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ABSTRACT

CHRISTOPHER BARD DAVIS. Meshless boundary particle methods for boundary
integral equations and meshfree particle methods for plates.
(Under the direction of DR. HAE-SOO OH)

For approximating the solution of partial differential equations (PDE), meshless
methods have been introduced to alleviate the difficulties arising in mesh generation
using the conventional Finite Element Method (FEM). Many meshless methods intro-
duced lack the Kronecker delta property making them inefficient in handling essential
boundary conditions. Oh et al. developed several meshfree shape functions that have
the Kronecker delta property. Boundary Element Methods (BEM) solve a boundary
integral equation (BIE) which is equivalent to the PDE, thus reducing the dimen-
sionality of the problem by one and the amount of computation when compared to
FEM.

In this dissertation, three meshless collocation based boundary element meth-
ods are introduced: meshfree reproducing polynomial boundary particle method
(RPBPM), patch-wise RPBPM, and patch-wise reproducing singularity particle method
(RSBPM). They are applied to the Laplace equation for convex and non-convex do-
mains in two and three dimensions for problems with and without domain singulari-
ties.

Electromagnetic wave propagation through photonic crystals is governed by Maxwell’s
equations in the frequency domain. Under certain conditions, it can be shown that
the wave propagation is also governed by Helmholtz equation. Patch-wise RPBPM is
applied to the two dimensional Helmholtz equation and used to model electromagnetic
wave propagation though lattices of photonic crystals.

For thin plate problems, using the Kirchoff hypothesis, the three dimensional
elasticity equations are reduced to a fourth order PDE for the vertical displacement.

Conventional FEM has difficulties in solving this because the basis functions are re-



iv
quired to have continuous partial derivatives. Suggestions are to use Hermite based
elements which are difficult to implement. Using a partition of unity, some special
shape functions are developed for thin plates with simple support or clamped bound-
ary conditions. This meshless method for thin plates is then tested and the results

are reported.
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CHAPTER 1: INTRODUCTION

Partial differential equations (PDE) can be used to model many different physical
phenomena such as stress inside a body, propagation of waves, and much more. They
are powerful tools in physics and engineering. Solving them analytically can be very
difficult or impossible; hence, finding reasonable approximate solutions is a practical
alternative.

When solving a PDE numerically, there are many methods to choose from such
as the Finite Element Method (FEM), the Boundary Element Method (BEM), and
much, much more. FEM uses a variational form of the PDE to find a weak solution
over some approximation space. BEM uses an equivalent boundary integral equation
(BIE) to find an approximate solution. Each method has its advantages and its
drawbacks. FEM requires a mesh throughout the domain to be constructed which is
an expensive and difficult task to do. BEM has the advantage that it only requires
a mesh to be constructed throughout the boundary of the domain, however BEM
also requires the use of a fundamental solution to the PDE which does not exist in
some cases. To help alleviate the difficulties arising from mesh generation, meshless
methods have been introduced.

Meshless methods have advantages over conventional FEM. However, these meth-
ods also have some difficulties such as inefficiency in handling essential boundary con-
ditions, large matrix condition numbers and so on. Recently, Oh et al. ([40],[41],[42],
[43],[44],[45],]46]) introduced various meshless methods that alleviate these difficul-

ties. Specifically, the following have been introduced:

1. Highly regular (piecewise polynomial) reproducing polynomial particle(RPP)

shape functions corresponding to uniformly spaced particles ([44]).
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2. Constructions of various piecewise polynomial partition of unity (PU) functions:
convolution PU functions, almost everywhere PU functions, and generalized

product PU functions ([40],[41],[43]).

3. Using these partitions of unity, patch-wise reproducing polynomial particle
shape functions are constructed that correspond to patch-wise uniformly (or

non-uniformly) spaced particles ([45]).

4. Reproducing singularity particle (RSP) shape functions that can effectively han-

dle elliptic boundary value problems containing singularities ([42],[46]).

It is important to note that almost all particle shape functions mentioned above
satisfy the Kronecker delta property. In this dissertation, using these shape functions,
two different reproducing polynomial boundary particle methods (RPBPM) and a
reproducing singularity boundary particle method (RSPBM) are proposed to solve

BIEs of elliptic problems with or without singularities.
1. Meshfree RPBPM that uses meshfree RPP shape functions.

2. Patch-wise RPBPM in which patch-wise RPP shape functions are assigned to

each particle on the boundary.

3. Patch-wise RSBPM that uses patch-wise RSP shape functions for BIE contain-

ing singularities.

Electromagnetic wave propagation through photonic crystals is governed by Maxwell’s
equations in the frequency domain. In considering electromagnetic wave propaga-
tion, we will consider transverse magnetic (TM) waves which means in the direction
of propagation of the wave there will be no magnetic field, i.e. only magnetic field
components which are perpendicular to the direction of propagation will be there.
We could similarly consider transverse electric (TE) waves, which are the same as

TM waves but with the roles of the electric field and the magnetic field swapped. It
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can be shown that TM and TE wave propagation is governed by Helmholtz equation.
Patch-wise RPBPM is applied to the two dimensional Helmholtz equation and used
to model electromagnetic (TM) wave propagation though various lattices of photonic
crystals.

Another application of RPP shape functions is the elasticity problem for a thin
plates. A large number of structural components in engineering can be classified
as plates. Typical examples in civil engineering structures are floor and foundation
slabs, lock-gates, thin retaining walls, bridge decks, and slab bridges. Plates are
indispensable in ship building, automobile, and aerospace industries. If a plate is
thin, by the Kirchoff hypothesis, the three dimensional elasticity equations for the
displacements (u, v, w) can be reduced to a scalar two dimensional fourth order elliptic
equation for w. Thus, the shape functions for FEM are required to have continuous
partial derivatives. ([8],[11]) suggest using the Argyris and Bell triangles, or the
Bogner-Fox-Schmit rectangle which are C* continuous finite elements. These Hermite-
type finite elements are difficult to implement. We will show the effectiveness of the
RPP shape functions in the context of the classical plate theory governed by the
Kirchoff hypothesis.

After introducing definitions and terminologies in chapter 2, discussion about
derivation of the boundary integral equation and various boundary element methods
are introduced in chapter 3. Chapters 4 and 5 introduce meshless boundary element
methods for the two and three dimensional Laplace equation respectively. Chapter
6 demonstrates a variation of patch-wise RPBPM to Helmholtz equation. Chapter 7
introduces the RPPM for thin plates. Chapter 8 is the conclusions. Finally, Appendix

A, demonstrates a computed solution to the Motz problem.



CHAPTER 2: PRELIMINARIES

Throughout this dissertation, a, 8 € Z? are multi indices and z = (*z 2z, ..., %), z; =

(txj, 22y, . .. ,d:cj) denote points in R?. However, without confusion, we also use the
conventional notation for the points in R? or Z¢ as x = (x1,79,...,24) and a =
(a1, 9, ...,04). By a < 5, we mean oy < [y, ...,aq < ;. We also use the following
notations: (z — z;)* := (‘o — 'z;)™...(%0 — %z;)% |a| == a; + aa + - + ag. Let Q
be a domain in R?. For any nonnegative integer m, C™(Q2) denotes the space of all
functions ¢ such that ¢ together with all their derivatives D®¢ of orders |a| < m, are

continuous on . The support of ¢ is defined by

supp(¢) = {z € Q: ¢(z) # 0}.

In the following, a function ¢ € C™(£2) is said to be a C™- function.

A family {U}, : k € D} of open subsets of R? is said to be a point finite open
covering of Q C R? if there is M such that any x € Q lies in at most M of the open
sets Uy, and Q C |, Uy.

For a point finite open covering {Uy : k € D} of a domain €, suppose there is a

family {¢. : k € D} of Lipschitz functions on 2 satisfying the following conditions:
1. For ke D, 0 <y(x) <1, zeR.
2. The support of 1), is contained in Uy, for each k € D.

3. > pep ¥r(r) =1 for each z € €.

Then {9y : k € D} is called a partition of unity (PU) subordinate to the covering

{Uk : k € A}. The covering sets {Uy} are called patches.
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By almost everywhere partition of unity, we mean {¢ : kK € D} such that

the condition 3 of a partition of unity is not satisfied only at finitely many points
(2D) or lines (3D) on a part of the boundary.

A weight function (or window function) is a non-negative continuous func-

tion with compact support and is denoted by w(x). Consider the following conical

window function: For z € R,

(1_I2)l’ |£L’| <1,
w(z) = (2.1)
0, lz] > 1,

where [ is an integer. Then w(z) is a C'~!-function. In RY, the weight function w(x)
can be constructed from a one-dimensional weight function as w(z) = [], w(z;),
where x = (21, ...,124).

Here, we use the normalized window function defined by

wh(z) = Aw (%), (2.2)

where A = [(20 + 1)!]/[2#+1(11)26] ([16]) is the constant that makes [, w}(z)dz = 1.
2.1 Meshfree Particle Shape Functions

Adopting the terminologies and notations of ([4],[22],(23],[24],(26]), we have the

following: For j = (j1,j2,...,ja) € Z¢, and the mesh size 0 < h < 1, let
o = (jih, ..., jah) = hj.

Then the points :L’;’ are called uniformly distributed particles. Let ¢ be a continuous

function with compact support that contains the origin 0. Then the particle shape



functions associated to the uniformly distributed particles are defined by

Ty — jlh XTq — jdh

x —jh )
h AR h )

() = o(*—

) = o(

for j € Z¢ and 0 < h < 1. Then, these particle shape functions are translation

invariant in the sense that

h

In this dissertation, we assume that the meshfree particle shape functions are
translation invariant on the wuniformly distributed particles, unless stated oth-
erwise. Moreover, using a partition of unity on a background mesh of €2, particle
shape functions associated with non-uniformly distributed particles are constructed
in chapters 4 and 5.

Without loss of generality, in the construction of meshfree particle shape func-
tions, we assume that h = 1 and hence ¢(z) = ¢(x — j). Let A be an index set
and  denote a bounded domain in R?. Let {z; : j € A} be a set of uniformly (or

non-uniformly) distributed points in RY. These are what we call particles.

Definition 2.1. ([4],[16],[20],[22]) Let k be a nonnegative integer. Then the functions
¢;(x) corresponding to the particles z;,j7 € A, are called the Reproducing Kernel
Particle (RKP) shape functions with the reproducing property of order k& (or simply,
“of reproducing order k") if and only if it satisfies the following condition: for x €

Q C RY,

Z(:Bj)o‘gbj(x) =2% and for 0 < |a| < k,|a| = a1 + -+ + ag. (2.3)

JEA

By applying a similar argument to ([4],[16]), one can show that (2.3) is equivalent



to

Z(I —x;)¢i(x) = 5|05‘, for 0 < |8| < k and z € R%. (2.4)
jeA

This characterization of meshfree shape functions has no direct relation with
the window functions. Using (2.4), Oh et al.([44]) constructed piecewise polynomial
meshfree particle shape functions that have the polynomial reproducing property.
These meshfree shape functions constructed without using window function are called
Reproducing Polynomial Particle(RPP) shape functions. One of the salient
features of RPP shape functions is that they satisfy the Kronecker delta property
([41],[43],[44],[45],[46])

We refer to [44] for various closed form RPP shape functions with high polynomial
reproducing order and high order of regularity. For example, 1-dimensional C°-RPP
shape functions, ¢;(x),j € Z, of reproducing order 3 can be constructed as follows:
Suppose the particles z; are the integer points and ¢;(z) = ¢(x — j) for j € Z. Then,

from (2.4), we have a system of functional equations,

i 1 1 1 1 - -<ZA5(~”C+1)- _1-
(z+1) = (z-1) (z-2) Agb(x) _ |’ for z € (0,1).
(+1)2 22 (2—1?2 (—2? || dx—1) 0
(@41 @ @1 @-2° | | d-2)| |0

Now using the solutions of this system, we construct the basic RPP shape function

¢(x), from which other particle shape functions are obtained by translations, in the



following way:

¢(2)|(—2—1y = ¢(x + 1) shifted by + 1,

o) c10) = oé(x+1) shifted by — 1,

o)y = o),

o) a2 = oz —2) shifted by — 2,
| o) = 0forz¢[-2,2]

Connecting these pieces together at —2, —1,0,1,2, we have the following piecewise

polynomial C°-RPP shape function defined by

;

tx+1)(z+2)(z+3) z € [-2,—1]

la—1)(r+1)(x+2) zel[-1,0]

O-22103) (1) = 1z —2)(z—1)(z+1) z e 0,1] (2.5)
L@ -3@-2@-1) ze(l,?2
0 xz ¢ [_2’ Q]a

where the subscripts [—2,2],0, 3, respectively, stand for the support, the regularity,
and the order of reproducing polynomial property of ¢(—22):0:3)-
By reducing the polynomial reproducing order, we can increase the order of reg-

ularity. For instance, from ¢—290:3)(%), we construct the C!-RPP shape function



O(-2.2:1,2)(7)

(

%(93+1)(:E+2)2 x € [-2,—1]

e+ DB 420 -2)  xe[-1,0]

P(-2.211:2)(%) = § L(z — 1)(32% — 22 — 2) z € [0,1] (2.6)
L@ -2 1) zel,2]
0 x & [-2,2]

\

We refer to [44] for the proof. Let us note that the higher dimensional piecewise
polynomial RPP shape functions constructed by solving the system (2.4) are actually

the same as the tensor product of 1-dimensional RPP shape functions.
2.2 One-Dimensional Partition of Unity Functions with Flat-Top

In this section, we briefly review one dimensional partition of unity with flat-
top. For details of this construction, we refer to ([43]), in which we showed that PU
functions with flat-top lead to a small matrix condition number.

We reserve the small real number 4, usually, 0.01 < ¢ < 0.1, for the width of non
flat-top part of the PU functions with flat-top.

For any positive integer n, C"~!- piecewise polynomial basic PU functions are

constructed as follows: For integers n > 1, we define a piecewise polynomial function

by
gbgn(:z) = (14+2x)"gy(z) if ze[-1,0]
op (@) = OF () == (1 - 2)"ga(—x) if z€]0,1] (2.7)
0 if |z| > 1,

where g,(z) = a” + a\" (=) + a5 (=2)? + - - -+ a{™,(—2)"~! whose coefficients are
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inductively constructed by the following recursion formula:

1, if k=0
k
o =4 D"V i 0<k<n-2 (2.8)
=0
2(a,”y), if k=n-—1.

For example, from the recurrence relation (2.8), we have
gi(z) =1 go(w) =1—21; gs(x) =13z +62°,

Then, ¢§,{1” ) has the following properties whose proofs can be found in ([43]).

o oI (z) + ¢ (x — 1) = 1 for all z € [0,1]. Hence, {¢%"(z — j)|j € Z} is a

partition of unity on R.
e " (z) is a C"~!- function.

e The gradient of the scaled basic PU function is bounded as follows:
(2.9)

Note that the constant C' is < 0.9 for n < 3.

2.3 Generalized Two Dimensional Product Partition of Unity with Flat-Top

Using the basic PU function ¢§’;> defined by (2.7), we construct a C"~'- PU

function with flat-top whose support is [a — 6, b+ 6] with (e +J) < (b—0) in a closed



11

form as follows:

571(%) if z€la—96,a+9d]
1 if r€la+d,b—9
Yion V() = | | (2.10)
R0y it pe[b—6,b+ 0]
0 if x¢la—0,b+4].

Here, in order to make a PU function have a flat-top, we assume § < (b — a)/3.
Let us note that ¢[(5:;_1)(35) is actually the convolution, ypy(z) * wy~'(z), of the
characteristic function y[,4 and the scaled window function w} ™', defined by (2.2)

(Corollary 3.1 of [43]).

Since the two functions ¢} , ¢ . defined by (2.7), satisfy the following relation:

o (6) + oy (€ —1) =1, for € € [0,1], (2.11)

if ¢ : [=6,0] — [0, 1] is defined by

p(x) = (x +0)/(20),

then we have

B (o)) + gbﬁn(w(z) —1) =1, for z € [-0,4].

gn

Using the latter equation gives two basic one-dimensional C"~! functions

1 if z< -4
o(x) =9 of (ZL) if x e [-6,0] (2.12)

gn\ 20

0 if x>,
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Figure 2.2: Schematic diagram of basic PU functions, ¥ = ¥,_; and V2 = ¥*_, in
two dimensions(Left).Schematic diagram of transformed PU functions about the line
L, U2 and ¥’ in two dimensions(Right).

