The baseline function

Aok (t,v) can also be estimated, by smoothing the increments of the following estimator of

the doubly cumulative baseline function Agg(t,v) fo fo Aok (s, u) dsdu:

N t v Ni.(ds,du

= [ [ el .
0 Jo ngpS,7 (s, B(u))

where Ni.(t,v) = Z?’“l Nii(t,v). A kernel estimator of A\ (¢, v) is given by

Ao(t,v) = [ fo (it — s) K( )(v — w)Agy(ds, du), where K,Sll)(x) = KM (z/h1)/hy and

E(z) = K@ (x/hg) /hy with KO (-) and K®)(-) be the kernel functions and h; and ho

the bandwidths.
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Asymptotic Results

Define s,gj)(t,ﬂ) = ES,Ef)(t,ﬂ) and

Jk(t’ﬂ)

528 (sS><t,ﬁ>>®2
st8) \swp)/)

We make use of the following regularity conditions; not all of these conditions are required

for the proof of each theorem, nor are they the minimum required set of conditions.

Condition A

(A1)

B(v) has componentwise continuous second derivatives on [0, 1]. Foreachk =1,..., K,
the second partial derivative of A\gx (¢, v) with respect to v exists and is continuous on
[0,7] x [0,1]. The covariate process Zi(t) has paths that are left continuous and of
bounded variation, and satisfies the moment condition E[||Zx(¢)|* exp(2M || Zy(t)|])] <
00, where M is a constant such that (v,3(v)) € [0,1] x (=M, M)P for all v and

|A|l = maxy, ; |ag| for a matrix A = (ag).

Each component of s,ij)(t, 6) is continuous on [0, 7] x [-M, M P, and

Supse(o, -, oe[- v, mpe 1SV (,0) — s (t,0)|| = Op(n=1/2), for j =0,1,2.

s,go)(t, 0) > 0 on [0,7] x [-M, M]? and the matrix £(v) = S 1, ppZx(v) is positive
definite, where X (v) = Zszl Jo Jk(t, B(v)) Aokt v)s,(go) (t,B(v))dt, pr = lim,, oo ni /10

and 0 < pi < 1.

E(Ny;(dt,dv)|Fi—) = E(Ny;(dt, dv)|Yii(t), Zki(t)), where (F3) is the (right-continuous)

filtration generated by the processes (Nki, Yii, Zri), i = 1,...,ng, k=1,..., K.

The kernel function K(-) is symmetric with support [—1, 1] and of bounded variation.

The bandwidth satisfies nh? — 0o and nh® — 0 as n — oo.

Note that the condition (A.2) holds under the condition (A.1) given some additional

moment conditions on Z(t) — Z(s) and exp(b? Z(t)) — exp(b” Z(s)). If Z(t) = Z, not de-

pending on ¢, then (A.2) holds by the Donsker Theorem (Theorem 19.5 of van der Vaart,

1998). The condition (A.4) assumes that the mark-specific instantaneous failure rate at
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time ¢ given the observed information up to time ¢ only depends on the failure status and
the current covariate value. Under (A.4) and by the definition (1.3), E(Ng;(dt, dv)|Fi—) =
Yii (DAt v| Zyi(t)) dtdv. Let My;(t,u) = fg Jo [Nii(ds, dx) — Yii(s)A(s, x| Zii(s)) dsdzx]. Tt
follows by Aalan and Johansen (1978) that My;(-,v1) and My, (-, v2) — M (-, v1) are orthog-
onal square integrable martingales with respect to F; for any 0 < v1 < v9 < 1. To avoid
the problems at the boundaries v = 0, 1, we shall study the asymptotic properties of ,@(v)
for the interior values of v € [a,b] C (0,1).

First we present the following result that is essential for proving the asymptotic nor-
mality of /3 (v) and provides important insight into the constructions of the confidence bands

and test statistics that follow. Let

K n D
7 (v) —n*1/2 - M | )
;;Z;/ / [Z’“ SO, 3(u)) Myi(dt,du),  (3.6)

where A(u) is a deterministic p x p matrix with bounded components.

