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Abstract

This paper establishes a sufficient condition for Turing’s formulae of various orders to have asymp-

totic multivariate normality.
1 Introduction.

Consider a multinomial distribution with its countably infinite number of prescribed categories
indexed by K = {k;k = 1,---} and its category probabilities denoted by {py}, satisfying 0 < py <
1 for all k and > pr, = 1, where the sum without index is over all k as is observed in the subsequent
text unless otherwise stated. Let the category counts in an iid sample of size n from the underlying
population be denoted by {Xy;k > 1} and its observed values by {zy;k > 1}. For a given sample,

there are at most n non-zero x;’s. Let, for every integer r, 1 < r < n,

-1
n n T
T2t T’”:<r_1><r> Ne= oy ond o1 = 2 iy

N, and m-_1 may be thought of as, respectively, the number of categories in the population that
are represented exactly r times in the sample and the total probability associated with all the
categories that are represented exactly » — 1 times in the sample. T, may be thought of as an

estimator of m,._1. T} is also known as Turing’s formula of the rt" order introduced by Good (1953).

*AMS 2000 Subject Classifications. Primary 62f10, 62F12, 62G05, 62G20; secondary 62F15. Keywords and
phrases. High order Turing’s formulae, asymptotic multivariate normality.
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Perhaps the most interesting case among all Turing’s formulae of different orders is 77, known as
just Turing’s formula, as an estimator of mg. Given a sample, my represents the total probability
associated with categories not observed in the sample, which is also the probability that the next
observation will belong to a category previously unseen. Since the multinomial model is essentially
nonparametric, the fact that something could be said about the total probability associated with
unobserved categories is somewhat anti-intuitive. The statistical properties of Turing’s formula
were largely unknown until Robbins (1968) gave an interpretation in terms of bias. Another fifteen
years would pass before Esty (1983) gave a sufficient condition for the asymptotic normality of
Ty — mg. In recent years, research on Turing’s formula has been revitalized. Zhang and Huang
(2007) gave another interpretation of Turing’s formula and proposed an improved version of the
formula which essentially eliminated all the bias of Turing’s original formula. Zhang and Huang
(2008) gave a sufficient condition for the normality of Turing’s formula which supports a non-empty
class of fixed distributions. Zhang and Zhang (2009) gave a necessary and sufficient condition for
the normality of Turing’s formula. However all the works thus far are on Turing’s formula of the
first order. Prior to this paper, the distributional properties of high order Turing’s formulae are
unknown.

For any fixed integer R > 1, let Tp = (T4 — o, -+, Tr —mr—1)". The objective of this paper is
to establish the asymptotic multivariate normality of Tz under certain conditions. Toward that
end, the first step is to establish the asymptotic normality of T;. — 7,1, for a fixed r, 1 <r < R,
i.e., to show, under certain conditions, for some g(n) — oo, g(n)(T, —mr—1) L, N(0,0?) where o
is a function of {py}. The result is derived in Section 3. The results on the multivariate normality

of Tr are derived in Section 4.
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2 Preliminary Results.

Let K1 = {1} and Ky ={2,---}. For any k € K = K; U K>, let

Dk r=r—1,
fe()=¢ —r/(n—r+1) z=r, (2.1)
0 0<z<r—2orz>r-+1,

and Z =Y fr(Xk). The objective is to derive the asymptotic behavior of Zg(n), where g(n) is a
function of n satisfying

g(n) = 0(n'~*) (2.2)

for some 6 € (0,1/4), in terms of the limit of its characteristic function, E[exp(isZg(n))]. Let
Z = 7\ + Za, where Z1 = Y i [r(Xy) and Zy = Y p, fr(Xi). Lemma 2.1 below is a well-known

fact and Lemma 2.2 is due to Bartlett (1938).

Lemma 2.1 Let {X;} be the counts of observations in category k, k =1,2,---, in an iid sample

under the multinomial model with probability distribution {py}. Then
P Xy =z k=1,---)=PYi =x;k = 1,---|ZYk:n)
where {Yy} are independent Poisson random variables with mean npy.
Lemma 2.2 Let (U, V) be a two-dimensional random vector with U integer valued. Then

E(exp(ivV|U = n)) = (27 P(U = n))"" /_ 7; Elexp(iu(U — n) + ivV)]du.