L(z=t) if € [—5,0]
1— i) = ¢g(z) =< 1 if 2>, (2.13)

0 if o< -4.

such that
0 < f(x),vi(x) <1, &) +¢f(x) =1, for all z € R.

These PU functions (2.12) and (2.13) are extended to basic two-dimensional

C"1-PU functions on R? as follows:
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Suppose ?P; is a straight line connecting two points Pj(z1,y1) and P (2, y2)

with 1 < x9 such that y; < ys if x1 = x9. Then the angle between the positive x-axis
and ?P; is determined by the following formula.

0 = tan_l(u), if o # 21,
T2 — I (2.14)

9:71'/2, ifl’gle.

Let Tp,p, be an affine transformation on R? that transforms the straight line $1P2

onto the y-axis with T'(P;) < T'(P,) defined by

cos(m/2 —0) —sin(w/2—6 T — I
T () = (m/2—0) (m/2—0) —
sin(m/2 —0) cos(w/2 —0) Y=

=>
N

) (2.15)

)

Then we define two PU functions by

\prlpz(flf,y) = ,lvb(}]%(‘%)’ \ijDle(xay) = wé/(‘%) =1- \I]P1P2(x>y)> (216)

that satisfy

Uh p, (€, y) + Vp p,(2,y) =1, for all (z,y) € R”.

For example, if the line Fng is the y-axis, then the two-dimensional C"~! functions

are
U,eo(z,y) = Y&(x) and Vi_ (z,y) = & (), for all (v,y) € R%.  (2.17)

In other words, two step-like-functions are the composition of the coordinate projec-
tion, (x,y) — x, and ¥l L, respectively. The graph of ¥,_ (simply denoted by

U is sketched in Figure 2.1. The schematic diagram for ¥,_, and ¥*_, is shown in
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Figure 2.3: Domain () is partitioned into eight patches @1, ..., Qs and the flat-top

parts of corresponding product PU functions are denoted by Q{lt, ey glt respec-
tively.
Figure 2.2. That is,
U o(z,y) =1 ifx >0 U,—o(z,y) = ifx >0
U _o(z,y) =0 ifr <—§ and ¢ U,_o(z,y) = if o < —6 (2.18)
0<Ur_ (z,y) <1 if|z| <6 0<V,o(z,y) <1 if Jz| <4

2.4 Generalized Product Partition of Unity

Suppose the given domain € is partitioned into patches Q;,j7 = 1,...,n (back-
ground mesh) by lines and rays as shown in Figure 2.3. Then the closed form partition
of unity functions \Iff ,j = 1,...,n with flat-top, called the generalized product
partition of unity, are introduced in [47]. In the following, we briefly review the
generalized product partition of unity for those patches shown in Figure 2.3. Here d

is a small number, usually in [0.01,0.1] that depends on the sizes of patches.

1. The triangular patch @, of Figure 2.3 is surrounded by lines Ly, Lo, L4. Using
(2.16), the step-like-basic PU functions of (2.17) on R? are transformed onto

lines Ly, Lo, Ly to get three pairs of PU functions

\I/Ll, 1— \Ile = \Ilzl, \IILQ, 1-— \IILQ = \1/22, \IIL4, 1-— \IIL4 = \1/24. (219)
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2. The flat-top part of each patch (); that is outside the dotted lines is denoted

by Qg " on which only one of each pairs of basic PU functions is one.

3. Among the six PU functions in (2.19) related to lines enclosing @), those which
are one on Q1" are Ui, Vr,, and U7 . A closed form PU function corresponding
to the patch @ is the product of these basic PU functions, that is, ¥ =

vy -V, -V,

4. Similarly, the closed form PU functions with wide flat-top corresponding to

patches Q;,j = 2,...,8, respectively, are

\115 = \Dzl : \1122 : \1124’ \I]?{D =V, - \1122’ lllf =W, -V, - \Dzy
vlo= W, W U=, 0 Ul =y W W
5 = L1 " *¥L3" " ¥L,» 6 — *Li ' *¥Lyg 7 — ¥Ly ¥Lo' ¥Lyg

vlo= Wy g,

such that

8
Z U (z,y) =1, for all (z,y) € Q.
j=1

These functions with flat-top are called the generalized product PU functions

(we refer to [47] for the proof and the constructions for general cases).

If a patch @, is a rectangle [a, b] x [c, d], then \Iff is the tensor product w[(i’;_l) X

w[(i’gi_l), of one-dimensional functions defined by (2.10).



CHAPTER 3: BOUNDARY ELEMENT METHODS

3.1 Derivation of the Boundary Integral Equation for Laplace Equation

In this section, we will derive the boundary integral equation (BIE) used to
approximate the solution of the Laplace equation in a bounded domain € in R? or

R3. Let u be the solution of Laplace’s equation
Au=0in Q C R (3.1)

where d = 2,3. Let G(z, P) the fundamental solution of the Laplace equation that

solves
—AG(z,P) =6(x — P). (3.2)

Here z = (z,y), P = (§,n),if d = 2 and = = (x,y,2), P = (£,n,(), if d = 3 and
d(x — P) is the Dirac delta function centered at P. By multiplying (3.1) by G(z, P)
and multiplying (3.2) by u(z), adding and then integrating over {2 with respect to x

we have:

/Q Au(z)G(z, P)dz — /Q AG(z, P)u(z)dz = / 5(x — Pu(z)da.

Q

Then, using Green’s second identity, and assuming that P € () for ' = 02 we have

the following BIE:

_ Ou(x)

u(P) ' on

G(z, P)ds(z) — / 96, D)\ yas(z) for PeQ.  (3.3)

T 8n
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Now, by using the mean value theorem, we find the following BIE for any point

P € R? to be:

P
c(P)u(P) + / () 285D gy = [ 29 i Pyas(a). (3.4)
r n r on
When d = 2 we have
1
G, P) = —logr, r=(€-2)?+(n-y) (3.5)
( 0 if P is outside 2
1 if Pe)
c(P) = 1 (3.6)
3 if Pecl and I' is smooth at P
22 if P el and I' is not smooth at P
\ 27
where « is the internal angle of €2 at P. When d = 3 we have
1
G@.P) = 1 r=E- 2P+ - gt (37
( 0 if P is outside 2
1 ifPe
c(P) = 1 (3.8)
3 if Pecl and I' is smooth at P
4& if Pl and I' is not smooth at P
\ Ar

where « is the innner solid angle of 2 at P (refer to [17] for proof).
In (3.4), the unknowns are u and 9% on the boundary and u(P) for P € R If P €

2, then (3.4) has no singular integral. However, if P € 92 and Jf is smooth at P,
then (3.4) becomes:
1 0G(x, P 0
iu(P) + /U(x)%ds(x) = u<x>G(m, P)ds(x) (3.9)
r

T 871
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which contains a singular integral that diverges. For this integral, if d = 2 we use the
Cauchy principal value (CPV) formula to assign a finite definite value, if d = 3 we
use Haddamard finite part integral to assign a finite definite value.

Using (3.9), u|r and 2“|r can be determined. Together with these boundary
values, one can use (3.4) to get the value of u at all points in €2 (the solution of
Laplace’s equation). In other words, first, we solve for the boundary data (u and
its normal derivative along the boundary I'). Then, the volume data can be found
through post processing.

Numerical methods to compute u|r and %‘1" are called boundary element meth-
ods (BEM) which obviously, have advantages over the finite element method whenever
the fundamental solution could be found in a simple form. However, fundamental so-
lutions are not known except for some special differential equations, whereas the finite
element method does not have such restrictions.

To solve a BIE for the Laplace equation, there are essentially three categories of
Boundary Element Methods to choose from: the Nystrom method, the Collocation

method, and the Galerkin method.
3.2 Nystrom Method

The Nystrom method, also known as the quadrature method, replaces the inte-

grations by a quadrature formula. This means that if we have a quadrature rule such

that
Nq
f(z)ds(z) = Zwkf(xk)a
r k=1
where wy, is the weight and xy, is the abscissa k = 1,..., N,. Then (3.9) would become
N,

)+ Zwku :ck xk’ Z

k=1

G(zk, P). (3.10)
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One may obtain a linear system by letting P = z; where j = 1,...,N,. A bene-
fit of using the Nystrom method is that the entries of the coefficient matrices only
contain function evaluations of the fundamental solution. Compared with the other
two methods, this is much less computation for each entry. However, in practice,
large systems must be solved. The Nystrom method heavily relies on the quadrature
formula and does not require any basis function. For this last reason, we do not use
the Nystrom method since we cannot apply our meshfree basis functions.
We are concerned with the second and third options to solve BIE, which rely on

approximating the unknowns on the boundary by basis functions.
3.3 Collocation Method

Suppose € is a polygonal (or polyhedral domain) with sides (or faces) I'y,...,T'y.
That is

Then (3.9) becomes

+Z/ Z/F 0ulT) i Pas(z). (3.11)

To ease the notation let us introduce the layer potential integral operators. Let

Dju(P) = /F u(x)%ds(x) (3.12)

J

be the double layer potential on I';. Let ¢(z) = au(; and then define

S0(P) = [ a(a)Gla. P)ista) (3.13)
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as the single layer potential on I';. Then (3.11) becomes

%U(P) + ; Dju(P) = ; Sia(P). (3.14)

Let P,, « = 1,..., M, be chosen boundary particles and let ®,, « = 1,..., M, be

approximation functions corresponding to these boundary particles such that

N
I' C U supp(®;) and ®,(Ps) = 6%. (3.15)

7=1
For each element I';, suppose Py, ..., P; . are those nodes among P, that lie on I';.

U
Then v and n are approximated by
n

n(j)
ulp, = Z ®;, (z)uj,, and (3.16)
k=1
n(j)
q‘Fj ~ Z (I)jk(x)qjk’ (317)
k=1
Where u;, and g¢;, are values of u and ¢ at node Pj, on element I';. From Eq. (3.15),
we have
N n(j) N n(j)
=22 CalPaui =3 3 Oy =
j=1 k=1 J=1 k=1

Substituting Eqns (3.16) and (3.17) into Eqn (3.4) we have

3

(4)

N
e + Z Z u;, D0 (P) =Y > q;,5;9;, (P (3.18)

j=1 k=1 j=1 k=1

Let
a;[k = qu)jk (Pa) and b?k = qu)jk (Pa)- (3.19)

Then (3.18) can be written as follows:
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N n(j) N n(j)
c(Py)ug + Z Z ujaj = Z Z q;,. 05, (3.20)
j=1 k=1 j=1 k=1

which holds for each particle P,. This is the linear system we will construct for solving
the second type of BEM, the collocation method.

Depending on the given boundary conditions on I', at each «, either u, or ¢, is
unknown. Equation (3.20) has M-unknowns and considering this for each particle
P,,a=1,..., M, we have the M-equations for M-unknowns. The only problem left
is to calculate the coefficients af, and b5 . Once these are calculated, and the system

is solved, u can be evaluated at any point in  using Eqn (3.4).
3.3.1 Calculating the Coefficients for d=2

In calculating the coefficients for d = 2, let us note the following: Suppose S is
the line segment on some part of I' connecting P; = (x1,y;) and P> = (x9,y,). That

is, ' = F:[PQ C I'. The integrals for the coefficients af , b} are of the form

I(P) = /S|xh§c33|ds(a:), or

Li,4(P) = /Sh(a:) log |z — Pl|ds(z), where P €T.

When P € S these integrals become singular and special techniques must be used

to evaluate them. For polygonal domains in R2, aj. = 0 because
0G(x, P
%b — VG(z,P) -n=0. (3.21)
n

So the only singular integral to consider comes from b§ which is of the form I;,,(P).
To evaluate this, we split S at the point P so that S; connects P; to P and S5 connects
P to P,. Then

Log(P) = /S h(x)log |z — Plds(x) +/S h(x)log |z — Plds(x).
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Consider only the first integral, the second may be evaluated similarly. Here
x(t) = (P, — P)t+ P where t € [0,1].
Then if we set L = |P; — P| we have

/s h(z)log |x — Plds(x) = /01 h((P, — P)t+ P)log|(P, — P)t|Ldt
- LlogL/l h((P, — P)t + P)dt

1
v L / h((Py — Pt + P) log tdt.
0

The first integral may be computed by standard Gaussian quadrature rules, whereas
the second integral should be computed using Logarithmic Gaussian quadrature rules.
Without taking special care in the treatment of the singular integrals, the high accu-

racy of the numerical solution will be lost.
3.3.2 Calculating the Coefficients for d=3

In calculating the coefficients for d = 3, let us note the following: Suppose S is
polygonal patch on some part of I'. The integrals for the coefficients af ,bf are of

the form
h
I,(P) = / ids(:z), where n =1,2 and P € I'.
sl — P

When P € S these integrals become singular and special techniques must be used

to evaluate them, whereas if P ¢ S there is no singularity and standard Gaussian

quadrature may be used. For polyhedral domains in R3, aj = 0 because of Eqn.

(3.21).
Again, the only singular integral to consider comes from 0% which is of the form

I,(P). To evaluate this integral we followed two different ideas. First, we used the
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Duffy transform. The Duffy transform takes the unit triangle centered at the origin,
where it has a singularity, and maps it to the unit square moving the singularity to
one side of the square. This map weakens the singularity and improves the accuracy

of numerical integration. See Figure 3.1 and refer to [14].

Y V
A

17

1
(€))
N
0 % 0 T

Figure 3.1: The Duffy transformation maps the unit triangle with singularity at origin
to unit square moving the singularity to one side with the map (z,y) = ®(u,v) =
(u, uv).

u

To use this, we consider the position of P on S. If P is far enough away from
the boundary of S or exactly on the boundary, we may split S into triangles and
evaluate the integrals using the Duffy transform. If P is near the boundary of S,
performing this process can create distorted triangles. This can cause the Jacobian of
the transformation to become large and decrease the accuracy of integration. Because
of this, we create a quadrangle around P and decompose this into four triangles and
integrate the rest of the region using standard Gaussian Quadrature. See Figure 3.2.

The second idea is somewhat simpler. As before, we decompose S into several
different patches. This time we break S into a disc centered at P and quadrangles.
By this decomposition, the Jacobian from the transformation into the disc removes
the singularity in this region and regular Gaussian quadrature can be used. In the
quadrangles, the integral is not singular and Gaussian quadrature can also be used.
If P is on the boundary of S, we may use just a portion of the disc, in which, the

Jacobian will still weaken the singularity. If P is close to the boundary of .S then we
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Figure 3.2: Cases for splitting S using the Duffy transform. P is away from the
boundary of S (Left). P is on the boundary of S (Middle). P is near the boundary
of S(Right).

create a quadrangle around P and proceed similarly. See Figure 3.3.
This approach is simpler than the Duffy transformation, however, some quadran-
gles will have a curved side; hence a blending type transformation ([52]) should be

used for Gaussian quadrature rules.

DILE
pa— s

Figure 3.3: Cases for splitting S using the second method. P is away from the
boundary of S (Left). P is on the boundary of S (Middle). P is near the boundary
of S(Right).
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The collocation method generates a full non-symmetric stiffness matrix which
can be solved directly or iteratively. When the number of unknowns is large, it is

recommended to use an iterative solver such as GMRES.
3.4 Galerkin Method

For the Galerkin method, much of our assumptions stay the same as for the
collocation method, however we only present the case when d = 2. First, we will
once again consider boundary particles P, ,a = 1,..., M and the corresponding basis

functions ®,(z). As before, let

2
(=
&
Q
O
I
s
&
=
(o

ulp (3.22)
Q‘F ~ Z(I)a(x>Qa (323)

see

>

N
- Sa / S,®0(P)®s(P)ds(P)
j=1 r'(P)

Which can be rewritten as

(A+ B)u=Cq,
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where

Ao = [ ePYOL(P)RAPIS(P),
I'(P)
== M xXr s\xr)as an
B = [ [ e Pdsteis(P), ana

Cop = / G(z, P)P,(x)Ps(P)ds(x)ds(P).
I(P) JT(z)

Entries of the coefficient matrix A contain no singular integrals, however entries of B
and C' do. Hence, integrals for the entries of the coefficient matrices B and C' must
be carefully analyzed.