Theorem 3.1. Assume that each component of the p x p matriz A(v),v € [a,b], is continu-
ous. Under conditions (A.1)~(A.4), Wa(v) converges weakly to a p-dimensional mean-zero

Gaussian martingale, W4 (v), with continuous sample paths on v € [a,b] as n — oco. The

covariance matriz of Wa(v) is given by Cov(Wa(v)) = [ A(u)S(u)A(u) du.
Let
A K ng
A _122/ / ) T (t, B(u)) AT (w) Ny (dt, du), (3.7)
k=11i=1

where A(v) is a consistent estimator of A(v) uniformly in v € [a,b] C [0,1]. It can be shown
that 3 4(v) is a consistent estimator of Cov(W(v)).
The consistency and asymptotic normality of B(v) are established in the next two

theorems.

Theorem 3.2. Under conditions (A.1)-(A.5), B(v) converges to B(v) uniformly in v €

[a,b] C (0,1) as n — oo.

Theorem 3.3. Under conditions (A.1)-(A.5), (nh)Y2(3(v) — ﬁ(v))iN(O,qufl(v)) for
€ [a,b] € (0,1) as n — oo, where v, = f_ll K?(u)du.



53
The proof of Theorem 3.3 uses a Taylor expansion of the score function, leading
to B(v) — Bv) = —(lg(v,ﬁ*(v)))_lU(v,ﬁ(v)), where (3*(v) is on the line segment be-
tween ((v) and B(v). The asymptotic variance of n~Y2h1/2U (v, 3(v)) is shown to be
12 (v), which is the in probability limit of ¥,(8(v)) = n~th S0 S, 01 Jo (Kn(u —
0))2Jin(t, B(v)) Nii (dt, du). Tt can also be shown that 3(v) = —lg(v,ﬁ(v))/n LZ(U}
as n — oo. Thus, the asymptotic variance of (nh)¥2(3(v) — B(v)) can be estimated by
21(v) = (h(v, B(v))/n) " Tn(B(v) (v, B(v))/n)~ . An alternative estimator is Xp(v) =
—Vo(lg(v,ﬁ(v))/n)_l. It is easy to check that vy = 3/5 for Epanechnikov’s kernel K(z) =
%(1 —2?), =1 < o < 1. Simulations indicate that the two estimators have similar finite
sample performance.
Theorem 3.3 will lead to the construction of pointwise confidence intervals for the
vaccine efficacy. Simultaneous inference over v € [a,b] will be possible in terms of the

estimate B(v) = [ 3(u) du of the cumulative regression coefficient B(v) = [ A(u) du. We

have the following weak convergence result for B (v).

Theorem 3.4. Under conditions (A.1)-(A.5), n*/2(B(v) — B(v)) converges weakly to a
p-dimensional mean-zero Gaussian martingale, Wx,—1(v), with continuous sample paths on
v € [a,b] as n — oo. The covariance matriz of Wy-1(v) is [ $(u) ™t du, which can be

consistently estimated by i]A(v) defined by (3.7) with A(v) = (2(v))~" and A(v) = (S(v)) L.

3.4 Confidence Bands for Vaccine Efficacy

In the context of the vaccine trial application, let z(t) = (21, 23 (t))?, where z; is the

treatment group (l1=vaccine; O=placebo) and z9 are other related explanatory variables.
Let B(v) = (B1(v), 85 (v))T. Then the vaccine efficacy can be expressed as VE(v) = 1 —
exp(f1(v)). The estimated vaccine efficacy is \//E(v) =1 — exp(A1(v)). By Theorem 3.3
and the delta method, (nh)1/2(\7E(v) - VE(U))&N(O, vpoi(v) exp(261(v))) for v € [a, b,
where o?(v) is the first element on the diagonal of ¥71(v). Let 6’%1 (v) be the first element
on the diagonal of 1 (v). By the discussions on the consistent estimators for the asymptotic

variance following Theorem 3.3, 6%1 (v) is a consistent estimator for voo?(v). A pointwise
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100(1 — )% confidence band for VE(v) is given by

VE(v) + (nh) ™ 224065, (v) exp(B1(v)),  a<v <), (3.8)

where z, /o is the upper « /2 quantile of the standard normal distribution.