Thus E(exp(isZg(n))) is
1
(27TP (Z Y = n)) / E [exp (zu Z(Yk —npg) + isZg(n))] du.
By Stirling’s formula, (27n)Y2P(3" Y}, = n) — 1. Therefore it suffices to evaluate the limit of

,(5) = Y= [ Blexplin 0% ) + isZg(n)du
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or letting t = un'/?,
H,(s) = 1/+Oo1 Elexp(i(n) "2t 3" (Vi — npy) + isZg(n))]dt (2.3)
= o s [|t|<mv/7] p k Pk 9 . .
Let
ha = 1Jt] < my/n] Blexp(i(n)~"/*t 32 (Ye — npy,) + isZg(n)]
hot = 1[|t| < 7y/n]E[exp(i(n)~2t(Y1 — npy) + isZ1g(n))] (2.4)
hna = 1[[t] < 7y/n]Elexp(i(n) V2t Y g, (Y — npy) + isZag(n)),

1 +oo 1 +oo

The first task is to allow the limit operator to change place with the integral operator, i.e., to
show lim H,(s) = \/% [ lim h,,dt where lim = lim,,_,~, as is observed elsewhere in the subsequent

text. The key element to support this exchange is

lim / T |dt = / lim [Topa |, (2.6)

where

h ) itn=1/
| = Lyrym {exp(—itn!/py) explpy (e — 1))

+2[(np1)" " exp(—np1)/(r — D! + (np1)" exp(—np1)/r!]}
is an upper bound for |h,1| and hence, since |h,2| < 1 implies |h,| < |hy1], an upper bound for
|hn|. The proof of (2.6) is given by Zhang and Huang (2008) for a special case of r = 1, however
the proof is also valid for any r > 1.
By (2.6) and the extended dominated convergence theorem of Pratt (1960), the following

lemma is established.

Lemma 2.3 Let h,, and H, be as defined in (2.3) and (2.5) respectively. Then

1
lim H,, = —/lim h,dt.
2T
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For each k, it can be verified that, letting

B = exp(—itppn'/?)[exp(npy(exp(itn=1/?) — 1))]
Cr = exp(—itpen!/?)(exp(isprg(n)) — 1) exp(it(r — 1)n"1/2) exp(—npk)“gfi)f)j i
D, = exp(—itpkn1/2)[exp(—isr(n —r+1)"tg(n)) —1] exp(itrn_1/2) exp(—npk)%,

and Ey = Cx + Dy, h, = [1(Bx + Eg) for all t € 0+ 7my/n. The objective is to evaluate
lim H(Bk: + Ek)
The following two lemmas are given by Esty (1983) where “~” is equality in the limit as is

observed elsewhere in the subsequent text.

Lemma 2.4 Let {f} and {ex} be two sequences of complex numbers, and M, be a sequence of

subsets of K, indexed by n. If
1. I1n, Br ~ B,
2. (X, &) ~ €
3. Br ~ 1 uniformly,
4. € ~ 0 uniformly,
5. there exists a constants, 01 such that, >, By — 1| < 61, and
6. there exists a constants, 0y such that, >~ |ex| < d2;

then

T1(Be + €x) ~ Be

Mn

where B and € may also depend on n.
Lemma 2.5 For all k € K, By, = exp((—t?/2)py + O(t*ppn=1/?)).

The next lemma includes three trivial but useful facts.
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|z

1—[=z|

Lemma 2.6 1. For any complex number x satisfying |z| < 1, |In(1 + z)| <

2. For any real number x € [0,1), 1 —x > exp (71%) .

T

3. For any real number x € (0,1/2), 1— <1+ 2.

Proof. (1) By Taylor’s formula, |In(1 + z)| = | 352, (1) /j| < 352, |z = |z|/(1 — |z]).
(2) The function y = 1 +te is strictly increasing over [0,00), and has value 1 at t = 0. Therefore
me > 1 for t € [0,00). The desired inequality follows the change of variable z = t/(1 +t). (3)

The proof is trivial. O

Consider a partition of the index set K = I U II where
I={k;pe <r/n'™} and IT={k;py>r/n'=°}
where 6* =0/(R+1) and 9 is as in (2.2).
Lemma 2.7 (a) 3 ;7 [Ex| = 0; and (b) [1;;(Bi + Ex)/ 111 Be — 1.