Entries of the coefficient matrix B contain singular integrals of the type %, but
since there is an extra integration being performed, it is only a weak singularity.

Consider the two basis functions @, (x) and ®z(P). We have three cases.

1. If supp(®,) [ supp(Ps) = 0, there is no singularity and standard Gaussian

quadrature may be used.

2. If supp(®,) C I'; and supp(®s) C I';, i@ = 1,..., M, then B,z = 0 since

VG(z,P) -n=0.

3. From the two cases above, the only way for B,g to contain a singularity is for
the supports of each basis function to intersect, but not be on the same side of

the boundary. This occurs only at the vertices of €.

To handle this singularity we consider the segment L; = (P, P») = supp(®,)
and the segment Ly = (P, P3) = supp(®g) so that Ly Ly = {%}. Then we set
x(t) = (P, — P2)t + Py and P(s) = (P; — P3)s + P, where s,t € [0,1]. With this, we

see
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Bas — / / YL o ()05 (Pas(a)as(P)

N / / 27r| (P, P2;2)—t (_P:ng }_)23172)) E 5 Pa () Ps(P(s))|L1]| La|dsdt

where the singular point is now at the origin in the parameter space. We now split
the square into triangles and use the Duffy transform to evaluate this integral.

The coefficient matrix C' contains singular integrals of the type logr. We follow
the same logic we did for B. This time, whenever supp(®,) [)supp(Ps) # 0 there is
a singularity. For this case, we use the Duffy transform with logarithmic quadrature
to handle the integration.

Once A, B, and C' are calculated, the linear system can then be solved. For the
Dirichlet problem, the stiffness matrix is symmetric and one can use a symmetric
linear solver. Once the system is solved, u can be evaluated inside €2 using Eqn (3.18)

as with the collocation method.



CHAPTER 4: MESHLESS BEM IN TWO DIMENSIONS

In this section, we introduce three collocation based meshless BEM called Re-
producing Polynomial Boundary Particle Methods (RPBPM) which yield numerical
solutions of BIEs in two dimensions. We also demonstrate that these proposed meth-
ods are superior to the boundary node method ([37]) when the true solution is a
polynomial. It should be noted, even though these methods are developed with the
collocation method in mind, the basis functions and node placement holds exactly

the same for the Galerkin method, as will be seen in a Numerical example.
4.1 Meshfree RPBPM

Suppose €2 C R? is a convex polygonal domain as shown in Figure 4.1 in which
particles are edge-wise uniformly spaced. That is, the width between two adjacent

particles on different edges are allowed to be different.

1. Plant uniformly spaced particles on each edge so that no particles are vertices of
the polygonal domain {2. Determine the number of particles so that the width h
between two adjacent particles becomes small enough for the required accuracy

to be obtained.

2. Pick a basic RPP shape function ¢(_x k}.0.2x-1)(%) whose support is [—K, K|
among those listed in ([44]). For each edge I';, set up a parametrization ¢,
from an interval [— K, K] into an extended edge r ; so that the integer points in

[— K, K| are mapped onto equally spaced nodes on fj, as shown in Figure 4.1.

3. Construct particle shape functions corresponding to each particle P;, along fj by

a translation of ¢(_x kj0,2-1) © ¢j. For example, suppose h is the width of
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3
A

-2-10 1 2

Figure 4.1: Diagram of meshfree particles planted on edges of polygonal domain €2
and basic RPP shape functions ¢z 20,3 () with RPP order 3.

uniformly spaced particles in Figure 4.2. Then, for each k£ = 1,2,...,12, the

RPP shape function corresponding to the particle xy is

r — Tk

quk (I) = ¢([—K,K];O;2K—1)( A )

Then, in order to keep the reproducing order for all points in I';, 2K parti-
cles should be outside of the edge I';. For those nodes shown in Figure 4.2,
no boundary conditions are available; hence the boundary data on the exter-
nal particles can be extrapolated by least squares method and the property of

reproducing polynomials as described below.

4. Without loss of generality, we may assume that K = 2, and Py, = P;; +h(k—1) for
each k = 1,..., N;. Then the four particles P;1, P, Piv,—1), Pin, go outside the
1th edge as shown in Figure 4.2. Suppose the Dirichlet boundary condition is
imposed along the edge I';. Then for the approximation u|r, &~ fo;l wipir (),

the amplitudes u;; are known for k = 3,4,..., N; — 2.
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x1 x2 ' x3 x4 x5 x11 ix12 x13
“O—9—6—6—6—Hb—6—">b—o0—o0—1 -6
| o im i mimmmmmrmmmt m mmmmmm .

Inside Particles

Figure 4.2: Diagram of particles on line segment T';.

We want to extrapolate the boundary conditions w1, uso, uin,—1), Uin, corre-
sponding to the four external (active) particles by the least squares method.

For example, u; minimizes E(u;s) defined by,

2(Pu) [ 5 2
Bluip) = / [;uik@k(:ﬁ)—u(x)] da

z(P;3)

In other words,

z(Pia) 5 )
wa= [ )= Y waon@loads/[[  éaldsl (@)

(Pis) z(Pi3)

where u; = 0 if the denominator vanishes, and x(P;3) is the coordinate of
particle Pj3 in a parametrization of edge I';. Similarly, the boundary condition

u;; corresponding to the external node P;; minimizes

2
z(Pg) [ 4
Bu) = / S (@) — u(w,y)| do
5. As mentioned earlier, in order to obtain highly accurate numerical solutions, spe-

cial care must be used when evaluating the coefficient matrices.

Remark. In order to use particle shape functions with high order reproducing polyno-
mial property defined by (2.5), we placed edge-wise uniformly spaced particles along
the boundary. This uniformly spaced particle method uses no mesh at all. However,
it has a domain restriction and some active particles go outside the domain as shown

in Figure 4.1.



xj1 =xj -5 Xj2 =xj +06

Figure 4.3: Schematic Diagram of Partition of Unity functions v;,7 = 1,2, 3, 4.

Q41

Q42

Figure 4.4: Schematic Diagram of particle placement for patch-wise RPBPM.
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These difficulties can be fixed by introducing background meshes as shown in
Figures 4.3 and 4.4. Using partition of unity shape functions with flat-top, one
can construct the particle shape functions corresponding to particles with arbitrary
spacing, as will be seen in the coming sections where the support of each PU function
is the corresponding background mesh and each particle shape functions also have

the Kronecker delta property and the reproducing polynomial property.
4.2 Patch-wise RPBPM

In order to avoid extrapolating the boundary values corresponding to those nodes
that are outside of the boundary, we construct patch-wise RPP shape functions that

correspond to patch-wise uniformly (or non-uniformly) spaced particles.
1. Suppose 092 = U}_, ' is union of the edges of a polygonal domain §2.

2. Suppose I'y = [zg, 21| U |21, 2] U[z2, 23] U [x3, 4] as shown in Figure 4.3 and o, x4
are vertex nodes of the polygonal domain. For example, I'1 = Q11 U Q12 U

Q13; s = Q21 UQ22; I's = Q31 UR32UQs3; 'y = Qa1 UQu2, in Figure 4.4. Let us
choose a small number § with 0.01 < < min{0.1, (z; —x;_1)/3,5 =1,2,3,4}.

If X[e;_1,e; is the characteristic function of an interval [x;_;, x;] defined by

1 :x€ 1,z
Xfzj—1,2,) (T) =
0 : otherwise

then for z € I'y,

X[:Bo—&rﬂ(x) + X(z1,22] (SL’) + X(z2,23] (SL’) + X(z3,24+0] (I) =1

hence, the convolutions of these functions with window function w}(x),

wl = X[mo—é,ml] * wé? ¢2 = X((El,wg} * wfﬁ ¢3 = X((Ez,wg} * wé’ w4 = X(:ES,.’E4+5] * wé
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shown in Figure 4.3, become a partition of unity subordinate to the patches
[z — 20,21 + 0], [v1—9d,22+6], [xa—0,23+6], [r3— 0,24+ 20].
Specifically, with (2.10), these PU functions with flat-top can be written as
(@) =00 (@), ale) =0T (@), (@) =0 (@), () =90 (@),
3. Let

{Ill,ffm,---,l'li{l}, {Izl,I22,---,$2K2}, {9331,3732,---,1'31{3}, aﬂd{I41,I42,---,ZE4K4},

be distinct particles planted (not necessary uniformly spaced) in the inter-

vals
[xo + 6,21 + 0], [v1— 0,22+ 6], [xe— 0,23+ 0], and [x5 — 0,24 — ],

respectively. We assume that all (K7 + K + K3 + K4)-particles are distinct.

Remark. Recall that the Chebyshev polynomial T),(x) of degree n > 1 has n
simple roots in [—1,1] at zx = cos((2k — 1)7/2n), for each k = 1,2,... n. It
is known that these zeros are an optimal choice for nodes for the Lagrange
interpolating polynomial. Thus, we suggest to use the shifted x, = cos((2k —
1)m/2n) into appropriate intervals for particles xy ;,j = 1,..., Ky, k= 1,2,3,4.
However, for this work we simply use equally spaced nodes in the reference

domain for Lagrange polynomials.

4. For j = 1,..., Ky, let Ly;(x) be the j-th Lagrange interpolating polynomial of
degree (K7 — 1) corresponding to particles x11, 12, ..., Z1xk,. Then these func-

tions have the reproducing polynomial property of order (K7 — 1). Similarly, we
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construct the Lagrange interpolating polynomials

Lyi(z), for j=1,...,Ky; Lsj(x), for j=1,...,Ks; Lyj(x), for j=1,..., K.

Using Y27, ¥i(z) = 1, we prove the following theorem.

Theorem 4.1. On [xg, 4],
Yi(x)Lyj(x), 5 =1,..., K15 o(x)Loyj(x),5 = 1,..., Ky;

Ys(x)Lsj(x), 5 =1,..., Kg;  Yu(x)Lyj(x),j =1,..., Ky

are C'=1 piecewise polynomial RPP shape functions with reproducing order k,
where
k= Il’liIl{Kl — 1,K2 — 1,K3 — 1,K4 — 1}

Ju
Then, on the boundary I';, u and —— are approximated by

on

4 Ky
U, =~ Z Z Ur () Lig () win (4.2)
ou kzl l;"l
qlr; = 8_n r, =~ Z Z ¢k(I)Lkl($)qZ’kz- (4 3)

5. Similarly, for each ¢ = 1, ..., n, we construct highly smooth patch-wise RPP shape
functions corresponding to particles planted on patches of edge I'; as shown in

Figure 4.4.

4.3 Patch-wise RSBPM

Here, we introduce a patch-wise reproducing singularity boundary particle method
(RSPBM). Suppose an isotropic non-convex polygonal domain €2 has a corner point

at which the internal angle is 7/, where « is a real number with 0 < o < 1. An el-
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liptic equation on €2 contains a singularity of type 7 f(0). The number « is called the
intensity of a singularity. To deal with elliptic problems containing singularities, Oh
et al. ([46]) constructed Reproducing Singularity Particle(RSP) shape functions that
reproduce polynomials as well as singular functions that resemble the singularities.

In this section, we are concerned with BEM for elliptic equations containing
corner singularities or jump boundary data singularity (Motz problem). Since we
consider problems on polygonal domains, we may assume that f(f) is constant, and
hence the singularity along edges is of type r* with 0 < o < 1.

Let us note that @« = 1/2 for the crack and the jump boundary data (Motz

Problem) singularities.

1. Let T: [0,b] — [0, %] be a singular mapping defined by

£E=T(z) = x* (4.4)

2. Let 0 < § < & < -+ < &y < b be particles in [0,0%]. If L;(€) be the j-th
Lagrange interpolating polynomial associated with above 2N + 1 nodes, then
L;(&),7 =0,1,...,2N, have the polynomial reproducing property with repro-

ducing order 2N. That is,
2N
D &FLi(¢) =&, for 0< k <2N. (4.5)
j=0

Using the arguments in ([46]), one can easily prove the following:

Lemma 4.2. For j = 0,1,...,2N, let ®%(x) = L;j(T(x)) and x; = T~(&;).

Then

1. ®%(x;) = 6] (Kronecker delta property).

2. If o = 1/2 then meshfree particle shape functions: 7,5 =0,1,...,2N,
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generate the polynomials

and the singular functions

VR =0,1,2,..., (N —1).

3. We now modify the basic PU function (2.10) as follows:

1 if e (0,b—9]
do(@) =1 @B (=) if we[b—4,b+ 4] (4.6)
0 if z¢(0,b+ 0],

which is a one-dimensional version of the almost everywhere partition of unity
introduced in ([41]). A schematic diagram for ¢y(z) is shown in Figure 4.5.

Note that 1y(z) is undefined at (0,0), the singularity point.

Now RSP shape functions to deal with singularity of type r® are defined as

follows:

;(x) = o(w) x B*(x), j=0,1,...,2N. (4.7)

4.4 Numerical Examples

An application of a meshless method to BEM, the boundary node method, in
which Moving Least Squares (MLS) method was applied to construct nodal approx-
imation functions, was introduced in ([21],[37], and reference cited there). However,
these meshless approximation functions constructed by MLS do not satisfy the Kro-
necker delta property and hence this meshless boundary node method(BNM) fail to
capture the traction (Neumann) boundary values when there are jump discontinuities.

However, in this section, we demonstrate that our methods exactly capture the
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traction boundary values even when the traction functions have large jump discon-
tinuities at the corners whenever the true solutions are polynomials. Moreover, our
methods also correctly approximate the true solution and its derivatives at the interior
points near boundary.

In the following examples, we consider polynomial solutions of the Laplace equa-

tion.

Ezample 4.4.1. Let z = x + 1y. Consider Laplace’s equation Au = 0 on Q = [0, 4] x

[0, 4] whose true solutions are polynomials and boundary conditions are as follows:

(I: Dirichlet problem) The true solution is u(z,y) = Zm <§> = xy. Displace-
ment (Dirichlet) boundary conditions are prescribed from the true solution
along the entire boundary. Exact Dirichlet boundary values are continuous
along the entire boundary, whereas the exact traction boundary values have

jump discontinuities, [3%] = 4, at the corner points (4,0) and (0, 4).

(IT: Mixed problem 1) The exact solution is u(x,y) = Re(2?) = 2* — y*. Mixed
boundary conditions are prescribed from the true solution on the boundary as

follows:

% = Oonthelinesr=0andy=0
on

u = 7Re(z?) on the lines v =4 and y = 4

The traction boundary values ¢ have the large jump discontinuities, [g—Z] = 16,

at the corner points (4,0) and (0,4).

Examples (I) and (II), respectively, are examples 5 and 6 of ([37]).

(IT1: Mixed problem 2) The true solution is u(z,y) = Re(z*) = 2t — 62%y* + y*.

The boundary conditions are similar to (II). Traction boundary values g have
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even larger jump discontinuities, [g—T“L] = 256, at the corner points (4,0) and

(0,4).

From our numerical tests of the above three examples, we observe the following:

1. Meshfree RPP shape functions and patch-wise RPP shape functions with re-
producing order k, respectively, are able to interpolate polynomials of degree
k exactly. Hence, our methods can get the exact boundary values as shown in
Table 4.1 (for Dirichlet problem), Tables 4.2 and 4.3 (for mixed problem 1),
and Table 4.4 (for mixed problem 2) even when the boundary data have a large

jump.

2. However, Figures 8 an 9 of ([37]) show that the computed traction boundary
values are quite different from the true traction boundary values (the maximum
difference > 0.5 for problem I and the maximum difference > 2 for problem
IT ) when moving least squares approximation functions are used at boundary

nodes.

3. If the Degree of Freedom (DOF') in meshfree RPP decreases, then the space be-
tween uniformly spaced particles increases. Thus, the boundary extrapolations

(4.1) for particles outside of the boundary could be less accurate.

4. Since our methods are able to calculate the boundary values exactly, via post
processing, our methods can accurately calculate the solutions and their deriva-

tives inside and near the boundary of the domain as seen in Table 4.3.