3.5 Goodness-of-fit Tests

Similar to Lin, Wei and Ying (1993), we derive the model checking test statistics based

on the martingale residuals, which, in our case, is defined as

Myi(t,v) = /0 / U[Nki(ds,du)—Yki(s)exp((ﬁ(u))TZki)f\gk(ds,du)]. (3.9)

Mki(t,v) may be interpreted as the difference at time ¢t between the observed and the
predicted number of events with marks less than v for the ith subject in kth stratum. Thus
the martingale residuals are informative about the model misspecification. It can be checked
that n=1/2 25:1 Sk M;,i(t,v) = 0,(1). This property is similar to that for the martingale
residuals of the standard Cox model, where the sum of all martingale residuals is exactly
zero. The difference here is caused by the kernel smoothing in a neighborhood of v.

Consider the test process W(t,v, z) = (Wi (t,v,2),..., Wk(t,v,z)), where for 1 < k <

K,
ng
Wi(t,v,2) =2 " gi(Zpi, 2) Myi(t, v), (3.10)
=1

and gg(Zg;, z) is a 1 x r-vector of known bounded functions of Zy; and z. For example,
one may take gi(Zy;, 2) = fx(Zri)I(Zg; < z), where fr(-) is a know function, I(Zy; < z) =
I(Zwks < 21)s-- - L (Zpki < 2p)), andZjy; is the jth element of Zj;. In this case r = p. If
model (3.1) holds, the process W (t, v, z) fluctuates randomly about zero. The distribution
of W(t,v,z) can be approximated using the Guassian multiplier method as we describe
next. Various test statistics can be constructed by selecting different weight functions fi(-)
and using different functionals of the process W (¢, v, z).
Let Si (.2, 8) = ni 1%, Yii(t) exp{ 67 Zii() g (Zri, 2) and SL) (¢, 2, ) = !

S Vi () exp{ 8T Z1i(t) } Zki(t) ® g (Zgi, 2), where A® B is the Kronecker product of ma-
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trices A and B.

Theorem 3.5. Assuming conditions (A.1) — (A.5), we have for 1 <k < K,

Wk(t7 v, Z)

23S [ re=nt6s < 0tz - 25 aas,an

=1 i=1

)
T 1) .
n—1/2 w. N (S ()1 .S_M e
" ;ZI{/O [ e ) 2 Sl(o)(s’ﬁ(u))}Mh(d )
+o,(1)

where

t W s, B(u S s,z,B(u
Ruftyn.2) = (/) [ (- Sl (Sgo))i’;& i) o) £ (5,250 ) s (5 0) .

The process W (t,v,z) = (Wi(t,v,2),...,Wi(t,v, 2z)) converges weakly to a k dimen-
sional mean zero Gaussion random process on [0, 7] X [a,b] x RP as n — oo. Let {§;,i =
1,...,m,l = 1,...,K} be iid standard normal random variables. Using the Gaussian
multiplier technique of Lin, Wei and Ying (1993), the distribution of W(t,v,2) can be
approximated by the distribution of W*(t,v, z) = (W{(t,v,2),..., Wj(t,v, 2)), where for
1<k<K,

Wi (t, v, 2)

K n . S(O) s,z,Au
—n 12 ZZ/O /a I(l=Fk)I(s <t) [Ql(Zli7Z) - M]&i Nyi(ds, du)

=1 i=1

n1/2 ii { /OT /:(Rk(t, u, 2)) 7 (

=1 i=1

[\l
—
<
~—
~—
|
—_

L —
N
<t
—

Va)
~—
—~
=
=
—~ |

_ S)]&Z-Nli(ds,du)}T,

(3.12)
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where

. e s, Blu 50 s, z, 3(u . .
ult,2) = ) [ il (s,g)oif ” g) o) 81005, 205(0) ) o).

and

uw— ) de(ds dx)
Au o (t //Kh s (s B(2)) (3.13)

is the estimator for the mark-specific cumulative baseline function A, ox(t) = f[f Aok(s,u) ds.
Various test statistics based on the functionals of the process W (t, v, z) can be con-

structed to check the lack of fit model (3.1). Let (g,gl)(x, Z),. .. ,g,(:) (x,z)) and

(W,gl)(t, v, 2), .., W,gr) (t,v,2)) be the r components of gi(z, z) and Wi(t, v, z), respectively.