Proof. (a) 57 |Ex| < 235 7€ (npy) "V /(r — 1)! 4 e "Px(npy,)" /r!]. Since the derivative of
[e="(np)"=V) /(r — 1)! + e~"P(np)" /r]] with respect to p is negative for all p € (r/n,1] (and
therefore for all p € (r/n'=%",1]), [e7"* (npg) "V /(1 — 1) + e~"Pk (npy,)" /7!] attains its maximum
at pr = r/n'=%", for every k € I, with value 6_7"”5*0(11“5*). The total number of indices in I7 is
less or equal to n' =" /r. Therefore

> |Ex| < 2[00 /1] [67””5*0(717"6*)] = (2/7“)677""6*0 (nH(“l)‘s*) = 0.
7

(b) By Lemma 2.5, |By| is bounded away from zero, and by the fact that lim |Ey| = 0 (and

hence lim |E%|/|Bx| = 0), and by applying the first part of Lemma 2.6 with x = E}, /By, one has

I ([177r(Br + Ex)/ i Bell = ’ZII In (1 + %)’ <X }ln (1 + %)‘

<ZH(\B,€| |Ek|) O 17 |Ek|) —
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The following is a sufficient condition under which many of the subsequent results are estab-

lished.
Condition 2.1 Asn — oo,
1. Y n"2g2(n)ple "k — ¢, > 0,
2. an_ng(n)pZHe_"pk = crp1 >0, and
3. ¢ +cry1 > 0.
Lemma 2.8 Under Condition 2.1, all the conditions of Lemma 2.4 are satisfied with M, = I,
By =By, =B =1m]]Bg, €, = Ei, and e = E =1im ) _ F.

The proof of Lemma 2.8 is given in Appendix. Lemma 2.4 and Lemma 2.8 give immediately the

following corollary.
Corollary 2.1 Under Condition 2.1, [];(Bx + Ex) ~ [1; Bxexp(>_; Ex).

Lemma 2.9 Under Condition 2.1, [[(By + Ey) — Be”, where B =1im [[ By, and E = lim Y E}.

Proof.
[I(Bx + Ex) = 11;(Br+ Ex) [1;1(Bk + Ex) ~ [1;(Bx + Ex)[1;; B~ (by Lemma 2.7)

~ 11; Bx(exp>_; Ex) 177 Br (by Lemma 2.8)

~ 11 Br(exp) Ex) (by Lemma 2.7). O

3 Univariate Normality.

Theorem 3.1 Let g(n) be as in (2.2). Under Condition 2.1,

g(n) (T, — 1) L N (0, W)

(r—1)!
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+2
Proof. Since lim[[ By =e™ 2, by (a) of Lemma 2.7 and (5.2),

(n—r+1)2

hszk = — lhmznr 1 2 7“+1 —npg —i—T’hmZ ()npkenpk] 7

2
2 ) ‘M{“nlzm—lg?( ettt 3 2 k}
2dt | e

lim H,, = (\/12—7rfe

— e‘% [(?4-11)' + (:cq) }

Consider the following condition:

Condition 3.1 Asn — oo,

3. Cr + Cr41 > 0.

Lemma 3.1 Condition 2.1 and Condition 3.1 are equivalent.
The proof of Lemma 3.1 is given in Appendix. Lemma 3.1 allows a re-statement of Theorem 3.1:

Theorem 3.2 If there exists a g(n) satisfying (2.2) and Condition 3.1, then

n(Tr — 7r7,_1)
V2E(N;) + (r + 1)rE(Nyy1)

L N(0,1).

Theorem 3.3 If there exists a g(n) satisfying (2.2) and Condition 3.1, then

n(Tr — 7r7~_1)
V2N, + (r + 1)rNy4q

4 N(0,1).

The proof of Theorem 3.3 is given in Appendix.
It may be of interest to note that the results of Theorems 3.2 and 3.3 require no further

knowledge of g(n), i.e., the knowledge of d, other than its existence.
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4 Multivariate Normality.

For every k € K, any two constants a and b, and any two positive integers r1 and rg, let fx(x) in

(2.1) be redefined as

apr

—ary/(n—r1+1)

bpk

—bro/(n—1ro+1)

bpr —ary/(n—r1+1)
0

=7 —1,

LU:Tl#’I”Q—17

r=ry—1%#r, (4.1)
T =T9,

1’21"1:1"2—]_,

elsewhere,

and Z = Y fr(X}1). The objective is to evaluate lim H,(s) = (2x)~"/2 [ lim h,dt where H,(s)

and h, have the same forms as in (2.4) and (2.5) but with fj(z) redefined in (4.1). Two separate

cases are to be considered: vy <ro —1 and ry = ro — 1.