5. Examples 5 and 6 of ([37]) state that their meshless boundary node method
is unable to handle those problems whose traction boundary data have jumps
at corners. Moreover, it is worse when the traction data have larger jump

discontinuities. However, Table 4.4 shows that our method yields the exact
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Table 4.1: Absolute error in maximum norm of the computed traction boundary
values ¢ of case (I) of Example 4.4.1. The true traction boundary values ¢ have jump

discontinuities [3%] = 4, at the corner points (4,0) and (0, 4).
Methods RPP order | DOF lg — dllsor
Meshfree RPP 3 48 1.345E-12
Patch-wise RPP 2 24 1.408E-13
| MLS (Fig. 8 of [37]) | | 64 | larger than 0.5 |

Table 4.2: Absolute errors of computed traction boundary data ¢ in maximum norm

and computed Dirichlet data @ of case (II) of Example 4.4.1. The true traction

boundary values have jump discontinuities [2%] = 16, at the corner points (4,0) and

(0,4).

Methods RPP order | DOF | ||u — ||oor g — dlloor

Meshfree RPP 3 48 8.171E-14 4.832E-13

Patch-wise RPP 2 24 1.865E-14 6.573E-14
MLS(Fig. 9 of [37]) 2 128 larger than 2.0

boundary values even when the traction jumps are as big as [q] = 256 at the

corner points.

6. Since in case (III) of Example 4.4.1, u|r is a polynomial of degree 4, the RPP
shape functions of reproducing order 2 can not exactly interpolate neither u
nor ¢ as shown in Table 4.4. However, the RPP shape functions of reproducing
order 4 generate z* k = 0,1,2,3,4, hence, they can exactly capture the true

boundary values as shown in Table 4.4.

Thus far, we have shown that our methods are able to get the exact boundary
values when the true solutions are harmonic polynomials. In the following exam-
ple, we test the performance of patch-wise RPBPM when the true solution is not a

polynomial, but a smooth function (Example 1 of [21]).

Ezample 4.4.2. Consider Laplace’s equation Au = 0 on a square Q = [—1,1] x

[—1, 1] with essential boundary condition prescribed from the exact solution u(z,y) =
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Table 4.3: Absolute errors of the computed solutions of case (II) of Example 4.4.1
at interior points along the line y = 4 — x connecting corner points (0,4) and (4,0)
where ¢ has jump discontinuities [%] = 16. v and w, respectively, represent the true
and the computed solutions at (z,4 — ). u, and u,, are the first and the second

derivative of u, respectively.

(z,y) |u — |Up — Us| | [Usz — Usa]
(0.01, 3.99) | 2.309E-14 | 7.572E-13 | 1.215E-8
(0.10, 3.90) | 1.066E-14 | 2.178E-11 | 3.702E-8
(0.20, 3.80) | 1.243E-14 | 9.323E-13 | 9.161E-9
(0.30, 3.70) | 0.000E-14 | 1.637E-11 | 6.826E-9
(0.70, 3.30) | 3.553E-15 | 2.899E-13 | 1.497E-9
(1.00, 3.00) | 3.553E-15 | 6.438E-12 | 1.497E-8
(2.00, 2,00) | 1.178E-15 | 2.273E-12 | 2.092E-9
(2.50, 1.50) | 3.553E-15 | 7.443E-12 | 8.158E-9
(3.00, 1.00) | 1.776E-15 | 2.274E-13 | 1.005E-8
(3.20, 0.80) | 3.553E-15 | 6.400E-12 | 2.056E-9
(3.30, 0.70) | 8.882E-15 | 4.723E-12 | 1.393E-8
(3.70, 0.30) | 3.553E-15 | 2.183E-11 | 3.832E-8
(3.80, 0.20) | 3.553E-15 | 3.604E-12 | 1.271E-8
(3.90, 0.10) | 1.776E-15 | 9.297E-12 | 1.271E-8
(3.99, 0.01) | 2.487E-14 | 9.981E-12 | 3.273E-9

Table 4.4: Absolute error of the computed boundary values of case (III) of Example
4.4.1 in maximum norm. The true traction ¢ has large jump discontinuities [ ] = 256,
at the corner points (4,0) and (0,4).

Methods RPP order | DOF | ||[u — tlloor | lg — Glloor
Patch-wise RPP 2 24 | 4.763E+00 | 2.256E+-00
Patch-wise RPP 4 40 3.411E-13 | 8.242E-14




41

sin(z? — y?) exp(2xy) on all boundary.

From this example, we observe the following;:

1. Even though the boundary values obtained by patch-wise RPP shape functions
are the same as the true boundary values at particles, the interpolation function
by the RPP shape functions can not be the same as the true boundary values.
Therefore, unlike the previous examples, our method can not exactly get the

true boundary values.

2. However, the results in Table 4.5 show that our method yields a good approxi-
mation at various inside points of the domain. The computed solutions, its first
and second derivatives are evaluated in Table 4.5. From Table 4.5, one can see

that our method also gives good results at points near the boundary.

3. Since RPP shape functions for our method satisfy the Kronecker delta prop-
erty, our method gives highly accurate computed solutions when the polynomial

reproducing order is high (see, Table 4.5).

4. It is known that p-FEM yields better results than h-FEM at the same number
of degree of freedom ([52]) when the true solution is smooth. Similarly, the
combination of RPP shape functions of high reproducing order and a small
number of patches (the counterpart of p-FEM) yields better results than the
combination of RPP shape function of lower reproducing order and a large

number of patches (the counterpart of h-FEM) in general.

Now we compare the use of the collocation method compared with the Galerkin
method. The difference in the Galerkin method and the collocation method is es-
sentially the way we solve for u|r and ¢|r. To find u € Q, we use the same integral
equation. Therefore, it is sufficient to compare the approximated boundary values

from each method.
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Table 4.5: Computed solutions u, the true solution u, relative errors in percentage
(([(w — @) /u| x 100), of Example 4.4.2 at various points inside of the domain €. k
stands for the reproducing order of the RPP shape functions.

(x,y) type | k =4 (DOF=40) | k = 6(DOF=56) | k = 8(DOF=72) True Solution

(0,0.2) U -0.040031154573 | -0.039988638714 | -0.039989305906 | -0.039989334186
0.105% 0.002% 0.00007%

(0,0.2) uy | -0.015997064818 | -0.015995737089 | -0.015995736318 | -0.015995733674
0.008% 0.00002% 0.000016%

(0,0.2) U gy 1.992718490217 | 1.990907438909 | 1.993072373807 | 1.992001919852
0.0359% 0.0549% 0.0537%

(04,-0.8) | u -0.243617060445 | -0.243490270875 | -0.243492556590 | -0.243492660843
0.051% 0.0009% 0.00004%

(0.4, —0.8) | uy 0.553259563662 | 0.553538789332 | 0.553535187214 | 0.553534996038
0.049% 0.00068% 0.00003%

(0.4, —0.8) | uy, 0.734301508487 | 0.727889970519 | 0.730249194447 | 0.729421102470
0.669% 0.209% 0.114%

(0.99,0) U 0.833515457925 | 0.830445031101 | 0.830545807935 | 0.830553068594
0.357% 0.013% 0.0009%

(0.999,0) U 0.843268964793 | 0.840265251275 | 0.840380173816 | 0.840389239958
0.343% 0.015% 0.001%

(0.9999,0) | w 0.843943984612 | 0.840955572302 | 0.841072006393 | 0.841362912922
0.307% 0.048% 0.035%
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Ezample 4.4.3. Consider Laplace’s equation Au = 0 on a square Q = [0,4] x
0, 4] with Dirichlet boundary condition prescribed from the exact solution u(z,y) =

1
Im (%) = (22 — y*)(xy) on the entire boundary.

From this example, we observe the following;:

1. For this example, we use two PU functions with flat-tops on each side of I' and

test for RPP orders 2, 3 and 4.

2. The same basis functions are being used and we are solving a Dirichlet prob-
lem. Therefore, ||u — ||oo,r Will be the same for the Galerkin method and the

collocation method. Hence, we compare ||¢ — §||oor for each method.

3. The true solution is a degree 4 polynomial. However, evaluated on each side of
the domain, u|r and ¢|r are at most a degree 3 polynomial. For this reason,
we expect basis functions of RPP order 3 or greater to be able to capture the
solution. Any basis function of lower RPP order will not be able to capture
the solution. From the table, we see what we expect. We notice that when the
RPP order is 2, both methods produce poor results and the Galerkin method is
worse. If we increase the number of particles on each side, thus increasing the
degrees of freedom, the accuracy will increase, but still will not be satisfactory.
For RPP order 3 and 4, we see that the Galerkin method slightly outperforms

the collocation method in terms of accuracy.

4. When integrating the fundamental solution or its derivative when the source
point is near the region of integration, numerical accuracy deteriorates. These
near singularities occur when calculating the entries of the coefficient matrices
in the collocation method. To retain high accuracy, more integration points
must be used. By construction, the Galerkin method does not encounter near
singularities in the computation of the coefficient matrices. So, in computing the

coefficient matrices, the Galerkin method requires less computation to evaluate
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a Boundary integral. However, when evaluating u at points inside (2, near
singularities still can occur and an increase in the number of integration points

is needed to get the accuracy desired.

5. Even though the Galerkin method produces a symmetric stiffness matrix for the
Dirichlet problem, the amount of computation required to form this matrix is
huge. For each entry, a double boundary integral must be calculated, whereas
for the collocation method only a single boundary integral is calculated. Since
the accuracy is about the same, and the computation is less, we only proceed

with the collocation method for the rest of the examples.

Table 4.6: Absolute errors of computed traction boundary data ¢ in maximum norm
for the Galerkin method (G) and the collocation method (C) and computed Dirichlet
data u for both in Example 4.4.3.

RPP order | DOF | [ju — tfloor | [|4 = Glloor (G) | llg = dlloor (C)
2 24 | 3.0775E+00 | 12.0195E+00 | 1.9594E+00
3 32 | 2.6645E-14 | 4.3343E-13 1.1866E-12
4 40 | 2.7089E-14 | 1.1369E-12 1.8261E-12

Remark. In the Examples of this section, the normal derivatives (¢) have no jumps
inside any edges. In the case where ¢ has a jump at a point inside an edge, that point
should be treated as a vertex, as we will do in the next section to deal with BIEs

containing singularities.

An elliptic problem on the L-shaped domain (Figure 4.5) has a singularity of

type r2/3f(0) at the re-entrant corner point (0,0).

Ezample 4.4.4. (Laplace’s equation on the L-shaped domain) Consider Au = 0 on
Q=[-1,1] x [0,1] U [-1,0] x [0, —1] with displacement (Dirichlet) boundary condi-
tion prescribed from the exact solution 7% sin(26/3) along all boundary. The exact

solution has a corner singularity at (0,0) of intensity 2/3.
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We construct RSP shape functions to deal with the corner singularity of type

P23,

1. Label the six edges of €2 as follows (Figure 4.5): I'y,I'y, '3, Ty, I'5, I'g, respec-
tively, that are the line segments on y =0,z =1,y =1, x = -1,y = —1,2 = 0.
Dividing the edge 'y into two patches (0,b) and (b, 1), we define PU functions

on the edge I'; as follows:

1 if ze(0,b—7
do(z) = § B (2L if we(b—d,b+ 0] (4.8)
| 0 if z¢(0,b+46],
(
L0y if g€ [b— 4,0+ 0]
Yi(z) = ¢ 1 if zelb+4,1] (4.9)
0 if z¢[b—01],

Then ¢o(z) + Y1 (x) =1, for all x € T';.

2. Suppose we choose N = 3 in (4.5) and 6 = 0.01. Let L;(&),5 =0,1,...,6, be

the Lagrange interpolating polynomials associated to the nodes:

0 <& < &n < &2 < &3 < &oa < &os < &= (b+ 5)1/3-

Let Ly;(£),7 =0,1,...,6, be the Lagrange interpolating polynomials associated

to the nodes:

(b—08)Y3 = €10 < €11 < €12 < &3 < €14 < €15 < E16 = 0.99 < 1.

For each k = 0,1, and each j = 0,1,...,6, define RSP shape functions to deal
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with the corner singularity of intensity 2/3 by

®p;() = i(x) - Ly (2'?).

Then, for an approximation of boundary functions on I'y, we use

B
B

ulp, = uy;j Pr;(z) and (4.10)

k=0 j=0

=
o |l

qr, = Qi Py () [ (x?). (4.11)

=0 j=0

=

Note that Lo;(#'/?),7 = 0,1,...,6, generates

1/3 ,2/3 4/3 . 5/3 2

1,7/ 2 e, 2™ x°° x

and Lo;(z'/3)/(x1/?),7 = 0,1,...,6, generates

I—1/3’ 1, :)31/3, 223, z, L3 4513,

These two sets of functions are able to approximate r%/3 sin(20/3) and its deriva-
tive, respectively. Similarly, RSP shape functions are constructed to approxi-
mate the boundary functions along I's. Let us note that the vertices (0, 0), (1,0), (0, —1)

should not be particles for RSP shape functions.

3. We use RPP shape functions for an approximation of boundary functions on the
edges I'y, k = 2, 3,4, 5. Similarly, vertices (1,1),(—1,1), (-1, —1), (0, —1) should

not be particles for RPP shape functions on I'y, '3, I'y, I's.

4. The error of the computed traction ¢ and the error of the computed solution % in
maximum norm on entire domain are shown in Table 4.7. Table 4.7 shows that

the solutions obtained by using mapping techniques (RSBPM) are far better
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Figure 4.5: Diagram of the L-shaped domain with corner singularity(Top). Schematic
diagram of two PU functions 1y, 17 and 14 singular particles corresponding to RSP

shape functions(Bottom).

Table 4.7: Errors in maximum norm of Laplace’s equation on the L-shaped domain
with Dirichlet boundary conditions prescribed by the true solution u = 72/% sin(260/3).

£ [ DOF [ — @lloer [ 17— @llor [ T4 — @l
4 60 RSBPM 3.766E-5 3.001E-3 1.291E-5
RPBPM | 4.031E-5 1.118E-0 1.140E-2
6 84 RSBPM 1.663E-6 2.983E-3 8.040E-6
RPBPM 1.530E-6 0.848E-0 7.206E-3

than those obtained by RPBPM that does not use mapping techniques.

Consider the Motz problem that contains a jump boundary data singularity of

type O(r'/?) at (0,0). For numerical solutions of this problem, many computational

(-1,1) q=0 q=0 (1,1)
F4 F3
= =500
g=0 F5 L, (¢
109 .o @0 4.9 (1,0

Figure 4.6: The rectangular domain for the Motz problem.
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techniques are suggested in the literature. Especially, we refer to ([1],[32]) which is

closely related to this work.

Ezample 4.4.5. (Motz problem) Consider Au = 0 on a rectangular domain ) =

[—1,1] x [0, 1] with mixed boundary conditions prescribed as follows:

u = 0only, w=>500o0nTl,

ou >
o = 0 on Flugfi,

where T'; = [0,1] x {0}, Ty = {1} x [0,1],T3 = [0,1] x {1},Ty = [~1,0] x {1},T5 =
{—1} x [0,1],'¢ = [—1,0] x {0}, as shown in Figure 4.6. Then, the asymptotic

expansion of the true solution in a polar coordinates centered at (0,0) is of the form
u(r,0) = f:Akr%zl cos ((2k — 1)§). (4.12)
’ k=1 2

For each k < 50, the coefficients A, are computed in appendix by using the least

squares method.

We construct the RSP shape functions to approximate singular boundary func-
tions on I'y and I'g and the RPP shape functions to approximate smooth boundary

functions on I'y, I's, 'y and T's.

1. For example, we choose N = 3 in (4.5), § = 0.05 and b = 0.25. Let Ly;(§),j =

0,1,...,6, be the Lagrange interpolating polynomials associated to the nodes:

0 < &0 < & < o2 < oz < &ou < &os < o = (b+ 5)1/2-

where &p6 — o5 > (20)Y2. Let Ly;(£),j = 0,1,...,6, be the Lagrange interpo-
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lating polynomials associated to the nodes:

(b— 5)1/2 =10 < &1 < &2 < &3 < &ua < &5 < &6 =0.99 < 1,

where 511 — 510 > (25)1/2

Suppose ¢y and ¢, are PU functions defined by (4.8) and (4.9), respectively.
For each k£ = 0,1, and each j = 0,1,...,6, we define singular approximation

functions by

®p;(x) = ti(x) - Ly (2'/?).