We consider the following supremum test statistic to test the overall fit of the model:

T= sup sup sup \Wéj)(t,v,z)], (3.14)
1<k<K 1<5<r (tw,2)eC

where C = [0, 7] x [a,b] x R and [ag, bi] € (0,1). Let T = supy << g SUP1<j<y SUP (10, 2)cC

W, J)(t v, z)|, where Wk( DE22) g the Jjth component of W} (¢,v, z). The distribution of T
can be approximated by repeatedly generating iid sets of standard normal random variables
{&:}. We reject model (3.1) at significance level « if T is greater than the upper a quantile
of T*. When gi(Zri,z2) = Zi;, T is the supremum test based on the score process. The
selection gx(Zy;, z) = I[(Zy; < z), where all components of Z other than the jth component
are set to be 0o, can be used to test the functional form of the jth component of covariate
Z. On the other hand, one can take (gx(Zki, 2) = (Zki, [(Zr; < z)) to test the overall fit of

model (3.1).

3.6 Simulation Study

In this section, we conduct a simulation study to check the finite sample performance of
the proposed testing procedure. The size of the test is examined using the following simple

mark-specific proportional hazards model:

Ak(t,v]z) = exp{yv + (a+ fv)z}, t>0,0<v<1, (3.15)
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where «, § and ~ are constants, z takes value 0 or 1 as a treatment indicator. We consider
the simple case where k = 1. The mark-specific baseline function is g (¢, v) = exp(yv). We
generate covariates Zj; from Bernoulli distribution with P(Zy; = 1) = 0.5. The censoring
times are generated from an exponential distribution, independent of (T%;, Vi), with the
censoring rates ranging from 20% to 30%. Set the follow-up time 7 = 2.0. The censoring
rate before 7 is around 10%. We set the interval of analyses for v as [a,b] = [.1,.9]. The
observed failure times with marks outside the interval [a,b] can also be used since the
smoothing at v takes the cases with marks in its h-neighborhood. The Epanechnikov kernel
K(z) = .75(1 — %) I{|z| < 1} is used throughout. Table (3.1) shows the empirical sizes
of the test under different choice of o, 3 and -y, for sample sizes of n = 200, n = 350 and
500 and bandwidths h = 0.2, 0.25, 0.3. The empirical sizes are calculated based on 1000
simulations and 500 Gaussian multiplier samples. They are very close to 0.05.

To evaluate the power of proposed test, consider the model

e (t,v]21i () = Aok (t, v)exp{(Bv — ct)zi}, (3.16)

where Ao (t,v) = ckexp(ct — pv) for k = 1,..., K. Again we take Zj; as a Bernoulli
random variable with P(Zy; = 0.5). For simplicity here we consider only one failure cause
K = 1. Model (3.16) is not a mark-specific proportional hazard model since the hazard
ratio A\g(t,v|Zk; = 1)/ Mp(t,v|Zk; = 0) = exp{ct — Bv} changes with time. We set § = 0.1
and consider ¢ = 0.8, 1.0, 1.2 and 1.4. As c increases, the hazard ratio under (3.16) increases
faster with ¢, which represents an increases departure from the null hypothesis. For each
of the above selected ¢, random right censoring times are generated from an exponential
distribution, independent of (T%;, Vi), to yield around 30% of censoring. Again we set
7 = 2.0 and [a,b] = [0.1,0.9]. sample sizes of n = 200, n = 350 and 500 are studied. The
empirical power of the test at the significance level 0.05 under (3.16) for ¢ = 0.8, 1.0, 1.2
and 1.4, n = 300, 500, 800, and h = 0.20, 0.25 and 0.30 are given in Table (3.2). Each entry
of the table is based on 1000 simulations and 500 Gaussian multiplier samples. The power
of the test increases with ¢, and also increases with sample size. The limited simulation

study demonstrates the validity of the proposed goodness of fit testing procedure. The test
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provides a valuable tool to check the adequacy of the mark-specific proportional hazard

model (3.1).
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APPENDIX II

Proof of Theorem 3.1.