Let
By = exp(—itpgn'/?)[exp(npy(exp(itn='/?) - 1))]
Ci = oxp(—itpen/?)(explisaprg(n)) — 1) exp(it(ry — 1)n~/2) (Lo
Dy, = exp(—itppn'/?)[exp(—isari(n —ri +1)"tg(n)) — 1] exp(itrln_l/Q)%e_”pk
Fp = exp(—itpgn'/?)(exp(isbprg(n)) — 1) exp(it(ry — 1)n~1/2) GRS e
Gr = exp(—itppn'/?)[exp(—isbro(n —ro +1)"1g(n)) — 1] exp(itnnil/Q)%e*"pk
A = exp(—itpgn'/?){explisg(n)(bpy — as—iy) — 1]}exp(itr1n*1/2)%e*”pk.

Ifri<rg—1,let By =Cr+ D+ Frp+Gg. If ry =r9—1, let B, = C + A + Gi. It can be

verified that, in either case, h,, = [[(Bx + E) for all ¢t € 0 + my/n. The objective is to evaluate

lim [[(By + Eg)-
Condition 4.1 Asn — oo,

1. LOE(N,) - >0,

n r1!

2(n Cr
2. CQVB(Nyy 1) — (225 > 0,
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3. ¢ry +cp41 >0,

5. CGVB(Nyy1) = (£ > 0, and

6. cry + Crat1 > 0.

Lemma 4.1 For any two constants, a and b satisfying a®> + b> > 0, assuming that r1 < ry — 1

and that Condition 4.1 holds, then

g(m)[a(Ty, — r,—1) + b(Tr, — Try1)] 5 N(0,02)

2 _ 2Cr+11T1Cry 2 Cro+117T2Cry
where 0° = a e +0b ra=T)!

The proof of Lemma 4.1 is straight forward in light of the argument that led to Theorem 3.1.

Lemma 4.2 For any two constants, a and b satisfying a®> + b* > 0, assuming that r1 = ro — 1

and that Condition 4.1 holds, then

g(m)[a(Ty, — r,—1) + b(Tr, — Try1)] 5 N(0,02)

2 _ 2Cm41+T1Cr; Cry 2 Cro+11T2Cry
where 0° = a =) 2ab(rl_1)! +0b (ra=T)!

The proof of Lemma 4.2 is also straight forward in light of the argument that led to Theorem 3.1,

but with an additional non-vanishing term in the limit.

Let Uvg = TQE(NT) + (T + 1)TE(NT+1)7 p?’(n) = —7“(7“ + 1)E<NT+1)/(UTUT+1)? Pr = limp,«(n),

62 =12N, + (r + 1)rN,41, and p, = pp(n) = —r(r + 1)Nr+1/\/&3573+1-

Corollary 4.1 Assume that r1 < r9 — 1 and that Condition 4.1 holds, then

n [(Trl - 7T7“1*1)/0-T‘1a (TTQ - 7TT’271)/O-7"2:|/ £> MVN (0) IQ><2) .
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Corollary 4.2 Assume that 11 = r9 — 1 and that Condition 4.1 holds, then

n[(Try = 7y -1) /0y (Try = Trp—1) /o) S MVN (07 ( : p:? )) '

Pr1

Remark 4.1 Corollaries 4.1 and 4.2 suggest that, in {n[(T, — mp_1)/oy];7 =1,---, R}, any two

entries are asymptotically independent unless they are immediate neighbors in the series.
Theorem 4.1 For any positive integer R, if Condition 3.1 holds for every r, 1 <r < R, then
I
n[(Ty — mo)/o1, -, (Tr — mr-1)/0oR] = MV N(0,%)

where ¥ = (a;;) is a R x R covariance matriz with all the diagonal elements being ar, = 1 for
r =1,---, R, the super-diagonal and the sub-diagonal elements being arr41 = ary1, = pr for

r=1,---,R—1, and all the other off-diagonal elements being zeros.