Then, for an approximation of boundary functions on I'y, we use

M-
NE

u‘Fl =
k=0 7=0

qlr, = Gr; [Pri(2)/ V] (4.14)

=0 j=0

|
o

Ed

. Then, Ly;(v/),j =0,1,...,6 and Ly;(1/z),j =0,1,...,6 are RSP shape func-
tions corresponding to nodes (&;)% 7 = 0,1,...,6 and (&;)%7 = 0,1,...,6,

respectively, which reproduce

1,1, xz,x3,x1/2, 2302

22, (4.15)

over the interval (0, 1].

Moreover, for each k = 0, 1, the set of functions {L;(v/z)/v/x:j=0,1,...,6}

generate

x—1/27x1/2’x3/27x5/2’17x’x2_ (416)

ulp, =~ O(z'/?) and q|r, ~ O(z~%/?). Thus, comparing (4.15) with (4.16), one
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can see that the particle shape functions, [®;(x)/\/z],k=0,1;7=0,1,...,6,
can be used for the approximations of both u|r, and ¢|r, instead of (4.13) and

(4.14).

3. Noting that for x € I's = (—=1,0), 0 < —x and hence RSP shape functions
for particles on I'y are constructed as follows: For each £ = 0,1, and each

j=0,1,...,6, let

ulrg = D> Py (w) (4.17)

dre = D dstn(—a) - |Ly(VED)VED] @)

The vertices (0,0), (—1,0),(0,1) should not be particles for neither RSP nor

RPP shape functions.

4. We use RPP shape functions for an approximation of boundary functions on
the edges 'y, k = 2, 3,4, 5. Similarly, vertices (1,0), (1,1),(=1,1), (-1, 0) should
not be particles for RPP shape functions on I'y, I's, I'y, I's. That is, for particles

on the edges that do not contain singularity, we assign RPP shape functions.

We observe the following:

(i) The true solution of the Motz problem is unknown. However, for the calculation
of errors in Tables 4.8 and 4.9, we assume that the computed true solution u is

the sum of first 50 terms in (4.12) and the true normal derivative, ¢, is the sum
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of the first 50 terms in

Gu N cos|(2k — 3)0/2]

1
5 > A2k — 1R : (4.19)
k=1

g_Z —sin[(2k — 3)0/2]

with coefficients in from a table in ([39]).

(ii) Table 4.8 shows the maximum errors of ¢ and u along the boundary. Table 4.9
shows the maximum errors of the computed solution % in the whole domain.
Tables 4.8 and 4.9 show that RSBPM effectively handles BIEs with a jump
boundary data singularity. For comparing purposes, parts of Table A.II of [32]
are reproduced in Table 4.9. The maximum error ||u — ||« o of the computed
solutions obtained by RSBPM are compared with those results (Table A.II
of [32]) obtained by the p-FEM coupled with Method of Auxiliary Mapping
(MAM), developed by Babuska-Oh ([38]).

Moreover, from Table A.1 of [32], we observe the following results:

o |[u — Ullooo = 3.52 when DOF= 525, 825 using ELLPACK (h-FEM code

with piecewise linear basis)

o |[u — U]|,q = 0.13 when DOF= 6390 using PLTMG6 (h-FEM code with

piecewise quadratic basis)

(iii) These maximum errors in h-FEM and those errors in p-FEM with MAM of Table
4.9 show the effectiveness of MAM in the framework of the conventional FEM.
It also implies that the conventional BEM may not be able to yield reasonable
approximations when a BIE contains singularities. Therefore, we can claim that
our method (RSBPM) to deal with singularity problems arising in BIEs is on a
right track.
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Table 4.8: Errors in maximum norm of ¢ and u along the boundary of the Motz
problem for k = 4,6, 8, the order of reproducing polynomial.

DOF v —dlloor | [lg = Glloor
80 | RSBPM | 2.585E-3 2.688E-1
112 | RSBPM | 1.396E-3 5.008E-3
144 | RSBPM | 6.979E-6 2.876E-4

Q0| Oy| | &

Table 4.9: Errors in maximum norm inside €2 for Motz problem with RPP orders 4, 6,
and 8. Patch-wise RSBPM is compared with the results of p-FEM using a mapping
technique.

RSBPM p-FEM with MAM
RPP order k& | DOF | ||u — @|,q | p-degree | DOF | |lu — @||oo 0
4 80 2.535E-3 4 399 1.05E-2
6 112 3.983E-5 6 847 8.42E-5
8 144 3.444E-6 8 1487 1.00E-6

Several boundary element approaches dealing with singularities have been sug-
gested in the literature. For example, like our method, the BEM is augmented with

singular approximation functions in ([48],[56],[57]).



CHAPTER 5: MESHLESS BEM IN THREE DIMENSIONS

In this chapter, patch-wise RPBPM and RSBPM introduced previously are ex-
tended to the three dimensional Laplace equation. Once introduced, numerical ex-

amples will be presented.
5.1 Patch-wise RPBPM

We follow the same logic for the two dimensional case.

1. Suppose 02 = |J;_, Fj is the union of the faces of a polyhedral domain €.

2. Partition each face F}, into the disjoint union of quadrangular (and if necessary
triangular) patches Qx;, j = 1,..., N(k). On each patch, construct a parti-
tion of unity, Wy, (z) using the generalized product partition of unity method

described in section 2.3.

3. For quadrangular patch Qy,, construct a map from a reference rectangle R into
supp(¥y; )

Pk R— Supp(‘l’kj)

such that points in R are mapped at least ¢ distance away from the boundary of
Fy.. Plant particles ékn and construct the Lagrange interpolation polynomials,
E’%’ Il =1,...,M(k;) in the reference domain. Physical particles and inter-
ploation functions are xy;, = @kj(ékjl) and Ly, = i”“a‘z o gp,;jl, l=1,...,M(kj)

respectively, as shown in Figure 5.1.

4. Basis functions are the product of the partition of unity and the Lagrange poly-
nomials

(I)kjl (l’) = \Ilkj (l’) X ijl (l’)
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Upon construction of these basis functions, we follow the method described in

the previous chapter.

;U)

Figure 5.1: Partition of Fj, into 4 quadrangular patches Q,,...,Qk, and particle
placement on @,. The mapping i, maps from R to Q). The shaded region is
support of the partition of unity function Wg,, corresponding to the patch Q.

5.2 Patch-wise RSBPM

As before, follow the theory of the d = 2 case. That is, construct basis functions in
the neighborhood of the singularity that resemble the singularity and use patch-wise
RPBPM everywhere else.

1. Suppose €2 is a polyhedral domain.

2. Consider solutions to the Laplace equation on €2 of the form

U(SL’, Y, Z) = usmooth<x7 Y, Z) + using(x7 Y, Z)

where Ugmooth (2, Y, 2) is a smooth function and wugne(z,y, 2) contains an edge
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singularity of the type

Using (7, 0, 2) = r®sin(ad) f(2)

where (r,0, z) are the cylindrical coordinates centered at the origin, f(z) is a
smooth function, and 0 < o < 1. Without loss of generality, consider the case

where the singularity is located along the line » = 0.

3. To deal with this singularity, partition 02 into polygons such that 0Q = (J,_, Fk.
In partitioning 02 special care is taken so that the edge singularity intersects
only the edges or vertices of any Fj. That is the singularity only appears on
an edge or a vertex of a given Fj, as seen in Figure 5.2. Essentially, the edge

singularity is treated as an artificial boundary.

R/
;
F F R
F 1 2 P T— |
3
g A
'
"‘-F /
2
I:9
F
8

Edge Singularity

9
Figure 5.2: Partition of 0f) into U Fy. For k =1,2,8,9, the singularity appears on

k=1
a vertex of Fy. For k = 4,5, the singularity appears on an edge of Fy. For k = 3,6,7,
the singularity does not appear on Fj.
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4. When the singularity intersects Fj at a vertex, i.e. £k =1,2,8,9 in Figure 5.2, use

the singular map
NP e
Tiop(7,0) = (ra,—), 0<a<l.
o

Consider F, which is a rectangle on the top face of Figure 5.2. In order to
construct RPP shape functions of RPP order k, consider N particles pj, ] =
1,...,N = (k+1)(k+2)/2, that are inside the sector

{(f,é):0<f<w;0<é<%},

in the (£, 7n) coordinate system where w is the width of the patch in the physical
domain. Let qgj(g,n),j = 1,...,N, be RPP shape functions of RPP order k
corresponding to these particles. That is,

N

> F(P)i(€,m) = f(€n), for any monomial f(¢,7) = £472,0 < oy + ag < k(5.1)

J=1

Let P = Tiop(P)), 65(2,y) = &;(Tiop (#,9)),5 = 1,..., N. Then by Theorem 4.1
of [46], when o = %, ¢j,5 =1,..., N, satisfy the Kronecker delta property at

P;,j=1,..., N, and generate the following singular functions and polynomials:

rtsin(ad +1), r*tcos(ad +1), 1=0,...,[ka] (5.2)

7y 0< (ag +ag) < [ka], a1 >0,a0 >0, (a1, a0) € Z%. (5.3)

where [ka] is the largest integer < ka. See Figure 5.3.

5. When the singularity intersects Fj, along an edge, i.e. k = 4,5 in Figure 5.2, use
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Ttop

Figure 5.3: Schematic Diagram for construction of RSP shape functions on top and
bottom faces to deal with the edge singularity.

Q Q,

Edger

Singularity Q <,

E

Figure 5.4: Partion of Fj into 4 patches @Q)1,...,Q4. @1 and Q3 require the use of
RSP shape functions. )2 and ()4 use RPP shape functions.

the singular map

Consider F5 which is a rectangle on the front face of Figure 5.2. Here, it is

desirable to construct approximation functions that resemble the singularity in
Ou,
on

seen in Figure 5.4. The two patches intersecting the singularity, @)1 and @3, use

us ~ O(r®) and

~ O(r*!). Partition Fy into 4 quadrangular patches as

the singular mape T4, to construct RSP shape functions.

Consider N = (k + 1)? particles in the (£,7) domain P;,j = 1,..., N and let
¢Aj(§, n),7 = 1...., N be the RPP shape functions of order k corresponding to

these particles.
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~

Let P; = Tiqe P; ,0i(x,2) = ¢ T4 x,2)),7 = 1,...,N. By Theorem 4.1
J J J J\ " side

of [46], when o = %, ¢j,7 =1,..., N, satisfy the Kronecker delta property at

P;,5=1,..., N, and generate the following singular functions and polynomials:
2otz 0 <14 ay < [kal (5.4)
2% 0<a;+ as < [ka] (5.5)

where [ka] is the largest integer < ka. Use these shape functions for ugye. To

8using use ¢j(x> Z)
on x

construct shape functions for . Fora = %, these will generate

the following singular functions and polynomials:

$a+l_12a2

. 0<1+as< [ka (5.6)

a1 —1

T2 0< a; + az < [ka (5.7)

6. On all other F} use patch-wise RPBP shape functions and proceed as described
earlier.
5.3 Numerical Examples

In this section, the three-dimensional extension of RPBPM is applied to the 3-

dimensional Laplace equation.

Example 5.3.1. Consider the 3-dimensional Laplace equation on a cube Q = [0,1]?

when the true solutions are

(Dui(r,0,2) = zrtsindf;  (2ug(r, 0, 2) = 2r?sin20;  (3)us(r, 0, 2) = zy/rsin /2,

and Dirichlet boundary conditions are imposed along 92 by their true solutions. Then

uy and uo are polynomials, and u3 has an edge singularity along the z-axis.

Patch-wise RPBPM yields the results in Tables 5.1 and 5.2. In order to see the
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effect of adaptive particle distribution in handling the edge singularity, consider two
particle distributions on the boundary: uniform distribution by dividing each face into

four patches and adaptive particle distribution with adaptive partitions as shown in

Figure 5.5.
=
=\
1 IS
e s < | EEEEEEE

Figure 5.5: Schematic Diagram for graded boundary patches to deal with the edge
singularity.

Application of 3-dimensional RPBPM to these problems gives the following:

1. Like the 2-dimensional counterpart, the traction of u;(z,y, 2z) and uy(z,y, z) have
jumps between the faces 2 = 0 and y = 1 (2 = 0 and z = 1). Since the true
solutions are polynomials, RPBPM almost exactly captures the true traction
in Tables 5.1 and 5.2. From the results in the 3rd and the 4th columns of
Tables 5.1 and 5.2, one can see that the accuracy is slightly decreased, as the
RPP order of approximation functions is increased because the instability of
evaluations of higher degree polynomials. Notice that the local approximation
functions of our methods are global polynomials truncated by partition of unity

functions with flat-top to have compact support.

2. ug(z,y, z) contains an edge singularity. Applications of RPBPM to these prob-
lems do not yield any reasonable numerical solutions (the 5th columns of Tables
5.1 and 5.2). Adaptive particle distribution along the edge singularity give a

small improvement (Table 5.2). However, massive adaptive particle distribu-
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Table 5.1: Absolute errors of computed tractions in maximum norm. ¢ and ¢ are
the true and the computed tractions, respectively. Each face is partitioned into four
patches.

19 — dlIr o0
Rpp order | DOF | 2r'sin4f | 2r?sin20 | z/rsinf/2
2 216 | 0.240E+00 | 2.127E-13 | 0.818E+00
3 384 | 1.101E-12 | 5.107E-13 | 0.695E+00
4 600 | 7.475E-12 | 4.177E-12 | 0.522E+00

tions would not give a big improvement either because the gradients of par-
tition of unity functions would be greatly increased on the patches near the
singularity in such small patches. Therefore, as it was demonstrated with the
two-dimensional examples, RSBPM is one of the best methods to deal with

boundary integral equations containing singularities.

The results obtained by 3-dimensional RSBPM (described above) applied to
Laplace’s equation containing the edge singularity is given in Table 5.3. Compar-
ing the errors in the 5th column of Table 5.2 (RPBPM with densely distributed
particles along the singular edge) with those errors in the third column of Table 5.3
(3-dimensional RSBPM with RSP shape functions), one can see that RSBPM yields

much more accurate results with lower degrees of freedom.

Table 5.2: Absolute errors of computed tractions in maximum norm. ¢ and ¢ are the
true and the computed tractions, respectively. Particles are densely planted along
the singular edge as shown Figure 5.5.

Example 5.3.2. Consider the Laplace equation on the cube [0, 1]* whose true solution

lg — dllr,
Rpp order | DOF | zr'sindf | zr?sin20 | zy/rsinf/2
2 342 | 0.216E400 | 2.975E-12 | 0.626E+00
3 608 | 9.741E-12 | 5.026E-12 | 0.532E+00
4 950 | 2.402E-11 | 1.915E-11 | 0.344E+00
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Table 5.3: Absolute Errors of computed tractions by RSBPM in maximum norm. ¢
and ¢ are the true and the computed tractions, respectively. u and u are the true
displacement and the interpolated displacement when the particles are interpolation
points.

True solution is u(x,y, z) = z4/rsin(6/2)

RPP order | DOF | ||¢ — §|lr | [|# — @]/, (interpolation error)
2 210 | 9.383E-03 1.869E-03
3 372 | 8.951E-03 6.862E-04
4 580 | 2.881E-03 1.913E-04

is
u(z,y, z) = zr*sinald + 2* — y* + 2.

;7 = /2?2 + 92,60 = arctan (%) , and Dirichlet boundary conditions are

imposed along 0f).

Here w is the sum of a singular function that has an edge singularity along the
z-axis and a smooth function. The same background mesh was used as in the previous
example splitting each face of the cube into four patches using RPBPM and RSBPM
with RPP order 2,3 and 4. RPBPM does not produce accurate results due to the
singular function. For RSBPM, notice that RPP order 2 and 3 cannot capture the
solution. This is because the map Ti;q. decreases the RPP order by half which disables
RPP order 2 and 3 from generating 2nd degree polynomials. Therefore, with o = %,
RPP order 4 can reproduce second degree polynomials and provides the best results

for this example.

Example 5.3.3. Consider the Laplace equation on the three dimensional L-shaped

domain, depicted in Figure 5.6, whose true solution is

2
u(r,0,2z) = 2zr*sin af, where o = 3



Table 5.4: Results of Example 5.3.2 by using patch-wise RPBPM.