It is easy to check that the conditions of Lemma 1 of Sun and Wu (2005) are satisfied un-
der Condition A. Tt follows that W (v) converges weakly to a vector of continuous mean-zero
Gaussian random processes, Wy (v), v € [a,b]. Now we show that W4 (v) has independent
increments. Let wy;(t,v) = [’ fo w) [ Zpi(t) — s,(g (t, B(u ))/s ( B(u))| Myi(dt, du). Then
Wa(v) =n"Y250  ST™ (7, v). For a < v < wy < b, the covariance matrix of W (v;)
and Wa(vy) — Wa(v1) is equal to ZkK 1 2 E{wi (7, v1) (wki (7, v2) — wii(7,01))7}. Since
My (t,v1) and My;(t,v2) — My (t,v1), 0 < t < 7, are orthogonal square integrable martin-
gales, it follows that wy;(t,v1) and wy;(t,v2) — wy;(t,v1), 0 < ¢t < 7, orthogonal square inte-
grable martingales. Hence E{wp;(7,v1)(wg;i(T,v2) — wri (7, v1))T} = 0. So Wa(v), v € [a, b],
is a vector of mean-zero Gaussian random processes with independent increments.

Further, the covariance matrix of Wy (v) is equal to

éPkE{ww, o)(u(r. )7}
- Enel [ [aofer o wonin
-5 [ [ A<“>[Z'ﬂ<f>—zécl)iEngEZiﬂ@QA( (120 () a1l Z0) e
- /avA(u)E{ /0 [Zm(t)— j’é?izgigﬂw (1 Zks(D) Akt 0l Zii(£)) d }A(u)du
= | AS(w)A(w) du
This completes the proof of Theorem 3.1.  Q.E.D.

Proof of Theorem 3.2.
We shall prove Theorem 3.2 by verifying the conditions of Lemma 1 of Sun, Gilbert,
Mckeague (2009).
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Let
K ng u T

U = pnt Tz, —lo (0) ; U
) S5 [ (67 7te) - tosts(e.00)] Mutat.
SOSN8 20— tou (06, 0))] Nea(t,
Gwd) = a3 /0 /0 (07 Zys(1) — Tog(s”) (1, 0))] Nes(dt, du)

K ng 1
Qn(v,0) = nll(v,9)+nlzzlognk/ Kp(u —v) Nii (7, du).

k=1 i=1 0

Then by Condition A, 1, (v,0) = &,(v,0) + Op(n~'/?) and

1 1
Qn(v,ﬁ):/o Kh(u—v)nn(du,ﬁ):/o Kp(u —v) & (du, ) + Oy (n~1/2p71),

uniformly in (v,0) € [0, 1] x [-M, M], for M > 0. Let

K T
Q.0)=> PE [ /0 [07 Zyi(t) — og(sy (£, 0))] Aro (£, v) exp (5T (v) Zis (1)) Vi (1) dt .
k=1

Following similar steps of the proof of Theorem 1 of Sun, Gilbert and Mckeague (2009),
B(v) is the well separated point of maximum of Q(v,6) for v € [0, 1] uniformly in (v,0) €

[a, 8] x [=M, M], and Qu(v, B(v)) = Qu(v, B(v)). Q.E.D.