Let 3 be the resulting matrix of ¥ with p, replaced by p,(n) for all r. Let -1 denote the inverse

of ¥ and 72 denote any R x R matrix satisfying X1 = So1/25-1/2,
Theorem 4.2 For any positive integer R, if Condition 3.1 holds for every r, 1 <r < R, then

S V2 [Ty — m0) /61, (Tk — Tro1)/6R] 2 MVN(0, Inkg).

An interesting special case of discrete distribution is that of {py} following a discrete power

law, as known as a Pareto law, in the tail, i.e.,
pr = Ck™ (4.2)

for all k > d where C > 0 and A > 1 are unknown parameters describing the tail of the probability
distribution beyond an unknown positive integer d. This partially parametric probability model
is subsequently referred to as “the tail model”. Suppose it is of interest to estimate C' and A\. An

estimation procedure is proposed in this section.
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Lemma 4.3 Under the model in (4.2), Condition 4.1 holds.

Proof. Letting & = (4\)~! in (2.2), it can be verified that n"~2¢%*(n) 3 phe "k — ¢, > 0 for every

integer r > 0. O
Corollary 4.3 Under the model in (4.2), the results of both Theorems 4.1 and 4.2 hold.

5 Appendix.

5.1 Proof of Lemma 2.8.

All six conditions in Lemma 2.4 need to be checked.

(3) is true because

By = exp(—(t*/2)p) exp(O((t*/Vn)pr))),

and py and py//n are uniformly bounded by —%& and ﬁnﬁ,g* respectively.

For (1), since " ;pr — 0,

H By, = exp(—(t?/2) Zpk) exp(O((t*/v/n) Zpk:))) — L.
I I I

For (4), it suffices to show that |Cy| and |Dy| respectively converge to zero uniformly. First

for all k£ € I, exp(—itpgy/n) — 1 uniformly since pyy/n < \(5* = O(n~Y2t9") — 0 uniformly.

Second, exp(it(r — 1)n"1/?) — 0 and exp(itrn~/2) — 0 uniformly. Third, exp(—npy) < 1

uniformly. By Taylor’s expansion and for sufficiently large n,

2.2

n 1 . S n)p? n r—1
lexp(isprg(n)) — 1] Y- = (zsg(n)pk — S0 (363 (n )pi)) ool

r—1 82 r—1 2(

isn n)p~ n)prt! _ r
= (r_%()!)pk - 20— 1))p _O<33”T g’ (n )pk+2)

r—1

isn”Lg(n)pl s2n" g2 (n)p !

+ +‘O( 3pr=1g3(n )p};”)‘

— (r—1)! 21(r—1)!
r _ _r_ 2,7+l _ r+2
S (rsl’l)' n 26—‘1— R+1§ + 25'(77:‘_1) n 45+ R+1 + O ( 65+ R+16) _> 0

uniformly.
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Similarly, it is easily checked that

222()

. _ npi)" isr sr s3r3g3 npr)"
[exp(_wr(n —r+1) lg(n)) - 1] ( ?'C) - ( n i(—&-% 2l(n 3"-&-1)2 +0 (3'(n gr-&gl)) )) : Z:F)

isrg(m)n"py,  s*rig*(n)n"p; L0 s°g° (n)n" pj,
rl(n—r+1) 2lrl(n—r+1)2 (n—r+1)3

s°g°(n)n"p
[ ()

r —25 2 2 45 N N
< i R S e R 4 O (e TR =0

s2r2g2(n)n" p}C

2lrl(n—r+1)2

isrg(n)n”py,
rl(n—

uniformly. Therefore Ej, — 0 uniformly.

For (2) and (6),

1
Yg(m)py  s*n"lg*(n)p, "

By = ™"k exp(—itpy/n) exp(it(r — 1)n~"/?) [ T(;_m T A

—0 (SSnrflgS( )p};”ﬂ

isrg(n)n”ph  s2r2g%(n)n"py ) (8393(71)”102)}

+e~"Pk exp(—itpyy/n) exp(itrn=1/?) {_ n—r+1) _ 20i(n—r+1)2 (n—r+1)3
e T—1 r 2, r—1_2 r+1
= e Pk exp(—itpk\/ﬁ) exp(it(r — 1)71_1/2) {lsn (,_gl()?)pk - 2= gg(i,(?))gpk

—0 (S3nr—lg3 (n)pz—i—Qﬂ

r—1,r ; _ r—1,r 2,2 .2 [
e exp(—itpy/)exp(itrn?) | U el ng )