RPP order | DOF | ||¢ — §llr.o | ||# — @]/r0 (interpolation error)
2 216 | 0.798E4-00 3.861E-02
3 384 | 0.674E4-00 2.707E-02
4 600 | 0.504E4-00 1.995E-02

Table 5.5: Results of Example 5.3.2 by using patch-wise RSBPM.

RPP order | DOF | ||¢ — §llr. | ||© — @|/rc (interpolation error)
2 210 | 0.711E+400 7.777E-02
3 372 | 0.251E4-00 1.747E-02
4 580 | 3.884E-03 1.913E-04
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and Dirichlet boundary conditions are imposed along 9€). Then u has an edge singu-

larity along the z-axis.

For this example, the top (z = 1) and the bottom (z = 0) were split into three
square faces each, along with the other faces for a total of 12 faces, as shown in Figure
5.6. The faces where (x = —1) and (y = —1) were partitioned into 8 patches, the
other faces were partitioned into 4 patches. The accuracy of RPBPM and RSBPM
are compared with respect to using RPP order 2, 3 and 4. Notice that RSPBM
outperforms RPBPM in this instance.

Table 5.6: Results of Example 5.3.3 by using patch-wise RPBPM.

RPP order k£ | Num. of particles | ||¢ — §|lr,00 | ||t — @]/ o0 (interpolation error)
2 504 0.300 1.809E-02
3 896 0.234 1.002E-02
4 1400 0.154 6.666E-03

Ezample 5.3.4. Consider the Laplace equation on [—1,1] x [-1, 1] x [0, 1] with a crack

face on the xz-axis where x > 0, as seen in Figure 5.7. The true solution is

1
u(r, 0, z) = zr*sinaf, where a = 3
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X

Figure 5.6: L-shaped domain for Example 5.3.3.

Table 5.7: Results of Example 5.3.3 by using patch-wise RSBPM.

RPP order k£ | Num. of particles | ||¢ — §|lr.o | ||t — @]|r.o0 (interpolation error)
2 485 7.005E-02 2.166E-03
3 860 1.052E-02 5.362E-04
4 1340 4.248E-03 1.318E-04
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and Dirichlet boundary conditions are imposed along 9€). Then u has an edge singu-

larity along the z-axis.

For a cracked domain, in general, v may have a jump discontinuity along the
positive x-axis. Thus, using the BIE for this domain will not be able to produce a
solution. For this reason, split {2 along the plane y = 0 into 2; and €2y and treat
them as separate domains, as shown infigure 5.8. Let ui(x) be the solution inside
)y and us(z) be the solution in s and divide 0€2; and 0 into eight squares and
one rectangle each, the same way as was done in Figure 5.2. Compute the coefficient

matrices for each sub-domain. On the interface, assume the interface condition:

Uy ‘ interface — U2 | interface
8u1 8uz
a—n ‘interfaco = % ‘interfaco .

Dirichlet boundary conditions were imposed everywhere on each sub-domain, except

for the interface where the above two interface conditions were used. Then, the linear
ou Ju
system was solved for ~L and —2. Each square face was divided into 4 patches and

on on
the rectangles were divided into 8 patches. The results are presented using RSBPM

and RPBPM with RPP order 2, 3 and 4.

Table 5.8: Results of Example 5.3.4 by using patch-wise RPBPM.

RPP order k | Num. of particles | ||¢ — Gllr. | ||t — @||r 0 (interpolation error)
2 720 0.702E+-00 4.716E-02
3 1280 0.573E4-00 4.127E-02
4 2000 0.383E4-00 3.464E-02
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1
\—%ck Face
X

Figure 5.7: Cracked domain for Example 5.3.4. The shaded area is the location of
the crack.

Interface

' Q 1

1
\C/rack Face
X

Figure 5.8: Cracked domain for Example 5.3.4. The darker shaded area is the location
of the interface between 2, and €),.
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Table 5.9: Results of Example 5.3.4 by using patch-wise RSBPM.

RPP order k£ | Num. of particles | ||¢ — §|lr,00 | ||t — @]/ o0 (interpolation error)
2 696 1.971E-02 2.902E-03
3 1232 1.091E-02 8.051E-04
4 1920 5.301E-03 1.913E-04




CHAPTER 6: HELMHOLTZ EQUATION IN TWO DIMENSIONS

We will now move to another type of elliptic equation in R?, Helmholtz equa-
tion. Helmholtz equation is sometimes called the reduced wave equation because
it is the governing equation for time harmonic wave equations. We will investigate
the numerical solution of Helmholtz equation with regards to polygonal and circular
domains.

Let €2 be a bounded domain with boundary I" assumed to be piecewise smooth.

For wave number k, Helmholtz equation is the following:
Au(z) + Ku(z) =0 in . (6.1)
The fundamental solution, Gy (x, P) = ﬁHé”(k\:c—PD, of Helmholtz equation satisfies
AG(x, P) + k*Gy(z, P) = —6(x — P). (6.2)
Where Hél)(z) is the Hankel function of order zero of the first kind.
HWY(2) = Jo(2) + iV, (2)

Where J,,(z) and Y,,(2) are the Bessel functions of the first and second kinds respec-

tively. For integer n, J,(z) has the power series representation

1= 5 et ()

=0

and contains no singularities. For integer n, Y;,(z) has the power series representation
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Ya(z) = an(z) (lng +7> 1 nz: (n—m—1)! (g)%—n

T = m!
N li (_1)m—1 (Hm—|—Hm+n) (E)2m+n
et m!(m +n)! 2 ’

n

1
where v = 0.57721 is the Euler-Mascheroni constant and H,, = Z— is a harmonic

m
m=1

number. Notice that Y, has a logarithmic singularity at the origin causing 7Y to
have a logarithmic singularity at the origin. It will be useful to extract this logarithmic

singularity away from everything else by using this formula
2
Yo(2) = =Ju(2) Inz + f(2). (6.3)
s

Here, f(z) represents everything else not multiplied by the logarithm.
This is the same kind of singularity that the fundamental solution of Laplace’s
equation contains. Now, note that u(x) and G(z, P) satisfy the same BIE as the

Laplace equation:

(P)u(P) = Fagg)Gk(x, P)ds(z) — /F Wu(x)ds(x),
where
(0 ifP¢Q
1 iftPe

% if P €T and I' is smooth at P

2 f Pel and I is not smooth at P

and n is the outward unit normal vector.
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Now we will suppose we have a parameterization of the boundary z(t) where

t € [a,b]. Set r(t,s) = |z(t) — z(s)| where z(s) = P. Denote f(t) = f(z(t)) and set

q(x) = %(m). Then we can see the fundamental solution in parameter space as

Gilt, s) — iHo(l)(k:r(t, $))

and its normal derivative

_ (1) 8r(t, 8)
o (t,s) = _ZHl (kr(t,s)) )

on

Let us now define the layer potential integral operators, the single layer potential

b
S(P) = [ Gula Plate)dsta) = [ Galt.o)atole' 0l
I a
and the double layer potential

Du(P) ::/F%u(x)ds(x) = %(t, s)a(z)|z'(t)|dt.

a

For ease of notation and calculation we will introduce a splitting of the kernels into
singular and nonsingular parts for specific domains. Now, the BIE can be written in

a much more compact form
c¢(P)u(P) + Du(P) = Sq(P).

We will be approximating the solution of this BIE using a collocation method. We will
discretize u and ¢ to approximate the solution of the BIE of Helmholtz equation under
various circumstances. So consider the particles y; corresponding to the particle basis

functions ¢;(z) introduced in chapter 4, for i = 1,..., DOF. We will then approximate
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DOF DOF
Z w;¢;(x) and q(z Z ¢:¢i(x). Most of the time we are concerned with

complex Valued solutions so in thls case u; and ¢; € C. Then, the discrete BIE is

DOF DOF

> (e(P)gi(P) + Dési(P Z S¢i(P

i=1
Next, we will look at how we can accurately compute the double and single layer
potentials for polygonal and circular domains.

6.1 Polygonal Domains

Consider a polygon 2 with boundary I' = U}_ Iy where I'y, = (z —xp_1)t + 211
where t € [0, 1] and zj, are the n vertices of the polygon Q. Denote Ly = |z — xf_1].
We wish to use patch-wise RPP shape functions to approximate the solution of the
BIE of Helmholtz equation. Construction of particles and their corresponding particle
shape functions are similar to those for the Laplace equation. The only thing that

differs is the computation of the integrals.
6.1.1 Single Layer Potential

Now, lets examine the computation of the single layer potential. Consider the
approximation function f(z) where supp(f) C I'; and the particle P € I". Using the

parameterization of I'; we have the following:

SIP) = [ Gule.P)f@is(z)

_ /01 %Hél)(k|x(t) _ P)F(t)Ldt.

If P ¢ supp(f), then there is no singularity and we may use the standard Gaussian

quadrature to compute this integral. If P € supp(f), using the parameterization of
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I'; and setting P = x(s), we partition the integration region as follows

/ | LH k() F(t) Lt

/ SHD (kr(t, s)) f(t)Lydt + / 1 %HSI)(kr(t,s))f(t)Ljdt
s) + Ip(s).

Now each integral has a singularity at one endpoint of the interval. Just consider the
first integral I;(s), the second will follow the same logic. On this interval, we will

s—t

change variables u = = and then we may write

r(t,s) = |z(t) —x(s)| = |Ljt + zj-1 — (Ljs + xj-1)| = Lyt — s| = Lysu.
Then the integral becomes

[ LB w600~ ) s
0

Notice that the singularity is now at the point v = 0. Now we will split the kernel of
the integral into singular and nonsingular parts. We want to exploit the fact that Y,
has a logarithmic singularity. By (6.3), we write the kernel

.
K(u,s) = %Hg”(ijsu) = Ky (u, s) Inu + Ko(u, s),

where

L
Ki(u,s) = —Q#SJO(ij;su),

Ky(u,s) = K(u,s)— Ki(u,s)Inu.
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Ki(u,s) and Ky(u,s) are analytic and it just remains to see what happens when

u = 0. From the power series form of Yy(z) we see Ky(u, s) has the form

iL;s L;s L.ks
KQ(U’ S) = ( 4] — ﬁ (”}/—i— j2 )) Jo(ijsu)

2 o (1) 'H,, [ Liksu\>"
+;Z m!? ( 2 ) '

Now, we can easily see that

Kl(O,S) = _2—7
L:s (. 2 kL;s

If we let g(u) = f(s(1 —u)), then

= / Ki(u, s)g lnudu—l—/ Ks(u, s)g(u)du

Q

Zm U, $)9(Us) WHZKQ g, $)g (U)W,

k=1

where N, and N;, are the number of Gaussian quadrature and logarithmic quadrature
points respectively, u; and Uy are the Gaussian quadrature and logarithmic Gaussian
quadrature points respectively, and w; and W), are the weights for Gaussian quadra-
ture and logarithmic Gaussian quadrature points respectively. We may compute I5(s)
in a similar way and after that, we can compute the single layer potential.

Using this, for boundary patricles P; and patch-wise RPP shape functions ¢,
we will compute the matrix S = [(S; )] that approximates the single layer potential

where j,k=1,...,DOF and

Sjk = Soi (Fj) .
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6.1.2 Double Layer Potential

Consider the approximation function f(x) where supp(f) C I'; and the particle

P e T';. Using the parameterization of I'; we see the following:

06y

Df(P) = | 5 (@ P)f(x)ds(x)
RO CE v

There are only two cases to consider. If j # i, then there is no singularity since

P is not on I'; and the integration may be computed using the standard Gaussian

Ola—P| __

quadrature. If j =i, Df(P) = 0 since =%~

0 when the field and source point
are on the same segment. Using this, for boundary patricles P; and patch-wise RPP
shape functions ¢, we will compute the matrix D = [(D;;)] that approximates the

double layer potential where j,k =1,..., DOF and

For the both the single and double layer potentials in the polygonal domain, it
should be noted that when the source point and field point are close to each other
but not on the same boundary, the integral becomes almost singular and the accu-
racy of numerical integration decreases. To overcome this, we have tried increasing
the number of integration points and subdividing the integration interval. Both are

effective, but computationally inefficient.
6.2 Circular Domains

Immediately, we run into some problems with the circular domain. First, the
boundary is now curved and no longer piecewise linear. This leads to a different
type of logarithmic singularity that the logarithmic Gaussian quadrature rule cannot

handle so well. This also leads to having to deal with a singularity in the double layer
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potential. Another problem has to do with the approximation of periodic functions

with RPP basis functions.
6.2.1 Particle Shape Functions

The meshfree particle shape functions introduced thus far usually generate poly-
nomials in the reference domain i.e. the parameter space. Therefore, on a circle
with radius R centered at the origin, we may parameterize it in the usual fashion
x(t) = (Rcost, Rsint) for t € [0,27]. Then, these basis functions would generate
polynomials in ¢, that is 1,¢,¢2,...,tY. For any function f(x,y), on the boundary of
the circle, the function is f(Rcost, Rsint). We need to have basis functions that are
better suited to approximate trigonometric functions.

Meshfree shape functions can approximate triginometric functions but must use

a high RPP order. From ([12]), it was shown that

L _ sin(7x)
¢00(x) - K]:l—l;noo QS[_KvKLOsz_l(I) - T .

Using (6.4) and complex variables,

: ™
sin x cot N

\IIN(SL’) = N

was developed. Wy (z) can be considered a meshfree trigonometric shape function.
To use this basis function, we will place equally spaced nodes in [0,27) such that
h = %” and t; = jh where j =0,..., N — 1. Then we define

%(ﬂz%(%—j) j=0,...,N—1.

It should be noted that this function is identical to the Lagrange basis for trigono-
metric interpolation with equally spaced nodes. These functions have the desired

Kronecker delta property and have the ability to approximate trigonometric func-
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tions on the circle. However, they no longer have compact support.
For this parameterization of the circle, for any point z = (Rcost, Rsint) = c(t)

on the boundary of the circle and P = (@) cos s, () sin s) inside the circle we may write

|z — P| = /R? + Q% — 2RQ cos(t — s)

and since the normal direction is in the radial direction we may write

Olrx —P|  Olx—P| R—(Qcos(t—s)
on OR |z — P| '

As P moves to the boundary we may simplify these expressions and write

. t—s
sin | ——
2

r(t,s) = 2R

or(t,s)
on

Since these approximation functions are no longer polynomials but trig functions,
it is more useful to use the trapezoidal integration scheme verses Gaussian quadra-
ture. Another nice thing about having periodic basis functions on a circular domain
is that the matrices discretizing the single and double layer potentials become cir-
culant, meaning we only need to compute one row of each, which will save a lot of
computational expense. Following the same idea as in ([19]), we will examine the

layer potentials.
6.2.2 Single Layer Potential

For the circle of radius R, and boundary node P = ¢ (2—]@5), let the kernel of the

operator be defined as
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For the approximation function f(z), the single layer potential takes the form

Sf(P) = /0 WL(t,s)f(t)dt.

We wish to decompose the kernel into singular and nonsingular parts. Knowing the
structure of the logarithmic singularity which comes from the bessel function of the

second kind and (6.3), we set

L(t,s) = Ly(t, ) In (4 sin? (t . 8)) ¥ Lo(t, s),

where

Li(t,s) := —gjo(kr(t, s)),

Lo(t.s) = L(ts)— Li(t s)In (4sin2 (t;‘s))

Lq(t,s) and Lsy(t, s) are actually analytic, but we need to check what values they have
when ¢ = s in particular, Ly(t,s). Using the power series expansion of Yy(z) we see

that Lo(t, s) has the form

ot (o) )i

_5 i (—1);;—21Hm (kr(;ﬁ, s))Qm.

From this formula and above, one can see that as ¢t approaches s:

Ll(sv S) = _5

e = (50 (o(2) )
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For integration, we will use the trapezoidal rule. That is for any periodic function

()

where t; = %j, and 7 =0,1,...,2n — 1. To handle the singularity, we employ a the

quadrature rule found in ([19]):

27 _ 2n—1
f()In (4 sin? (t > 8)) dt ~ Y R"(s)f(t;) where 0 < s < 2r,

0 =0
where
o 21 T
R;")(s) = — cosm(s —t;) — 3 cosn(s —t;) where j =0,1,...,2n — 1.
m=1

Using all of these tools, we can compute the single layer potential.