Proof of Theorem 3.3.
In the proof of this theorem, we set 3 = (3(v) for simplicity. Note that under Condition

A using a second order Taylor expansion for Ag(t,u|Zg;(t)) in the neighborhood of v, we

have
s [ s, 8)
n-1/2 w— () = 2k \b 4 0l 70 (1)) —
>3 [ [ K|zt S0 ) VP10

A (t, u| Zi(1))] dtdu| = O,(n/?h?),
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uniformly in v € [0, 1]. It follows that

n U (v, )
:n—1/2i§t/l /TKh(u—U) -ZkA(t)_M- [Nk(dt du)_
k=1i=170 O - S,io)(t,ﬁ)_ o
Yii (0) Ak (8, 0| Zki (1)) didu]
K ng o1 pr r S(l)(t )]
—n1/2 Kp(u— )| Zpi(t) — 22220 [N (dt, du) —
n ;Zl/o /0 =) | 21e) = Sl 2| it )

Yii ()M (t, 1 Zgi (1)) dtdu] + Op(n*/?h?),

uniformly in v € [0, 1].

Next, we show that for each v, n='/2hY/2U (v, §) converges weakly to a normal distri-
bution. By Lemma 2 of Sun, Gilbert and Mckeague (2009), n~Y/2M;,(t,v) converges weakly
to a mean-zero Gaussian process for 1 < k£ < K. By Condition A, HS,(Cj) (t,8)— s,(j)(t, B)| =
0p(n~1/2%9) uniformly in ¢ for j = 0,1 and 1 < k < K, for some 0 < § < 1/2. Note that
n~Y2H0p=1/2 = o(1) for § = 1/4 as nh?® — co. We have hl/QKh(u—v)\\S,ij)(t,6)—819)(15,5)“
goes to zero in probability for 1 < k < K. Applying Lemma 2 of Gilbert, McKeague and
Sun (2006), we have

K ng 1 T (1)
n=12R1207 (0 o l/2p1/2 "— v o Sk (. 5)
h U( 7ﬁ) h ;;/0 /(; Kh( )|:Zkl(t) s]go)(t’ﬁ):|
[Nki(dt, du) — Yia () (2, 0l Zea () dtdu] + Op(nl/2h5/2) + 0, (1)
K ng 1 T (1)
- pol2pl2 " — v Sk (t, B(u))
" kzz/o Jy Katwo e sif”(m(u))]

[Nki(dt, du) — Yit)\(t, ul Zi(t)) dtdu] + Op(n/2h%/2) + 0,(1)

1
B2 /0 Kin(u — v) Wi (du) + Oy (n/2h52) + 0,(1), (3.17)

where W;(v) is defined in (3.6) with A =TI and a = 0.

Since W[(U)LWI(Q)) by Theorem 3.1. By the almost sure representation theorem
(Shorack and Wellner, 1986), there exist W;(v) and W} (v) on some probability space
that have the same distributions and sample paths as W;(v) and W;(v), respectively, such

that W (v) 2% W (v) uniformly in v € [0,1]. Hence fol Kp(u — v) Wi (du) = fol Kp(u —



62
v) Wi (du) + Op(n~1/2h=1) by integration by parts since K(-) has bounded variation. It

follows that

" 1
h1/2/0 Kh(U—U)WI(dU)£h1/2/O Kh(u—v)Wz*(du)

1
= h1/2/ Kp(u — v) Wi (du) + Op(n~Y/2n71/2), (3.18)
0

Since W (v) is a Gaussian martingale with covariance matrix of [ ¥(u) du, h!/? fol Kp(u—
v) W; (du) is a mean zero Gaussian random vector with covariance matrix equal to h fol K2 (u—
v)S(u) du — oS (v) as h — 0. Hence, h'/? fol Kp(u—wv) VVI(du)AN(O, 12(v)) as h — 0,
nh — co. By the Slutsky theorem, n~'/2h/2U (v, 3) converges weakly to N (0,9 (v)) as
nh? — oo and nh® — 0.