8393(n)nrpr
+0 ((nﬂ)s’“ﬂ

. . _ r— 1 2.r—1_2 41
— oWk itpiV/ngit(r—1)n"1/? {wn = ()”)pk _sn 2!(i (1))pk —0 (S3nr71g3(n)pz+2>

2 it3 isg(n)n” " 'pp  is(r—L)g(n)n""'pp  s*r2g(n)n"py
] O( x )) |:_ (r=1)! ‘ (r=1)!(n—r+1) £ 2!7“!(n—r—|—1)21C

+ (1 + f 2ln T Y \31p3/2

83 3(n)nr '
+0 ((i—r+1)gk>:| }
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_ e—npke—itpkﬁeit(r—l)n*1/2 _is(rfl)g(n)nrflpz . 5?2 - s2r2g%(n)n"py,
o (r—D)I(n—r+1) AN(r—1)! 2 (n—r+1)2

nr—1 2(n) r+1

+0 < = (:_)ﬁ)?) -0 (S3nr_193(n)p2+2)
(5.1)

r—1 -1, 2,2 2

i 2 it? isg(n)n” py  is(r=1)g(n)n"" p; _ s7r7g"(n)n"py
+ (7% o 2t'7n B 0(3!;3/2)) [_ (r—1)! o (r—D)(n—r+1) b 2lrl(n— r+1)2k

g*(n)n"pl
+O< (n—rt1)3 >”

Noting the uniform convergence of e iPrVnegit(r—1)n

“? 4 1 and Condition 2.1, it can be

checked that all terms in (5.1) vanish under lim }_;, except possibly the first three terms within

the curly brackets, i.e.,

r—1,7 SQnr71 2 n 2,22 n

. . _n is(r—1)g(n)n el g2y n’pl
D pep By = Hm 3 per {6 o [_ ((r—l))!g((nzr-l-l)pk - 2!(}({—(1))!1)’6 - 2'r'fn(r)+1§2k }

_is(r—1) g(n)n"" pk e~ "Pk

_ : gin)n Py r+1 _—npy
= — oo m Yker o e

2 . _
oy Hm Yger 0" g% (n)py,

(", _p
2,7,, 2 lim D okel o2 Pk

Condition 2.1 guarantees the existence of the second and the third terms above, and the existence

of the third term implies that the first term is zero. Therefore 2) is checked and

T
hmZEk =— ) hman Lo¥( H'l Pk —|—7"hmz()npke_"p’“] : (5.2)

kel kel per (n—r+1)?
The convergence of Y ; Ej and hence of }_; |E)| guarantees (6).

For (5), since By = exp (—%pk + O(t?’pkn_l/Q)) and —%pk + O(t*prn~"/?) — 0 uniformly,

t2 3 —1/2 2

— + O(t°pgn t

|Bp — 1] < | z% o ) <O =pr+tpn 1/
1—| = 5pe+ O(3prn=1/2)| 2

and hence

2 3
S Br-1<0 (tQZpk) + %Zm) < O +|t3)).
I I I
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5.2 Proof of Lemma 3.1.

Consider the partition of K = I U I1. Since pe™"™ has a negative derivative with respect to p on
interval (1/n, 1] and hence on (r/n'=%" 1] for large n, pe~™ attains its maximum at p = r/n!=°

Therefore noting that there are at most n‘s* /r indices in I1,

2(n) (ny r -n
0< g ( ) X pR(1—pp)" " < g ( ) S ppe” Pk < gn(Q)(r)e > 11 pre” Pk

ST 2 . B
= g ( Jer ZH( n ) < gn(;l) (e - (n1+5*e nlfé*)

2 5* 5*
= £ (Mer e 0.

Thus
lim QQTL(;L)E(NT) = lim gjl(f) (:) ;p};(l — )" (5.3)
and
limn"~?g*(n) Y _ pyexp(—npy) = limn"2g*(n) Y _ pj, exp(—npy). (5.4)

I
On the other hand,

2 2 2
Z0(1) 50— pu)* S ) 50 < () explrsupy pe) 5 e~
Furthermore, applying 2) and 3) of Lemma 2.6 in the first and the third steps below respec-

tively leads to

2

n) m T n—r *(n) (m 7 —
%(r) 2 rpp(L—pp)" " = gn(2 : () 21 phexp (_%)

> LG S phexp (— i) > 60 (1) Sy exp(—2n(sup; pr)2)phe .