SfP) = / "Lt ) F(t)dt

— /:W Ly(t,s)In <4sin2 (tgs)) f(t)dt+/02ﬂ Lo(t, s) f(t)dt

2n—1

~ 3 (B Lty8) + 2 La(ty.5)) £0)

J=0

Now, for boundary particles P; and meshfree shape functions v, we will compute
the matrix S = [S;;] that approximates the single layer potential where j,k =

0,1,...,N —1 and

Sk = SUr(DP)).
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Since § is a circulant matrix, only the first row corresponding to P; = 0 needs to be

computed. This relation gives

So,0 So1 .. Son—2 Son-1
Sonv-1 Soo - Son-3 Son-2
S =
| So,1 So2 . Sonv-1 Soo i

6.2.3 Double Layer Potential

For the circle of radius R, and boundary node P = ¢ (2—]7\?), let the kernel of the

double layer potential operator be defined as

kR

l((t,s):::———zf—]{fu(kT(t,s))ar(t’8).

on

For the approximation function f(x), the double layer potential takes the form

Df(P) = /OWK(t,s)f(t)dt.

We wish to decompose the kernel into singular and nonsingular parts. Knowing the
structure of the logarithmic singularity which comes from from the bessel function of

the second kind and (6.3), we set

K(t,s) = Ki(t,s)In (4 sin? (th» + Kol )
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where

Ki(ts) = g (hr(r, ) 2
K(t,s) = K(,s)— Ki(t,s)In <4sm2 (t;S»

Ki(t,s) and Ks(t,s) are actually analytic, but we need to check what values they

have when t = s in particular, Ks(s,s). Clearly K(s,s) = 0 and since

: W _ 2
ll_% zHy ' (2) = P
we deduce that
1
Ky(s,s) = i

For integration, we will use the trapezoidal rule following the same steps as for the
single layer potential. Using all of these tools, we can compute the double layer

potential.

2w

Df(P) = K(t.s)f(t)dt

2
4 - s

I
S— >—

Ki(t,5)In (481112 (t )) Ft)dt + /0 T Kalt.s) F(1)dt

[}
1
A

X
—

RO ($)K(t,5) + Kot 9)) £ (1)

<.
Il
o

For boundary particles P; and meshfree shape functions v, we will compute the ma-
trix D = [D; ;| that approximates the single layer potential where j,k =0,1,..., N—1

and

Dj = Dby ().
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Since D is a circulant matrix, only the first row corresponding to P; = 0 needs to be

computed. This relation gives

Dy Doy ... Don-2 Don-1
Don-1 Doy ... Don-z Don—2
D =
i Dy, Doy ... Don-1 Doy i

6.3 Photonic crystals

A photonic crystal is a low-loss periodic dielectric medium that can be used for
optical control and manipulation. People design and construct photonic crystals with
photonic band gaps which prevent propagation of waves with certain frequencies.
In order for a photonic crystal to have a photonic band gap, the crystal should be
designed with some periodicity creating a lattice type of structure([18]). We will now
consider the propagation of electromagnetic waves through a two dimensional lattice
of photonic crystals in which the direction of propagation is in the xy-plane. Consider
a lattice of photonic crystal cylinders and a plane wave propagating in the direction

(1,0), see Figure 6.1.

OO0O00O
—O00C 0O
= O0000
— OOO0OQ %

OO0O00O

Figure 6.1: Example of a photonic crystal lattice.

Certain frequencies of light will be blocked from passing through this lattice. If
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some rods are removed, defects in the lattice are created and the waves will begin
to propagate where the rods were removed. People use this idea to create photonic
nanodevices such as waveguides. Mathematically, we may consider each cylinder a
domain 2; and the space outside the cylinders Qe = (US2;)°.

The governing equations of electromagnetic scattering by photonic crystals in the

frequency domain are the time harmonic Maxwell’s equations

VxE@) = “H() (6.5)
V x H(z) = —%we(:)s)E(:r) (6.6)
V-E = 0 (6.7)
V-H = 0 (6.8)

where E is the electric field, H is the magnetic field, ¢ is the speed of light in a
vacuum, ¢ is the dielectric permittivity. For transverse magnetic (TM) waves one
can deduce that E = (0,0, £,) and H = (H,, H,,0), and for transverse electric (TE)
waves one can deduce that E = (E,, E,,0) and H = (0,0, H,). For both of these

cases, Maxwell’s equations reduce to Helmholtz equation

Au+ ek*u =0

where k = <.
In Q. the total wave .y satisfies the Helmholtz equation with the wave number

kevi. Here, the total wave is as follows:

Uext = Uine + Usc, (69)

where wu;,. is the incident wave and wug. is the scattered wave respectively, each of

which also satisfies Helmholtz equation with k.. The scattered wave also satisfies



82

the Sommerfield radiation condition

lim /ug. (aau:; — ik:usc) =0

r—00

which guarantees the scattered wave is outgoing.
In €, the total wave u’ satisfies the Helmholtz equation with wave number ;.
On the interface between the cylinders €2; and the exterior we have the following

boundary conditions.

Ut = u' and
Ot o’
= v
on on
i=1,...,Np. Where v =1 for TM waves and v = 22 for TE waves. Now let us

develop the BIEs for lattices of photonic crystals.
6.3.1 Exterior Field

In what follows, we let u= [uy,us,...,upor]’ where u; = u(P;) is the value
of u at boundary node P;. Outside of the cylinders we have the boundary integral

equation for u = Uey

(x, P)u(x)ds(z) + / a—u(x)Gk(x, P)ds(x) =0,

s O

o(PYu(P) — / G

90 ON

where the signs on the single and double layer potentials have changed due to the
fact that we are in an unbounded domain and we are using the convention that the

normals are pointing outward. 0€. = UJS); which means we can expand the BIE

into
o(P)u(P) — ml%(m,P)u(m)ds(m)—i—Z mng—Z(x)Gk(x,P)ds(x)zo.
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Let g = % and then move back to the integral operator notation and set

Du(P) = Q.%(ZL',P)U(ZL')dS(ZE) and

SalP) = [ Gule. ) (@)dsta),

so that the BIE is now

o(Pyu(P) = > Du(P)+ Y Sia(P) =

Np DOF Np DOF
Let u(z) = D Y d(@)uy, and q(x) = D7 65, ()g;, and let P =y, be
Jj=1 k=1 j=1 k=1

the particles, where [ = 1,...,Np ;,m = 1,...,DOF. Upon plugging this in we use
the fact that the particle shape functions ¢;, (z) satisfy the Kronecker delta property,
each shape function is only defined on one circle, and since the nodes are on the

boundary, ¢(P) = 1 and hence we have the following:
Np DOF Np DOF Np DOF

P Z Z 5(lm Y(ik) Wik — Z Z Dz¢zk ylm Uik, + Z Z Si ¢zk ylm qik = 0.

zlkl i=1 k=1 i=1 k=1

We can now represent the BIE as a (Np x Np) block matrix equation with blocks

of (DOF x DOF) as follows:

1
(5] - Dext) u -+ Sextq = O, (610)

where the blocks are

Dext(aa b) = [Db¢bm(yan>] and Sext (a, b) = [Sb(bbm(ytm)]v

where a,b=1,...,Np and m,n=1,...,DOF.
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Note that when a = b, these integrations are singular and hence the operator splitting
techniques mentioned above should be followed. Also note, one can also exploit the

symmetries of the lattice and save computational cost by doing so.

6.3.2 Interior Field

For the interior field we have the following BIE for u = u' in each cylinder

0Gy, (z, P)u(z)ds(z) — @(I)Gk(% P)ds(x) =0,

c¢(P)u(P) + o, O

89, (971

where ¢ = 1,...,Np. In operator form, this becomes
c¢(P)u(P)+ Dyu(P) — S;q(P) =0, fori=1,..., Np.
With the same assumptions for the exterior field, this becomes a block matrix equation

1
(5[ + Dint) u— Sintq =0 (611)

where

Dobam(Yan) ifa=0>
0 if a b

Dint (aa b) =

Sa¢am (yan) ifa=10
0 if a#b

Sint (au b) =

and a,b = 1,...,Np and m,n = 1,...,DOF. Note that these integrations are also

singular and the operator splitting techniques mentioned above should be applied.
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6.3.3 Interface

For the exterior field we have a matrix equation for ue; and for the interior field
we have a matrix equation for u,i = 1,..., Np, we need to combine the two by the
interface conditions. For u;,. and ug. defined by (6.9), note that since we assume ;.

satisfies Helmholtz equation outside of €;, (6.10) is also valid for ug.. That is,

1
(51 - Doxt) Uge + Soxtqsc = 0 (612)
Next, from the interface conditions, we see for i = 1,..., Np

Ut = Uipe + Uge ON L.
Using this, we may rewrite (6.11) in terms of ug. and the known field u;,.. That is,
1 1
(51 + Dint) Uge — Sintqsc = - (51 + Dint) Wipe + Sintqinc- (613)

Combining (6.12) and (6.13), we have an equation that we may solve for the scattered

field

(%[ - DCXt) Soxt Usc 0
- (6.14)

(%I + Dint) _Sint Qsc - (%] + Dint) Ujpc + Sintqinc

The matrix of this linear system is full and non-symmetric. One may use a direct
or iterative solver to solve this system. When solving for a large number of unknowns
it is advised to use an iterative solver because of the speed. Upon solving, and finding
u,. and g one may use the integral equations derived for the exterior and interior

to find the value of the total wave everywhere.
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6.4 Numerical Examples
We wish to test our methods for photonic crystal lattices, with and without

defects. First we must test the accuracy or our proposed method to solve Helmholtz

equation.

Example 6.4.1. Let € be the circle of radius ry = % pm centered at the origin.
Dielectric permittivities are ¢ = 4 inside the circle and € = 1 outside the circle.
Suppose we have an incident wave iy (z) = /™). We want to find Uex; = Uine + Use

of (6.9) and wu;y, by solving the following scattering problem

Ayt + (27)2Uere = 0 outside €,

Aty +4(27)%upe = 0 inside Q,

Uext =  Uing on F>
aue t X
= = Qum o,
on n
Ouge .
lim +/uq ( —tkug, | = 0.
T—00

This represents the scattering of a plane wave by a photonic crystal made up of a
single rod. We test our method on this problem using N = 4,8, 16, 32 particle shape

functions.

An analytic solution exists for the TM mode from ([9, 10]), we compare our

approximate solution with this true solution.

+o0o
Ez(rv 9) = 6 Z CtOtJ ( 1ntr) Where T S To,
oo

E.(r,0) = ¥ Z (i_"Jn(kextr) + C’ff“tH,(f)(kcxtr)) e™ where 1 > 70,

n=—oo
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and the coefficients are defined as

Ctot ,_n%Jé(kextTO)Hff)(kextrO) - %Hn(z)(kextTO)Jn(kextTO)
n — 1 7
(Kint70) HY (Kextro) — %Hn@)(kextro)t]n(kim?“o)

Y

Kint J

/
Wint T

and

MJ’ (kextTO)Jn(kintTO) - %J;](kintTO)Jn(k;extTO)

Cscat — " Pext T
=

%Jé(kjint"ﬂO)H?(f)(kextrO) - %H;(Q)(kextTO)Jn(kintTO)’

where (r,0) are the polar coordinates centered at the origin and rq is the radius of

the cylinder. We will now compare our method to this exact solution.

05 1

(a) Exact solution

Figure 6.2: Contour plot of F. in computational domain [-1 pm,l gm] x [-1 pm,1
pm] for a cylinder with r=0.5 ym with & = 27 and ¢ = 4.

From Figures 6.2 and 6.3, we see that our numerical solution converges to the
true solution. We also note that compared to ([10]), to obtain an accurate numerical
solution, we require less degrees of freedom. From the figures, it appears that using
N = 32 with this method out performs using 80 quadrature points with the Nystrom

method.
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_1.5 1 1 1

21 -05 0 05 1771 -05 0 05 1
(c) N=16 (d) N=32

Figure 6.3: Plot of £, along x-axis from [-1 pm, 1 pm]| for a cylinder with r=0.5 pm
with £ = 27 and € = 4. True solution is dashed line and the approximate solution is
solid. N is the number of shape functions used to approximate the solution.

Next, we will test the accuracy of these meshless shape functions on polygonal
domains. First, we wish to check the accuracy of this method applied to Helmholtz
equation when the true solution is a polynomial solution. We do this by solving the

inhomogeneous Helmholtz equation with Dirichlet boundary conditions.

Au(x) + kK*u(z) = f(x) in Q (6.15)

u(x) = g(zr) onTl. (6.16)
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To solve the inhomogeneous Helmholtz equation using BEM, one must use a different
BIE. This comes from the fact that we have a nonzero load function. The BIE

corresponding to the inhomogeneous Helmholtz equation is

8“5;”) Gi(z, P)ds(z) — / G, P)

T 8n

c(P)u(P):/Qf(x)Gk(a?, P)d:)s—l—/r u(x)ds(zx).

One may notice, this BIE contains a weakly singular domain integral. To approx-
imate the domain integral, we used the Duffy transform with logarithmic Gaussian
quadrature.

Example 6.4.2. Consider the inhomogeneous Helmholtz equation (6.15) in Q = [0, 1)
whose true solution is u(x) = 2* where z = z + iy. We solve this problem by using
the collocation method with use of particle shape functions with RPP order 2, 3, and
4 respectively.

Table 6.1: Errors in maximum norm of the real parts of ¢ and u on I'" and error in
maximum norm of the real part of u in Q for RPP orders 2,3, and 4 for Example
6.4.2.

DOF | flu — tloor | 19 = dlloor | lu =il
24 | 1.941E-02 | 3.535E-02 | 4.726E-03
32 | 1.792E-03 | 3.546E-03 | 4.883E-04
40 | 5.329E-15 | 1.643E-13 | 2.072E-13

N IRt

The true solution is a fourth order polynomial. As Table 6.1 shows, RPP order
2 and 3 do not show reasonable results eventhough our method with RPP order 4

almost exactly captures the true solution.

Ezxample 6.4.3. We apply our method to Helmholtz equation when the true solution

is not a polynomial.

Au(x) + kK*u(z)= 0  in Q= [-0.50.5]? (6.17)

u(z) = g(z) onT. (6.18)



90

We let the true solution take the form of a plane wave u(z) = ¢®® and impose

the Dirichlet condition everywhere on the boundary. We use two flat-top partition of

unity functions on each side of the boundary. We test patch-wise RPBPM with RPP
order 2, 4, 6, and 8.

Table 6.2: Errors in maximum norm of the real parts of ¢ and u on I'" and error in
maximum norm of the real part of v in 2 for RPP orders 2,4, 6, and 8 for Example
6.4.3.

DOF | flu = alfloor | 19 = dlloor | lu = @llecs
24 | 4.265E-03 | 7.426E-03 | 1.165E-03
40 | 5.414E-05 | 2.358E-04 | 1.017E-05
56 | 3.138E-07 | 2.057E-06 | 7.204E-08
72 | 1.050E-09 | 7.318E-09 | 2.491E-10

|| | NS

From Table 6.2 we notice as the RPP order increases, so does the accuracy of our
solution.

We will look at the use of our method for the simulation of electromagnetic
scattering by lattices of photonic crystals.

First, we will consider a square lattice of circular cylinders. We show the contour
plots of the full lattice, the lattice with a line defect, and with two point defects.
For this lattice, each rod has diameter of 1 um and is spaced 2 pm in both x and y
directions and has permittivity constant ¢ = 9. The wavelength of the incident wave
Uine 18 A = 1 pum and we used N = 20 particle shape functions for each rod. From
Figure 6.4a, we see for the full lattice, the incoming wave is almost completely blocked
from the lattice by the band gap. We also notice for the line defect, we have a good
amount of transmission of the wave through the empty row, as shown in Figure 6.4b.
For the lattice with two point defects, Figure 6.4c, we see that the wave effectively
gets trapped in the two cavities.

Second, we consider a hexagonal lattice of circular cylinders. We show the contour

plots of the full lattice, the lattice with a line defect, and with several point defects
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(c) Full lattice with two point defects (79 rods).