Note that U(v,3) — U(v,3) = l/’é(v,ﬂ*(v))(@(v) — B(v)), where 3*(v) is on the line
segment between ((v) and (v). By Condition A and the uniform consistency of 3(v) on
v € [a,b] C (0,1), we have nfll/’é(v,ﬁ*(v)) = —X(v) + 0p(1), uniformly in v € [a,b] for

0 < 6 < 1/2. Hence,

n2hY2(B(v) — B(v)) = —(Uh(v, B (v)) /n) 022U (v, B)
= (Z(0)) V202U (v, B) + 0p(1), (3.19)

uniformly in v € [a,b]. It follows that (nh)'/2((v) — B(v))LN(O, voX(v) 1) as nh? — oo
and nh® — 0. Q.E.D.

Proof of Theorem 3.4.
From (3.17) and the first line of (3.19), we have, for v € [a, b],

v v 1
/ n2(3(u) — Blu)) du = — / (S(u))! /0 K — u)Wi (dz)du + oy(1).

a

Exchanging the order of integration and by the compact support of the kernel function K (-)
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n [—1, 1], we have

[ w0 - sty tu=- [ [ ) Ko a() 4 0,00

[ [/a”@( ) K — u) du ]W(dm
_/aih[/av(z( ) Ky (2 — u) d ]

_/vih[/:(z( )" (@ — u)d ] (dz) + 0, (1). (3.20)

By Theorem 3.1, WI(m) converges weakly to a mean-zero Gaussian process with continuous
paths. Under the assumption (A.4), ["(3(u)) ' Kp(z — u) du has bounded variation and
converges uniformly to X(z)~! for # € (a + h,v — h). By Lemma 2 of Gilbert, McKeague
and Sun (2006), the first term in (3.20) is equal to — f;(E(x))_ll/NVI(dx) + 0p(1). Similar

arguments lead to the second and the third terms in (3.20) to be 0,(1). Hence

/“ n'2(B(u) = B(u)) du = — /U(E@))lWI(dQT) +0p(1) = =Wy-1(v) + 0p(1),

which converges weakly to a p-dimensional mean-zero Gaussian martingale, Ws-1 (v), with
continuous paths. The covariance matrix of Wy.—1(v) equals Cov(Wy -1 = ["%(u (u)

S(u)"tdu= [ S(u)"t du. Q.E.D.

Proof of Theorem 3.5. Note that:

Nia(tv) = Mt v) / / Yis(5) exp((Bu))T Zua) [ Aow(ds, du) — Aok (ds, du)]

- /O / Yii () [exp((B(w)) T Zi) — exp((B(u))T Zis)| Aok (ds, du)].
(3.21)

Consider the approximation decomposition

eap(B(w)" Zyi) — exp(B(u)" Zis) = (B(u) — B(w)) eap(Bu)" Zii) + o((|B(u) — Bw)]),

and
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. dN, ds du
Row(t,0) — Aok(tiv) = / / N (s, du)_ - Aude)
nkS

- / / [nkS 1sﬁu nks,g(”(ls,ﬁ(u)) N (ds, )

(
My..(ds, du) ~1/2
// nkSO)sﬁu ol

k

_ (s, 8(w))" (5 <u>—3<u>>N e
/ / nks‘)(s Bu)S (s, B(u)) )

toro M (ds, d
+/ k-(ds, du)
0 Ja

/-\

+ Op(”izl/Q)

\_/

niSy (s, 6(u))
_ / / (St (5. ) (Blw) — Blu)ho(s.w)
Sy (s, B(u))
t v Mk (dS du) n 1/2
+A a nkS’(co)(sjﬁ(u)) " p( g )’ (3‘22)

where My.(t,v) = > My (t,v).
From (3.21), we have

ng
Wi(t,v,2) = _I/Zng (Zkis 2) Mpi(t, v)

S z (1) S u T(3 u) — u
I / IS BT (B0 = B

0><s,ﬁ<u>>
()
‘”_1/2/ / Skg = ﬁ My (ds, du)
—ngn 1/2/ / TS(l (5,2, B(w))Aok(s, u) dsdu + op(1).