Noting the fact that lim exp(rsup; px) = 1 and lim exp(—2n(sup; px)?) = 1 uniformly by the

definition of I,

2

92(;) (:L) S k(1 — g = lim 20 (:L) S phe
I 1

and hence, by (5.3) and (5.4) and by the fact that () ~ n"/r!, the equivalence of the first parts

of Condition 2.1 and Condition 3.1 is established:

2
... gn .
lim n(2)E(N1) = (1/r)) limn"2¢%( E Pl exp(—npg).

The equivalence of the second parts can be established similarly. O
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5.3 Proof of Theorem 3.3.

Based on Theorem 3.2, it suffices to show that the variances of

lg? 1)lg?
b="0 N g g, =TTy
n n
approach zero as n increases to infinity.
. r)2g*(n r)2g*(n
var(e) = Iy = LI gy a2} (5.5)

E(N}?) = E(N, )+ 2t mpkp](l —pr—pj)"
(EN,)? = [(1) L pp(1 —pe)" "]

= (1) Sy 5 (1= i)™ (1= )"~ + (1) Ty pEr (1 = pr) "2
By the first part of Condition 3.1, (r)® g (")E( N,) = 0 since g2/n? — 0.
Therefore

hm“”iﬂ[ E(N?) — (EN,)?]

n!)? T T n—r n—r
{Zkyéj (n%ér);pz}ﬂ;(l PE— D)"Y — ﬁ Dk PRP; (1 — pi)" " (1 — pj) }

{Zk;ﬁj g PR (L= Dk = )" = 5 Sy PP (L — i) " (L= py)"” ’"]

+lim £ [(nfér), - [(Tf”': ] [Zm Pepi(1—pp)" " (1 —Pj)”_r} :

The second term above is bounded by

lim 0 [t RTWHzg:mml—mwTu—mwﬂ
=lim [ — | ()77 [S5 () Shph(l — o)™ ]2
=lim [ 2% — e | ()7 [£8 Nr)}2

n! TL' 2 n —2
= (%)*1lim [(n—;r)! - [(7572)!]2} () " =0
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Noting (1 — pj — pe)" %" < (1 —pj — pe + pjpr)" 2 = [(1 — pj)(1 — p)]" %", and therefore

lim M [B(N?) = (EN,)?]
< lim 5ot | Sty PRPS L = 2i) (1= pe)]™ 20 = sy P (1 = i)™ (1= py)" "

= 1im CG e {5 (L= ) (1= po)" 2 (L= (L= p) (1= )]}

Sk PRPS (L= 2 (1= pi)]" 2 {1 = [1 = (i +p)))"} -

Noting 1 — (1 —z)" < (2" — 1)z for all z € [0, 1],

< hm n (n— 27")'

lim WG [E(N2) — (EN,)?]

: 4(n) nl(2"— T T n—2r
< lim <4V (SQ_QT)l!) {Zk;éj PRPGI(1 = pi) (1 — pr)]™ 2" (pr +pj)}

gt I(27—1 -
—=921lim ¥4 ( )n = 27")') {Zk;ﬁj r+1 r[(l—pj)(l—pk)]" 27“}'
On the other hand,
Zk;«éj p7];+1p7]j(1 _ pk)n—Qr(l _ pj)n—2r
- (Zkij,pkém + Zk#]',pppj) p};ﬂp;(l = pe)" T (L= py)"
< Chtipesp; PP W= )" (=)
+ Sistjmesn; Po 51— pe)" (1= py)" T

<235 Y phpi (L = ) (L = py)n

< 2kak(1 7pk)n r Z pr+1( pj)n—?n" — 2(1:) ( )Z pr+1( —pj )n 37".

Noting that p"(1 — p)"~3" attains its maximum at p = r/(n — 2r) and hence p"(1 — p)" 3" <
r"/(n—2r)",
, _ _ ~1 _
S PTG (L = p) 2 (L= py)" P < 207 () T (= 2r) TTE(N,).
Finally

T

E(N;)

. (264 (n . 4(n) nl(2"— r
lim L2240 [B(N?) — (EN,)?] < 4lim £ 22 RIC=TE

2 n n—r):
= 47 (2" = 1)e, lim [ LG o) = 0.

The consistency of ¢, follows. The consistency of ¢,41 can also be similarly proved. O
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