Figure 6.4: Square lattice of circular cylinders.
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mimicing a line defect. For this lattice, each rod has diameter of 1 um and is spaced
2 pum in both x direction and each row is spaced 2 pum in both x direction and
permittivity constant ¢ = 9. The wavelength of the incident wave wu;,. is A = 7 um
and we used N = 20 particle shape functions for each rod. From Figure 6.5a, we see
for the full lattice, the incoming wave is almost completely blocked from the lattice
by the band gap. From Figure 6.5b, we also notice for the line defect, we have a good
amount of transmission of the wave through the empty row. Notice for the row of
several point defects, the wave is transmitted through the lattice as if there were a
damped line defect as seen in Figure 6.5¢c.

Finally, we will consider a square lattice of square cylinders. We show the contour
plots of the full lattice and the lattice with a line defect. Here, each square has width
1 pm and is spaced 2 um in both x and y directions from each other. The wavelength
of the incident wave uj,. is A = 1 pm and the permittivity constant ¢ = 9 and we
used DOF = 24 basis functions for each square. Due to the lack of analytic solution,
we do not know how accurate these solutions are. We know there are singularities at
each corner of the square.

It should be noted, when we wish to evaluate the field at a point near the bound-
ary, the integrals become nearly singular and accuracy at that point will deteriorate,
to alleviate that difficulty we place more integration points there or refine the mesh.
It is not efficient, but it increases the accuracy. Work is now being done for better

ways to handle this difficulty.
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CHAPTER 7: MESHLESS METHODS FOR THIN PLATES

7.1 Variational Form of the Classical Plate Theory

In this section, we derive the variational form to be used for the classical plate
theory. Let € be a bounded domain in R? with piecewise smooth boundary, which
represents the mid-plane of a plate, which we assume to be of thickness d (d <<

diam(2))(see, Figure 7.1). We represent the 3-dimensional plate as  Q = {(z,y, 2) €
R¥|(z, ) € O, |2] < d/2}.

Figure 7.1: 3-dimensional plate ) and 2-dimensional mid-plane €.

The classical (Kirchhoff) plate theory is one in which the displacement field is
based on the Kirchhoff hypothesis: (1) Straight lines perpendicular to the middle
surface before deformation remain straight after deformation; (2) The transverse nor-
mals do not experience elongation (i.e. they are inextensible); (3) The transverse

normals such that they remain perpendicular to the middle surface after deformation
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([49],[52],[53]). From this hypothesis, €,, = 0 and the transverse shear strains are
Z€er0: €, = €,, = 0. Suppose (u,v,w) denote the total displacement of a point along
the xyz-coordinate system and (uyg, vo, wp) denote the values of u, v and w at the point

(x,y,0). Then these conditions imply

ow ow
u(z,y,2) = ug — z%, v(x,y,z) = vy — za—y, w(z,y, z) = wp. (7.1)

Substituting the displacement functions of (7.1) into the virtual work formulation, we

have ([52],[53])

B(w,v) = F(v), for w,v € H*(Q), (7.2)
where
C 2w 17 ¢ 1 [ v ]
=) 1 v 0 92
02Tw %7
2
0w 0 201-v) | 2
L Ox0y | | Jxdy

Flv) = / / . y)vdrdy + / M, —dt— / <Qn ag’“)udt (7.4)

where v and E are the Poisson’s ratio and the Young’s modulus of an isotropic elastic
material, respectively, and

Ed3

D = ——
12(1 - 12)’

2 2 2 2 2
M, — D(f‘?_wwa_w), M, = D<8 8_w), M, = DO — ) 2P

Ox? Oy? ox?  Oy? 0xdy

3 3 B 3
Q. = D<a—w+07w), Qy—D<a +87w)’ Qn = Qzcosa+ Qysina,

0x3  Jxdy? oy 0x20y
M, = [M,, M,, M,, — M,,)[cos® a,sin® o, sin a cos a]”,
M, = [-M, + M,, M,,][sina cosa, (cos® a — sin® o))",
0Q: | 0Qy

P = Ty

YT
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Table 7.1: Boundary conditions in classical plate theory.

Type of support | Essential (Geometric) B.C. | Natural (Force) B.C.
clamped w=0, OJw/On=0 None
simple Support w=10 M, =0
free None M, =M, =Q,=0
symmetry ow/on =0 Qn+ O0M, /Ot =0
antisymmetry w =20 M, =0

Here « is the angle between the z-axis and the normal axis of the normal-tangential
coordinate system as shown in Figure 7.1. The conventional boundary conditions in
the classical theory of plate are listed in Table 7.1.

Let VPP be an approximation space constructed by use of the generalized par-
tition of unity functions U} and the reference shape functions qgk to be constructed

in the next section. That is,
VEPP — span{UF - [ppo T :1=1,2,...,N;k=1,2,..., N}, (7.5)

where (2 is partitioned into the N numbers of patches @)1,...,Qy and T} is the patch
mapping from a reference patch into w?, the support of the generalized product PU
function WP, which is associated with the physical patch @;. The approximation
space VPP has the following properties: (1) high regularity of each member; (2) the
Kronecker delta property at almost all particles; (3) reproducing polynomial property
of high order on the patches with no intersections with clamped boundaries.

The proposed meshfree particle method for the plate problems is the Galerkin

method with use of VEFP as follows: Find w € VEPP such that

B(w,v) = F(v), for all v € VP, (7.6)
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7.2 Particle Shape Functions with Kronecker Delta Property to Deal With Essential

Boundary Conditions

It is necessary to construct different shape functions for different boundary con-
ditions, as can be noted from the table above. In this section, we will construct shape
functions to deal with simply supported and clamped boundary conditions. Let T
and R, respectively, denote the reference triangle with vertices (0,0),(1,0),(0,1), and

the reference rectangle [0, 1] x [0, 1].
7.2.1 Shape Functions for Imposing Simply Supported Boundary Conditions

Without loss of generality, we consider the construction of patch-wise smooth
RPP shape functions with compact support that have the polynomial reproducing
order 3. Higher orders can be constructed similarly.

The barycentric coordinates of T are Ly (£,1) = 1=6—n;  Lo(€,n) = & Ls(&,n) =
7. The following ten functions are the Lagrange interpolation shape functions of RPP
order 3 that correspond to three vertices, six lateral nodes, and one interior node,

respectively:

¢ = Ly (3Ly — 1)(3Ly — 2)/2: o = Ly(3Ly — 1)(3Ly — 2)/2;
3 = L3(3Ls — 1)(3Ls — 2)/2; ¢y = (9/2) L1 La(3Ly — 1);
¢ = (9/2)LaLs(3Ly — 1); ¢ = (9/2)LaLy (3Ly — 1); ¢ = (9/2) Ly L3(3Ly — 1);

QBS = (9/2)L3L.1(3L3 — 1); Py = (9/2)LsLy(3L3 — 1); (%10 =270 Lo Ls. (7.7)

In what follows, the k-th Lagrange interpolating polynomial of degree n — 1 as-

sociated with n-distinct nodes &, ..., &, is denoted by L, x(§) = H?:L#k % Let

L,;(&),7 = 1,2,3,4, be the Lagrange interpolation polynomials of order 3 corre-

sponding to nodes 0,1/3,2/3, 1, respectively. On R we have 16 RPP shape functions
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of order 3:

~

Pe(€,m) = Lai(€) - Laj(n), k=40 —1) + 7,1 <4, j < 4, (7.8)

The RPP shape functions defined by (7.7) and (7.8) can now be mapped to the
physical domain 2 to make smooth local approximation functions on triangular or
quadrangular patches in Q. For example, let 7} : R — Q; be a smooth patch mapping

and U (z,y) be the generalized product PU corresponding to ;. Then

~

U (2,y) - on(T7 N (z,y), k=1,...,16

are smooth functions with compact support w; = supp(¥¥) 2 @Q;. To handle the sim-
ple support boundary condition, shape functions that are not 0 on 02 are discarded
and not used in the approximation space V#F  All functions in VEPP satisfy this

boundary condition.
7.2.2  Shape Functions for Imposing Clamped Boundary Conditions

We will present the construction of shape functions on R. We now consider a
n'™ order modified Lagrange polynomial M, 1 x(¢) = L,y x(6),k=1,...,n+ 1 on
[0, 1]. Here, we notice that M,;14(0) =0 for k=1,...,n+ 1 and M, ,,(0) =0 for

k=2,...,n4+ 1. Now, the reference shape functions are

I(ng(& n) = Mn+1,i(f)Ln+1,j(77)

for quadrangular patches with one clamped side where k = (n+1)(i — 1) + j, i =

2,....,n+1,and j=1,...,n+ 1 and

Zék(ga n) = Mpi1,i(§) My (1)
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for quadrangular patches with two clamped sides where &k = (n + 1)(i — 1) + j,
1=2,....,n+1,and 5 =2,...,n+ 1.

For example, let T; : R — (); be a smooth patch mapping from the reference

square to a quadrangular patch with one clamped side such that 7; maps & = 0 to the

clamped side of ();. Here we will use the order 3 reference shape functions 1@(5 M)

where k = 1,...,12. Let U}/ (z,y) be the C'-generalized product PU corresponding
to Ql-

~

VP (z,y) L (T (2, y)), k=1,...,12

are C!'-functions with compact support w; = supp(¥}) O @;. In order to satisfy
the clamped boundary condition, shape functions are not 0 on 0f2 are excluded from
the approximation space VR'P | so that all functions in VPP satisfy the clamped
boundary condition.

For T', shape functions are constructed similarly by modifying the Lagrange in-
terpolation polynomials by multiplying by £&. However, special care must be taken so

that the triangular patch only has one boundary intersecting with 0.
7.3 Numerical Examples

Here, we use qﬁf]’;(xz—?) in Eqn.(2.12) with § = 0.05 for the construction of gener-

alized product PU functions whose first order derivatives are continuous.

Ezample 7.3.1. With material constants v = 0.3, £ = 10° N/mz, a = 0.6m, d =
0.001m, p = 100.0N (These material constants are the same as those in [28]). We
test the proposed meshfree particle methods to the following cases:

A: Clamped rectangular plate with point load at the center(Table 7.2)

B: Clamped rectangular plate with uniform load(Table 7.3)

C: Simply supported rectangular plate with point load at the center(Table 7.4)

D: Simply supported rectangular plate with uniform load(Table 7.5)

In Tables 7.2,7.3,7.4, and 7.5,
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.................... ey

Figure 7.2: Rectangular plate and partition into four patches. Q;-clt is the flat-top
part of supp(®?’). Here, 6 = 0.05.

wmaxD . . . .
o = P where P is load, w,.; is the vertical displacement at the center
a

point, a and b are the two side lengths of a rectangular plate shown Figure 7.2.
e the results in the rows “Orpp 4“ and “Orpp ¢ are those obtained by our method
with use of particle shape functions of RPP order 4 and RPP order 6, respec-
tively. The results in the row “fp;,“ are those in ([27],[28]) and the results in

the row ” Brimoshenko . are the analytic solutions in ([54]).
From these tests, we observe the following

1. Tables 7.2 and 7.4 show that even though our method use much smaller number
of particles (144 in fSrpp ¢ and 256 in fry, ), our method yields better results than
the moving least squares (MLS) method employed in ([27]). Actually, the results
in the row “Brpp 4~ that use 36 particles are similar to those number in “Gy;,”

that use 256(16 x 16) uniformly spaced particles.

2. Implementing RPP shape functions satisfying clamped BC and constructing
generalized product PU functions for the proposed meshfree particle method is

simple.

3. Tables 7.3 and 7.5 show that in the case of uniform load, the results in the row
“Brpp 4 show that our method using 36 particles for clamped BC (64 particles

for simply supported BC) yields already enough accuracy.
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4. The numerical solutions for the plate with uniform load is slightly better than
those for the plate with point load. That is because analytic solutions of plates

with point load have a mild singularity (of type 7?logr) at the center point.



Table 7.2: Values of /3 for various ratios of b/a corresponding to a point load of P at

the origin for a clamped plate.

b/a DOF 1.0 1.2 1.4 1.6 1.8 2.0
Brep 4 36 | 0.00553 | 0.00637 | 0.00679 | 0.00696 | 0.00700 | 0.00697
Brpp 6 100 | 0.00559 | 0.00645 | 0.00689 | 0.00709 | 0.00716 | 0.00719

BLiu 256 | 0.00552 | 0.00637 | 0.00680 | 0.00698 | 0.00703 | 0.00704

Brimoshenko | 00 | 0.00560 | 0.00647 | 0.00691 | 0.00712 | 0.00720 | 0.00722

Table 7.3: Values of § for different ratios of b/a corresponding to a uniform load of
P for a clamped plate.

b/a DOF 1.0 1.2 1.4 1.6 1.8 2.0
Brpp 4 36 | 0.00126 | 0.00172 | 0.00205 | 0.00227 | 0.00240 | 0.00247
Brpp 6 100 | 0.00127 | 0.00172 | 0.00207 | 0.00230 | 0.00245 | 0.00253

Bimoshenko | 00 | 0.00126 | 0.00172 | 0.00207 | 0.00230 | 0.00245 | 0.00254

Table 7.4: Values of [ for different ratios of b/a corresponding to a point load of P
at the origin for a simply supported plate.

b/a DOF 1.0 1.2 1.4 1.6 1.8 2.0
Brpp 4 64 | 0.01154 | 0.01348 | 0.01478 | 0.01559 | 0.01607 | 0.01633
Brep 6 144 | 0.01157 | 0.01353 | 0.01483 | 0.01567 | 0.01618 | 0.01648

BLiu 256 | 0.01157 | 0.01344 | 0.01476 | 0.01556 | 0.01603 | 0.01632

Brimoshenko | 00 | 0.01160 | 0.01353 | 0.01484 | 0.01570 | 0.01620 | 0.01651

Table 7.5: Values of /5 for different ratios of b/a corresponding to a uniform load of
P for a simply supported plate.

b/a DOF 1.0 1.2 1.4 1.6 1.8 2.0
Brep 4 64 | 0.00406 | 0.00565 | 0.00708 | 0.00830 | 0.00930 | 0.01010
Brep 6 144 | 0.00406 | 0.00565 | 0.00708 | 0.00831 | 0.00932 | 0.01013

Bimoshenko | 00 | 0.00406 | 0.00564 | 0.00705 | 0.00830 | 0.00931 | 0.01013




CHAPTER 8: CONCLUSIONS

For numerical solutions of BIEs, three meshless BEMs were introduced: meshfree
reproducing polynomial boundary particle method (RPBPM), patch-wise reproduc-
ing polynomial boundary particle method, and patch-wise reproducing singularity
boundary particle method(RSBPM). The first two methods are for BIEs without
singularities and the third is for BIEs with singularities.

We tested all of these methods with the Laplace equation in two dimensions.
Even though the domain for each test problem is a square, these methods will work
in the same way for a general polygonal domain. Through a numerical example, we
noted that the collocation method is more practical than the Galerkin method for
patch-wise RPBPM.

We extended patch-wise RPBPM and RSPBM to the three dimensional Laplace
equation with and without singularities. Our results show that patch-wise RSBPM is
one of the most effective methods to deal with three dimensional singularity problems.

Patch-wise RSBPM is virtually the one-dimensional counterpart of the Method
of Auxiliary Method(MAM) in p-FEM. It has been proven that the p-FEM together
with MAM is effective in dealing with singularity problems. However, MAM fails
when it is coupled with h-FEM in which piecewise linear approximation functions are
employed. Similarly, the reproducing singularity boundary particle method is more
effective when the mapping technique is coupled with RPP shape functions with high
reproducing order.

We tested patch-wise RPBPM on the Helmholtz equation and obtained similar
results as that of the Laplace equation. Using the trapezoidal rule and different

shape functions, we extended our method to circular domains. We noticed that
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using the collocation method with particle shape functions for circular domains gives
an accurate approximate solution to Helmholtz equation with less degrees of freedom
than the Nystrom method.We also have seen that our method works well for modeling
wave propagation through photonic crystals.

For thin plate problems, the shape functions constructed to satisfy the simply
supported and clamped boundary conditions respectively, were introduced. The use
of these combined with the generalized product PU function and RPP shape functions
yields promising results as demonstrated in chapter 7.

In closing, meshfree particle methods are a powerful tool in the numerical solution
of PDE.

For other PDEs such as the elasticity equations and the biharmonic equation,
the fundamental solutions are known and hence our methods are applicable to several
areas of science and engineering. In the future, patch-wise RPBPM and RSBPM will
be applied to solve practical science and engineering problems. Extension of these

methods to general curved domains is also planed.
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