(3.23)

Following (3.17) and (3.19) in the proof of Theorem 3.3, the second term of (3.23) equals
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to

1SV(s @5@ (5,2, B Ao(55u)
(g /) { / / T 500 (S(u))

[/ Kn(z — u)WI(dx)] dsdu}T +o,(1)

S( ) ®Skg (s,z,0(u ))]T)\Ok(s,u) —1 7.7% .
= (ni/n) {/ / (s, B(u)) =) dSWI(dU)} Foll

=i [ [/0 Ak ))ifo% (Sﬁ(zui( O Akl | (E(U))_le(du)}T

+op(1)
(3.24)

Similarly, the fourth term of (3.23) is equal to

{/a“ [/Ot (nge/n)(S (s z, B(u)) T Xow (s, u) ds (g(u))—1W[(dU)}T+0p(1)_
(3.25)

Combining (3.23), (3.24) and (3.25), we have

Wi(t, v, z)

—1/22//[ (Zi, 2 _?:ﬁf()) My (ds, du)

u))
st [ [ (FEApe 0 - ) st

=4 r 1/2
<(S() W) |+ oyl

_n—l/zz// [ (Znir 2 m} Myi(ds, du)
s\ (s, B(u))

. 1/222{/ / (Ri(t, u, 2))T (B (u ))1[Zli(8)_5M
l

=1 i=1 s, B(u

]Mh(ds, du)}T

+op(1)
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—n4ﬂ§:§:/‘/) S<ﬂPM%“@ (Szﬁw”]mmu&mo

2.2 $ (s, B(u))
+n1/2lz;;{/ / (Rult . 2) T (S(w))- [Zh( ) — %]Mh(d&du)y
+op(1).

(3.26)

fmmmmmeWﬂmﬁkwwy%ﬂWMS@wm
in (3. 26) can be replaced with their expectations sl (S z, B(u)), slg (s z,B(u)), s )(s,ﬁ(u))
and Sz (s z, B(u)) respectively. The resulted process is the sum of iid terms involving the
integrations with respect to My;(s,u), which is equivalent to the one before the change by
Lemma 2 of Gilbert, Mckeague and Sun (2006). Then it follows from the limit theorems of

empirical process theory that W (t, v, z) converges weakly to a mean zero Gaussian process.

Q.E.D.
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Table 3.1: Empirical size of goodness of fit test at the significant level 0.05

Model (o, B,7) n h  size
My (0.,0,.3) 200 020 6.2
0.25 6.6

0.30 6.4

350 0.20 6.3

0.25 6.4

0.30 5.9

500 0.20 64

0.25 6.3

0.30 6.1

My,  (—.6,.6,.3) 200 020 57

025 5.2
030 54
350 0.20 4.9
025 54
030 54
500 0.20 5.3
025 5.3
0.30 5.3

M;  (—.69,0,.3) 200 020 5.5

025 5.9
0.30 5.9
350 0.20 6.7
025 6.8
0.30 6.6
500 0.20 6.4
025 6.3
030 6.4

M, (=15,15,.3) 200 020 4.0

0.25 4.0
0.30 4.2
350 0.20 4.2
025 3.9
0.30 4.1
500 0.20 4.4
025 4.6

0.30 5.0




Table 3.2: The power of goodness of fit test at significant level 0.05

Model c n h power
H; 0.8 300 0.20 49.4

0.25 49.3
0.30 49.2
500 0.20 71.3
0.25 71.1
0.30 70.6
800 0.20 88.9
0.25 88.4
0.30 87.9

H, 1.0 300 0.20 59.6

0.25 60.3
0.30 58.4
500 0.20 81.3
0.25 80.5
0.30 80.8
800 0.20 95.5
0.25 95.3
0.30 95.1

Hs; 1.2 300 0.20 65.8

0.25 64.8
0.30 64.2
500 0.20 87.3
0.25 86.9
0.30 86.4
800 0.20 98.1
0.25 97.7
0.30 97.4

Hy 1.4 300 0.20 70.2
0.25 69.4
0.30 68.5
500 0.20 90.5
0.25 90.7
0.30 90.4
800 0.20 98.6
0.25 98.3

0.30 98.2




